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ON G E O M E T R Y OF T H E T H I R D TANGENT B U N D L E 

ALENA VANŽUROVÁ 

(Received April 30, 1984) 

Introduction 

Starting from certain ideas by I. Kolaf, [1], and J. E. White, [3], we study some 
geometric properties of the third tangent bundle T3M = T(T(TM)) of an arbitrary 
smooth manifold M. In particular, we use the definition of the bracket [£, t]'] 
of two vector fields £,?] on M in terms of some geometrical operations on the 
second tangent bundle of M ([1], [3]), and we deduce the Jacobi identity by means 
of some geometrical constructions on the third tangent bundle. We make no use 
of functions in our proof, which might appear to be suitable in more general 
constructions. 

All manifolds and maps are assumed to be smooth, i.e. infinitely differentiable. 

1. Preliminaries 

1.1. The vertical functor V. Consider a fibred manifold n: Y-* X and its 
tangent bundle pY : TY-> Y. For any xeX, the fibre n'1(x) = Yx is a sub-
manifold of Y. Tangent maps Thx : T(YX) -> FY of canonical inclusions hx : Yx -> Y 
induce an injection HY : IJ T(YX) -> TY. Let (J T(YX) = : VY(the disjoint union). 

xeX xeX 

The set VYhas a natural structure of a vector bundle over Y with projection qY = : 
= :pYo HY. We may regard qY : VY —> Y as a subbundle of pY : TY -> Y. The 
fibre VXY = T(YX) over x e X is identified with the set 

{A e TY/(qY o n) (A) = x and Tn(A) = 0TxX}. 

Given local coordinates (xl, yp) on Y such that (xl) are some local coordinates 
on X about x, we have resulting coordinates (x*, yp, X1 = d**, Yp = dyp) on TY 
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and (x\yp, Yp = dyp) on VY. An element B = (x\yp, Yp)e VY is identified 
with HY(B) = (x\ yp, 0, Yp) e TY. Given a morphism <p : Y -> W of fibred 
manifolds % : Y -> X and £ : FV -> Z, we define V<p : VY -> VW to be the ab­
breviation (restriction) of Tcp. The coordinate expression of Vcp is 

V<p: н 
Ôyp 

1.2. The tangent bundle of a vector bundle. Let us consider a vector bundle 
n :E -* M. Then p£ : FF -> E is a vector bundle. It can be verified that Tn : TE -* 
-> TMis also a vector bundle, vector operations on fibres being defined as follows. 
Let A,BeTE be such that Tn(A) = Tn(B). Then A and £ may be regarded as 
tangent vectors, A = (d/dt)0 y(t), B = (d/dt)0 5(t), of suitable smooth curves y(t) 
and 8(t) : R -> F, chosen so that n(y(t)) = 7c(<5(0) for any t. Let A + B1) = : 

= : (d/dt)0 (y(t) + 3(0) and k . A = : (3/30o (fc . y(0) for k e R. All axioms of 
vector space are satisfied. Thus we are given two structures of vector bundle on TE, 
and the following diagram is commutative: 

TE^E 

H \* (i) 

The coordinate expressions of vector operations with respect to both two structures 
of vector bundle on FKare following. Given local coordinates (xl) on M, let (x\ yp) 
be local coordinates on E, (x\ X1) on TM, and (x\ yp, X\ Yp) on TE. Assume two 
elements A, and B of the same fibre pi 1(xi

9 y
p) over (x\ yp) e E, with A = (x\ yp, 

X\ Yp) and B = (x\ yp, X\ P ) . Then 

aA + /?B = (x\ y*\ aX1' + j3X\ o>Yp + j?P). 

Now let A be as above, and let C = (#\ yp, X\ Yp). Then A and C belong to the 
same fibre (Tn)~x (x\ Xf) over (x\ X1) e TM, and 

aA + yC = (x\ ayp + yyp, X\ a F + y p ) . 
T7t 

The evaluation in local coordinates shows that the following statement holds. 

Lemma 1. Let <p: E -> D be a linear morphism, over f: M -> N, of a vector 
bundle n: E -+ M onto a vector bundle Q: D -+ N, i.e. the diagram 

*) + denotes addition with respect to the projection Tn. 
Tn 
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E-\D 

*i V 
M-UN 

commutes. Then Tcp in the following commutative diagram 

TE-

TM^ІTN 

TD 

is a linear morphism. 
Proof. Let {x\yp

9X\ Yp) be local coordinates on TE chosen as above. Let 
us choose coordinates (z*, wx, Za

9 Wk) on TD in a similar way. Then coordi­
nate expressions of the maps /, Tf (p, and Tcp are 

f Jf z* = fV)> T,A-" = /V), 
M ^ = /pV,/), ;' L -»/" y* 

T<p: za = я-г. x\ 
дx' 

Wk = ^U . X1. y" + fx

p(x) . Yp 

дx' 

Now it can be easily seen that for any (x\ X1) e TM9 Tcp gives a linear map 
(yp

9 Yp) *-> (w\ Wx) of the fibre (TnY1 (x\ X1) over (x\ X1) onto the fibre 

(TQ)"1 (f\^)9ML. X*\ over Tf(x\ X% QED. 

2. Second tangent bundle 

2.1. The second tangent bundle T2M. Applying previous considerations on the 
special case pM: TM -» M9 we obtain the commutative diagram 

TTM *™ TM 
TPMI iPM 

TM^M 

Let us denote T(TM) by T2M and F(Ff) by F2f According to Lemma 1 and 
functoriality of F, for any mapf: M -* N9 the diagram 
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T,N ГN 

w 
ГM 

Г/V 

^Г/-/ 

/>* 

** 

Г/ł 

-*- // 

// 

Tf: 

is commutative. If (xf, ws, X\ U') denote usual local coordinates on T2M, the 
expression of T2fis 

\f • y" = TV), 

I ax* 

02f* 

-V: 

W*, 

• X\ 

vк = 
Õf . ul. XJ + -2~r • U'. 
õx' dxl dxj 

2.2. The canonical involution as a natural transformation i: F2 -> T2. On T2M, 
we are given the canonical involution iM: T2M -* T2M which may be described 
as follows. Any A e T2M is expressible in the form A = {d/dt2)0 {{d/dt^o 5(^, t2)) 
for some smooth local map 8: R2 -> M. We set iMA = {dldtt)0 {{dfdt2)0 8{tt, t2). 
It can be verified in local coordinates that iMA depends only on A, and not on the 
choise of 8. Thus the definition is correct. The map iM is obviously involutive 
(that is, iM = lTM), and in local coordinates, 

iM{x\ u\ X\ Ul) = {x\ X\ u\ Ul). 

The following diagram is commutative: 

T2M%T2M. 
TPM\ \?TM 

TM ^ TM 

Therefore iM is a linear isomorphism (over identity; of vector bundles Tp^ and pTM. 
Moreover, for any smooth / : M -+ N, the diagram 
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is commutative (see [1]). This diagram shows that i: T2 -> T2 is a natural trans­
formation of functors2), with some additional property. 

3. Descending map 

Let n: E -> M be a vector bundle. Consider its vertical bundle qB: VE -> E. 
Let ( 4 yp) be local coordinates on E such that xf are local coordinate functions 
on M. Since VE is a subbundle of TE, we have resulting local coordinates (x\ yf, 
0, Yp) on VE. Now we shall introduce a map &w: VE -> E by the following geo­
metric construction. The vector bundle VE may be regarded as a Whithey sum 
E@E. The fibre (VE)X = T(EX) over A: of the fibred manifold VE -> Mis identified 
with the direct sum ExxEx. 
Let x: VE -* E® E denote the corresponding identification. Let pt, and p2 be 
projections of the pullback E © E onto the first or second component, respectively. 
We have the following commutative diagram: 

VE * E@E •Д • Е 

ři4 Pii 1-
E _ ^ E 

я м. 

For any x e M and aeEx, there exists a canonical isomorphism fia: Ex -* Ta(Ex)t 

Ha: v *-*(d/dt)0(a + ft;). Further, each aeEx determines a unique translation xa: 
Ex -» Ex of a vector space Ex, xa: v H> I? — a, which sends a to a zero element 
0 = 0Ex of the fibre. The corresponding tangent map Txa: T(EX) -> T(EX) maps 
the tangent space Ta(Ex) onto T0(EX). 

Now let Ce VE with (« op t) (C) = j , (x op2) (C) = Y, and rc(}0 = n(Y) = x. 
We set 

kJt(C)=:(^1orTyo^)(r). 

In local coordinates, if C = ( 4 , yo> 0, Fif), we have y == ( 4 , jg), 7 = ( 4 , Kg), 
and 

2 ) Let Jf and & be categories, and let E, G: Jf -> J§? be functors. A natural transformation 
(or a morphism of functors) i: F -> G is a system of J^-morphisms 

/ = {iM: FM -> GM in -SP/M is object of Jf } 

such that for any JT-morphism f: M-> N, the following diagram is commutative: 

Gf 

GM-> GN 

FMI^FN 
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Y -2W (x0, yg, Yg) ^ (x0, 0, Yg) ^> ^(C) = ( 4 , Yg). 

The map kn will be called the descending map corresponding to n. 
The previous construction yields a natural transformation k: V -* 1 of functors 

on the category of vector bundles. In fact, the following assertion holds: 

Proposition. Let n: E -> M and Q: D -> N be vector bundles. Let q>: E -> D be 
a linear morphism overf: M ~> N; that is, the diagram 

E--VD 

4 ie 

M-UN 

is commutative. Then the following diagram also commutes: 
Vq> 

VE-+ VD 

* * ] , \*P 

E-UD. 
Proof. Let (jobea linear morphism overf Let xeM. As usual, assume local 

coordinate system (x\ yp) on E such that (xl) are local coordinates in a neighborhood 
of x = (x0). Similarly, let (Za, wA) be local coordinates on D chosen so that za 

are coordinate functions about f(x). Since (p maps the fibre Ex linear into D/(x>, 
and coefficients in the corresponding linear combination are constants for x fixed, 
the coordinate expression of the restriction Vq>/Ex = T((px) is 

Vę/Ex: 
Ą 

f(x):z" =Г(xђ, 
vИ = a

x

p(x) y", 
Z" =0, 
Wx = ax

p(x) Y". 

Given a vertical tangent vector C = (x0,y^, 0, Yg) at y = (x0,y0)eEx, we have 

kn(C) = (x0, YD, 

V(p(Q = (f\x), ax(x)yl, 0, ax(x) Yg), 

and finally, 
ЫVę(Q) = (Г(x), aì(x) Yg) = ę(kn(Q). 

4. Iterated tangent bundles 

4.1. The r-th tangent bundle TrM. Let M be a smooth manifold. We have already 
investigated tangent bundles TM and T2M. By iteration, one obtains the r-th 
tangent bundle defined inductively by 
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TrM= T(Tr_!M) =F(...(TM)...) for r ^ 2. 

r-time 

TrM is a smooth manifold. A smooth mapf: M -> N is prolonged to Ĵ f: TrM -* 
-• jTrN in an obvious way, and Tr is a functor. We also set F0M = M and F0f = f. 
According to J. E. White, elements of FrM will be called tangent r-sectors on M. 
TrM admits a structure of vector bundle over T ^ M , corresponding projections 
being 

K : = Tr~sPTs.2M - -TrAf-> Fr_iM for s = 2, . . . ,r . 

Any r-sector A e TrM is expressible in the form 

A = Õt, дh 
ő ( ř 1 , . . . , t r ) (2) 

for a suitable smooth local map 5 : Rr -> M. For any s 6 {1, ..., r}, we have 

< A = Otr L"" дts+í o őŕѕ 

•••яГ" <5('i> ••>'ѕ-i>0, fѕ+1, ..., ír). 
0 ^ Ч 0 

4.2. Let Sr denote the symmetric group of r elements. For each ae Sr, let us 
define a map iM: TrM -» TrM by 

iмiA) õt. "(r) o'" ôta(1 (1) 
ô(tlг...,tr) 

for all A e TrM9 expressed in the form (2). It can be verified that this definition 
TS correct, and that Sr acts on TrM on the right, if we set a(A) = : iM(A). For each 
ae 5 r, ia: Tr -• Tr is a natural transformation of functors. Further, the group 
{i^aeSr *s generated by tangent prolongations of canonical involutions on iterated 
tangent bundles. In fact, if iTm_2M denotes the canonical involution on T5M for 
s = 2, ..., r, and as is the inversion interchanging r — s + 1 and r — s + 2, 

that is, 

then 

V .., r — s, r — s + 1, r — s + 2, r — s + 3, ..., / 
..,r — s, r —s + 2,r —s + l,r —s + 3, ..., / 

io2 lM ^ r - 2 l М ) 
j<Js 
lM :Tr_si SlTs-2M> " %м = : i Tr-гM 

are required generators. 
4,3. It is convenient to introduce local coordinates on TrM by the following 

procedure. Let xl be local coordinates on M and denote by X0 the pullbacks of xl 

to TM. That is, X0 = xi °pM. Besides X0, on TM we have also additional co­
ordinates X\ = : dx\ Let us proceed inductively. Taking pullbacks will be denoted 
by addition of index 0, addition of 1 denotes differentiation. Hence on T2M, 
we have local coordinates X00, X10 (of X0 and X[), X01 = dX0 and X\t = dX\. 
For an arbitrary r, we obtain 2r groups of coordinates on TrM9 each of which 
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consists of m elements XJit tJr, i == 1, ...,m, where (ju ...,jr) is a sequence of 
elements 0 and 1. With respect to these coordinates, the expression of iM is 

*J. i , ( ^ ) ^ l ( 1 ) W 4 0) 
4.4. For each vector bundle ns

r: TrM -> Tr_tM (1 ^ r, 1 g s <£ r), we have the 
corresponding descending map £„,: V(TrM) -> FrM. Moreover, descending maps 
kns (I = 1, ..., r — I; s = 1, ..., r — /) of lower orders are prolonged to maps 

r - I 

TtkK : T,V(Tr_,M) -» T,M. Together, we obtain r{r + l)/2 maps 
Ttkx. / - 0 , . . . , r - l (4) 

r-J 

with domain c Tr+1M and image PrM. Each of the maps (4) is "linear" in the 
following sense. 

Lemma 2. Let A, and £ be (r 4- l)-sectors of the domain of k, and at the same 
time, let ns

r+1(A) = nr+1(B) for some se {1, ..., r + l}.3) Then any linear com­
bination cxA + fiB with tx, fieR belongs to the domain of k, and there exists 

a unique projection 7i* with the property 

k(aA + fiB) = ock(A) + fik(B). 
K 

We shall not prove the lemma here. 
4.5. In the following text, we shall deal with tangent bundles of orders r ^ 3 

only. In the case r =- 2, coordinates of 2-sectors at a fixed point xeM will be 
written into the schema X10 — X1X — X0i>

 4) which corresponds to the structure 

TM ™ T2M ~> TM 

of double fibred manifold on T2M. For pM: TM -> M, we obtain a descending 
map kp : V(TM) -> FM with coordinate expression 

It can be easily verified the following: 

Lemma 3. Let A, and B be 2-sectors with TpM(A) = TPM(B) = 0. Then A, B 
belong to the domain of kPM and 

k, (<*A + fiB) = <xkPM(A) + fik (B). (5) 
TPM PM 

For r = 3, it is convenient to arrange coordinates of a 5-sector A at xe M into 
a regular coordinate triangle, see [3], 

3) That is, A, B belong to the same fibre with respect to rc*+1, and they can be added in this 
fibre. 

4) In our considerations, pullbacks XJ
0...0 of coordinates xJ will be omitted. 
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Á: ^ i o o ^ n o -^oic 

^ 1 0 1 ^ O l l 

(6) 

l 0 0 1 

corresponding to the commutative diagram (7): 

ГM "тң ЪM 
rÞм 

-*. тм 

Commutativity of this diagram follows by functoriality of T and by appliyng of 

commutative diagram (1) on vector bundles TpM: T2M -> TM and prM: T2M -* 

-* TM, respectively. Coordinate expression of the maps kp , kTp , and Tkp are 

-̂ 100 -*no Xoio 
A i u 

0 ^ 0 1 1 kPTM -*100 -~ - M i l ~ -^011? 

0 

-^100 XI10 -^010 

MLU 

X101 0 kт XoiO ~" л u l — Xюi> 

and 
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-*ioo -^110 0 

^ 1 1 1 

X101 0 TkPM -^110 — -^111 ~" -^001 • 

X0oi 

Obvious ly , kTpM = k ^ o FiM, and 

TkPM = /M o k ^ o TiM o irM. (8) 

Hence it suffices to use k„ only. 
PTM 

Lemma 4. Let A, and B be 2-sectors on M, and let both A and I? belong to the 
domain of kp . Let a, /? e R. If ^, B belong to the same fibre with respect to the 
projection T2pM, then 

*.«<«V w = «*P™W) + '**. <«• (9) 

^ P M i"M 

If A, B are elements of the same fibre with respect to TpTM, then 

k„TJaA + PB) = a*,T(.4) + ^ P T M (£ ) . (10) 
TPTM PTM 

If A, B belong to the same fibre with respect to pTlM, then 

kp (aA + fiB) = akp (A) + /3kp (B). 
P T M P T M S P T J f 

PT,M PTM 

4.6. The action of the symmetric group S3 on T3M may be described in terms 
1 2 3^ 
1 3 2> 

of canonical involutions as follows. If a = [ , ^ ^ ), then zM = ZTM ° TiM cor 

/ l 2 3 \ / l 2 3\ 
responds to the permutation ( 1, 77M o irM corresponds to ( J, iTM o TiM 

(\ 2 3\ / l 2 3 \ 
corresponds t o U 1 2f F o r * = (3 2 l ] ' ^ = Tiu ° ' r M ° r / i t f = ' m ° ^ ° 
oiTM. Finally, the identical permutation induces the identity lTiM. In local co­
ordinates, irM, TiM, and TiM o iTM o TiM are "axial symmetries" of the regular 
coordinate triangle (6), while irM o PiM and PiM o iTM are "rotations" with angles 
n/3 and — rc/3. respectively: 

ITM(A): ^100 ^101 -^001 TiM(A): X010 X110 Xioo 

^ 1 1 1 -^111 

-*iio ^011 Xon X101 

X010 X001 
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т*м o ҺмЫ): iтм o Tiм(Л): 

^cзoi Xioi -^Іoo -^oю 4 и -^ooi 

XІn Xiu . 
Җ ц Xiю Xiю ^ ю i 

Xoю XI oo 4 

Tiмo hм° T/M(A): 

0 0 1 Xon 

- ^ l l l 

А"OЮ 

Xюi У1 
Л 1 Ю 

-^100 

Consequently, by (3) the coordinates Xin are not changed by any iM. 

5. Vector fields and Jacobi identity 

5.1. A smooth map £: M -> FM is called a vector field on a manifold M, if 
pM o £ = 1M; that is, £ is a smooth section of the projection pM: PM -• M. For 
a vector field f: M -> IM , prolongations Pc;: FM -> P2M and F2c;: P2M -* P3M 
satisfy TpM o I ^ l T M and P2pM o P2£ = 1T2M , respectively. 

Remark. P£, or T2£ is not a vector field on PM, or P2M, respectively. But let 
us observe that iM o T^ is a vector field on PM, and TiM o iTM o T2£ is a vector 
field on T2M, In general, 

Tr„liMo...oTr„siTt_lMo...oiTr„lMoTri^3r£ f o r l ^ g r 

is a vector field on PrM with the flow exp t(&~r0 = Tr(exp t£) (see also [1]). 

Let £, and r\ be two vector fields on M with coordinate expressions f = ZJ(d/dxJ) 
and r\ = rjJ(d/dxJ). Let us consider compositions 

and 

õxJ 

дxJ 

Given a point x e M, (Tr\ o £) (x) and (iM o T£ otj) (x) are 2-sectors of the same 
fibre with respect to PTM • Hence the difference 
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iW^W-.V-(#C-£,.)-o 
belongs to the domain of kpM- It was shown in [1], that 

k, (TY\ O i - iM o n o n) : = Tti o £ ~ T$ o r\ 
PM p yTM 

coincides with the classical bracket [£, r\\ of vector fields. To simplify the notation, 
we set 

Hence 

[«.-l]-*pMo[£3 (11) 

5.2. Jacoft/ identity. Three vector fields £, IJ, and £ on M satisfy the classical 
well-known formula 

[[«. •»], c] + [[»., a « ] + [[c, a t,-] = o, d2) 
so called Jacobi identity, where 0 denotes the zero vector field on M. The previous 
considerations enable us to prove it in a new way, without refering to functions. 

Proof of Jacobi identity. By (11), [[£, rf], f] = kPM o [[£, r{] o £]• Further, 

[[C, * ] , C] = I? ° lCpM o [{, , ] - JM o T(kpM o K, ,]) o C. 
PTM 

Now TC o kD — kD o VTC, since k is a natural transformation, and thus the 
* PM PTM * 

diagram 
VTM^i VT2M 

kPM\ \kPTM 

TM^IT2M 
PM^ \PTM 

M --V TM 

is commutative. But [£, */] e VTM, hence 

By (8), and functoriality of T, 

iM o T(k o [{, i/]) = iM o rk„ o r tf , if] = k o riM o /rM o r [ « , , ] . 
«*» M * M 

Hence we conclude by (10) that 

[[€. Ч], C] = Ч м ° (-"2C o [€, ч]) - *. o (T/м o / r м O Г [ Í , >f] o 0 , 
тм 

тм 
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[[«, nl C] = fcPxM o (T2c o [£ >/] - nu o / rM o T[c, n\ «, C). 
T p r j f 

It remains to show that the assumptions of (10) are satisfied. But that follows 
immediately, if we express projections of our 3-sectors by diagrams of the type (7): 

C TCorj t] C I'M O Tn ° C >7 

-"2С-[«,»?] Г / и о / г м о Г [ й ] о ( 

o [C,ч] o к,,] 

0 0 

Further, we have 

srnce 

Tгí o [{, Ч ] = T2C o T/j o C - ŕ r « ° T2ţ oTţoц, 

C TC o Ц Ц 

П o [C o 4] 

and 

o [C, u] 

o 

C TCoř? q C rí°>? i; 

T2C o Tt] o C Í T J Í o T2C o TC o ř/ 

TC°í r»?oC TC°č tuoTtoti 

Z C 

Similarly, 
r[C,^]oC = ^ o ^ o C - r i M o r 2 { o n , 0 c , 

because 
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n [C, il o 

ïtTïïoc 

T/?o£ 0 

c 

and 

»? Tn o { C f? iM° TÇon Ç 

T^oTtot; TiMoT£Tnot, 

Tqot TÇoÇ Tno ^ TÇoÇ 

c c 

Let us set 
X(i, t,, 0 = : (T2C oTnol; - iTM o T2£ oTÇotj) 

PT2M 

~ TiM o iTM o (Ttf 0TÇ0Ç - TiM o T2Ç o Trç o 0 . 

The corresponding diagram of projections is 

C [ч. C] 

ЖC, ч, C) 

0 0 

0. 

Now [[£, , ] , fl = *,_ o *,«;, q, 0 with 

Г 5 

P 
EЖч]>c] = *E*p°[[c,ч],c] = 

(iз) 

C ^ - i C C C ^ C j i - ^ - o . (14) 

By (13) and (14), the assumptions of (5) and (9) are satisfied. Therefore 

5) <# £ will denote a cyclic summation. Thus <g £ [[I, rj], £] = [[f, »jl, f] + [fa, £], C] + 

+ [[f.a.i,]. 
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^ Ч , ° Ч „ < > ^ , 4 , 0 = 
ľte 

k>м*Є#Ik °Щ,r,,0) (by(5)) 

Ч ° * P °#ZHČ,4,0 = (by(9)). 
Here 

* I C *Z[ff,C] 0 
PM TPM 

« I M«, 4, 0 
T2PM 

0 0 

0. 

By the definition of \(£, q, 0, it is clear that 

* i u o * Z 1(^,4,0 = 0, 
T2PM 

since the maps iM, a e S3 do not change coordinates X{X1, and each term of the 
form iM o T2C ° Tr\ o £ occures in the sum exactly two times, always with opposite 
signs. Hence 

^ Z C :*==- fcPTMo V Z Kt.n,0 = 0 ^=*1 o. 
PM T2PM 

Consequently, <€ ]T [[£, rj, Q is a zero vector field on TM. QED.. 
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О С Е О М Е Т К П Т Й Е Т Ш О Т Е С N Ё Н О В А N ^ ^ ^ 

ЗкгпиН 

С1апек пауагще па ргасе I. Ко1аге а к т п и ^. Е. \УЫ*еа, [3]. 1е рпзрёукет ке зШсаи §со-
те1пск#сп у1аз1поз1;1 ггегШо геспёпо ЪапсИи ТЪМ =- Т(Т(ТМ)) Ыаёкё уапе*у М. Рйуодш'сп 
ууз.едкй ^е ёозагепо рп роргзи а т1егрге1ас1 орегасе зуте1пскё §шру па ггегнп 1еёпёт Ьапё1и 
а рп зШёш орегасе зезШри па ИЬоуо1пёт г-кгэЧ Иегоуапёт геспёт ЬашИи. V гауёги ']& ротос ! 
1ёсп*о поуусп те*ос1 рос1ап п о ^ айкая ^асоЪ^по ШепШу рго уек*огоуа ро1е. МесосНску 
^ г п а т 1оЬо1о поуёпо розШри зросГуа V *от, 2е зе пеигТуа Гипкс!, сог тйге т И \угпат рго 
пёктега ёаШ гоЪеспёп! *ёго ргоЫета^ку. 

О Г Е О М Е Т Р И И Т Р Е Т Ь Е Г О К А С А Т Е Л Ь Н О Г О Р А С С Л О Е Н И Я 

Резюме 

Статья ИСХОДИТ ИЗ идей И. Коларжа и Й. Э. Вайта. Рассматриваются здесь некоторые 
геометрические свойства третьего касательного расслоения Т3М= Т(Т(ТМ)) произвольного 
гладкого многообразия М, а именно его группа симметрии. Также определяется новая опе­
рация „сбросивания" на касательном пространстве г-го порядка ТГМ, и устанавливаются 
ее свойства. Достигнутые результаты применяются к доказательству тождества Якоби. 
Для скобки [<̂ , г} ] двух векторных полей | и ц на М употребляется определение основанное 
на геометрических операциях на втором касательном расслоении. Это новое доказательство 
не пользуется функциями, что может оказаться полезным для некоторых более общих рас­
суждений. 
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