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1. Introduction 

O. Bor uvka in [3] and the author in [5] investigated a structure of the inter
section of the groups of the first kind dispersions of two oscillatory differential 
equations having the form 

yff = q(t)y, qeC°(R). (q) 

In [1] O. B o r u v k a introduced the accompanying equation (q) to (q). This paper 
investigates a structure of the intersection of the groups of dispersions relative 
to (q) and (q), i.e. a structure of the intersection for the first and second kind 
dispersions of (q). 

2. Basic concepts and relations 

Equation (q) is called oscillatory (on R) if ±oo are cluster points of the roots 
for every solution of (q). We eliminate from consideration the trivial solutions of (q). 

Let (q) be an oscillatory equation. A function Xs C3(R), X'(t) 7-= 0 for t e R 
is called a dispersion of the first kind of (q) if it is a solution of the nonlinear 
differential equation 

-{X , t} + X'2 . q(X) = q(t\ 

1 X"(t) 3 /X"( f )\ 2 

where (X, t\: = — — ~[—— ] is Schwarz's derivative of X at the 
1 ' 2 X'(t) 4 VX'(0/ 

point t. The set of the first kind dispersions of (q) forms a group with respect to the 
composition of functions. $£* stands for the group of increasing first kind disper
sions of (q). A function Xe C3(R), X'(t) ^ 0 for t e R, is a first kind dispersion 
of (q) exactly if to every solution y of (q) there exists only one solution u of this 
equation, such that ^*- ^ -* = u(t\ t e R. 

ViXxoi 
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Let S£ be a subgroup of the group S£*. In accordance with [3] we say that S£ 
is a continuous planar group if and only if there exists for each (l0, x0) e R x R 
only one element X e Sf such that X(i*0) = x0. 

Lemma 1, ([3], [5]). Let (p), (q) be oscillatory equations, q - p e C2(R), Then 
S£+ = S£* exactly if p = q. Jfp =£ q, *he« «£?* n «2? * is either a continuous planar 
group or an infinite cyclic group or S£* n S£* = {idR}. 

Lemma 2- ([3]). Let (p), (q) be oscillatory equations. Then S£* n S£* is a conti
nuous planar group exactly if there exist Xe C3(R), ki(< 0), k2(< 0), X'(t) ^ 0 
for t G R, X(R) = R, ki =£ k2: 

-{X , l} + kx . X'2(t) = p(t), 

-{X , t} + k2.X'2(t) = #(t), t eR . 

A function a e C°(R) is called a first phase of (q) if there exist independent 
solutions u, v of (q): 

tga(0 = lSy ^ teR^{t;v^z=z°}' 

A function a is a first phase of (q) exactly if it is a solution of the equation 

-{a , t} - a'2(t) = q(t). 

Let q e C2(R), q(t) < 0 for t e R. Let us put q(t) : = q(t) + V^g(0( L — ) , 

\V~«(0 / 
l e R. Equation (q) is called the accompanying equation to (q). Between the solutions 

of (q) and those of (q) there holds: If u is a solution of (q), then —UAJ~- is a solution 

V-«w 
of (q) and vice versa; if z is a solution of (q), then the function z(t)yj — q(t) is the 
derivative of a solution of (q). 

The first phase of (q) and the first kind dispersion of (q) are called the second 
phase of (q) and the second kind dispersion of (q), respectively. 

Let a and (5 be increasing (decreasing) first and second phases of (q), respectively. 
Then the function a(t) — p(t) is bounded on R. 

All the above definitions and properties are presented in [1] and [2]. 
3. Main results 

Theorem 1. Let (q) be an oscillatory equation and (q) be its accompanying 
equation, q - q e C2(R). Then S£* = S£\ exactly if q(t) is a constant (< 0) 
If q(0 w not a constant, then S£* n S£^ is either an infinite cyclic group or 
<e\ n set = { i d R } . 

Proof. From Lemma 1 it follows that S£* = S£\ exactly if q = q which is true 
only if q(t) = a constant (< 0) (cf. [4]). 
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Let q j_ q. With reference to Lemma 1 it suffices to show that S£* n S£\ is 
not a continuous planar group. In the contrary case there exist function Xe C3(R), 
X'(t) ^ 0 for t e R, X(R) = R, and the numbers kt (< 0), k2 (< 0), kx * k2: 

~{X , t } + k, . X/2(t) = q(t), 

~{X,t} + k2 . X/2(t) = q(t)9 teR. 

Let us put a(t) : = y/-kt . X(t), p(t) : = y/-~k2 . X(t), t e R. Then a is a first phase 
of (q) and fi is its a second phase. In consequence of 

lim | o(0 - jj(0l = lim |(V-fci - y/~k2)X(t)\ = oo, 
|f|-»oo |f |—> 00 

we are led to a contradiction in that the function a(t) - fi(t) must be bounded 
on R. 

Theorem 2. Let (q) be an oscillatory equation and (q) be its accompanying 
equation. Let Xe J£q* n S££. Then X(t) = t + a and a w a constant exactly if 
X"(ti) = Xw(li) = 0, X"(f2) = Xw(/2) = 0 where tu t2 are not conjugate points 
of(q). 

Proof. Let Xe S£+ n Sft and X(t) = t + a, a e R. Then X"(t) = X"(t) = 0 
for t e R. 

Let XeS£+
q n if* and X'lJ,) = X"(f,) = 0, X"(l2) = Xw(/2) = 0, where tu t2 

are not conjugate points of (q). Then there exists to every solution y of (q) only 
one solution u of (q) and only one solution z of (q) such that 

« a = «(0, teR, (0 
y/X'(t) 

__l_____ __ __!_ ,eR. (2) 
V* ' (0V-«0 ] V-9(0 

From (1) we obtain X/(t)y,[X(t)] = (VX'(l) u(t))\ Inserting this into (2) gives 

_M_m -=-__L_. teR. (3) 
r (oVr (oV-« [x (0 ] V-«(0 

Thus there exists to every solution u of (q) only one solution z of (q) satisfying (3). 
Relation (3) may be also written in the following form 

uXt) i TOKO _ m f , 6 I L 

Let u # 0 be a solution of (q), uVi) = 0. According to our assumption X"(/i) = 0 
and therefore it follows z'(h) = 0 from (4). Then there exists a number k ^ 0: 
u(t) = k . z(t) for teR and we obtain 
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2«YQ(/-____ - 1 \ _ - J _ ( _ _ _ L , e R (5) 
VV-.2(0 X'(0 V-«[X(0] 1 X'2(r) V-a[X(0] ' 

Putting f = t2 in (5), gives X(/2) V-i[X(f2)J = -r^~q(t2)- The equalities 

•{X, 0 + X'2(r). a[X(0] = .7(0, X"(f2) = X"(r2) = 0 yield X'2(t2) . q{X(f2)] = 

2 ц '(of- гi Д_____Л _ 
w-«(o xxov-ҙrøo]; 

= q{t2). Hence k = 1 and we have 

XXOKO 
, V - «j(o x'(0 V - <z[x(0] 1 ~ x'2(0 V - <.[x(0] 

Let i> # 0 be a solution of (q), i?(f2) = 0. Analogous to the above we can prove 

, , . 7 l l \ X"(0K0 
2v(t)[—==___ — ) _ w _ _ _ _ _ _ , ieR. (7) 

VV-a(0 X'(0V-«[X(0]/ X'2(0V-a[X(0] 
The solutions u, v of (q) are independent, uv' — u'v : = w ¥= 0. From (6) and (7) 
follows 

X"(0 w 
—= - ^ = 0, < e R. 
x'2(0V-«[x(0] 

Then X"(t) = 0 for t e R, hence X(t) = bt + a, where a, b are constants. In 
consequence of the fact that either X = k'R or X(t) ^ t for t e R (cf. [3]), we see 
that necessarily b = 1. 

REFERENCES 

1] Borůvka, O.: Linear Differential Transformations of the Second Order. The English Univ. 
Pгess, London, 1971. 

[2] Бopyвкa, O.: Teopuя глoбaльныx cвoйcmв oбыкнoвeнныx лuнeйныx дuффepeнцuaлъныx 
ypaвнeнuй вmopoгo nopядкa. Диффepeнциaльныe ypaвнeния, JЧs 8, т. 12, 1976, 1347—1383. 

[3] Boгůvka, O.: Lectures at the seminar of the Institute of Mathematics of the Czechosîovak 
Academy of Science in Brno. 

[4] Laitoch, M.: Homogene lineare zu sich selbst begleitende Differentialgleichung zweiter Ordnung. 
Acta Univ. Palackianae Olomucensis FRN, 33, 1971, 61-72. 

[5] Stan k, S.: On a structure ofthe intersection ofthe set of dispersions of two seconďorder linear 
differential equations. Acta Univ. Palackianae Olomucensis, FRN, т. 73, 1982, 79—85. 



Souhrn 

STRUKTURA P R Ů N I K U G R U P D I S P E R S Í 
ROVNICE y = q{t)y A ROVNICE K NÍ PRŮVODNÍ 

SVATOSLAV STANEK 

Nechť qeC2(R),#(ř)<0 pro teR. Položme q(t) : = q(t) +J~q(t) (—========.) , 

W-*w / 
t e R. Rovnice (q): y" = q(t)y se nazývá průvodní rovnice k rovnici (q) : y" = 
-qít)y. 

Nechť (q) je oscilatorická rovnice, q # q. V práci je vyšetřována struktura prů
niku množiny rostoucích řešení dvou Kummerových diferenciálrích rovnic 

~{X,t} + X'2 . q(X) = q(t), 

-{*,/} + X'2 . ^(X) - 4(0, 

1 X"'(t) 3_ 
2 X'(t) 4 

nečná cyklická grupa a nebo triviální grupa. Dále jsou uvedeny podmínky, které 
jsou nutné a postačující k tomu, aby funkce X(t) = t + a, a e R, byla prvkem 
tohoto průniku. 

- J . Je dokázáno, že tento průnik je buď neko-
X'(t)J 

Резюме 

СТРУКТУРА ПЕРЕСЕЧЕНИЙ ГРУПП 
ДИСПЕРСИЙ УРАВНЕНИЯ у" =я(()у 

И ЕГО СОПРОВОЖДАЮЩЕГО УРАВНЕНИЯ 

CBATOCJIAB CTAHEK 

Пусть #еС2(К),#(0 < Одля/еК. Положим #(г): = -1(0 + ^-йИ*) 
V-9(0F 

( е К. Уравнение (ф: у" = %(1)у называется сопровождающим уравнением отно
сительно уравнения (ц): у = ^(^)у. Пусть (я) колеблющиеся уравнение, д Ф 4-
В работе иследуется структура пересечения множеств возрастающих решений 
двух уравнений Куммера 

-{Х,1}+Х'2^(Х)-ч(г\ 

~{Х,1} + Х'2.с!(Х) = с1((\ 
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г „ 1 1 Х'\1) 3 (Х\г)\2 _ -
где {X, г} = --г---—— 7-1 — — 1 . Доказано что это пересечение или бес-

2 Г (О 4 У Г ( 0 / 
конечная циклическая группа или тривиальная группа „ указаны необходимые 
и достаточные условия при выполнении которых функция X(0 = * + а, а е К, 
элемент этого пересечения. 
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