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přírodovědecké fakulty Univerzity Palackého v Olomouci 
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ON SOME PROPERTIES OF SOLUTIONS 
OF THE DISCONJUGATE EQUATION 

y" = q (l) y WITH AN ALMOST 
PERIODIC COEFFICIENT q 

SVATOSLAV STANEK 

(Received Oanuary 15th, 1985) 

1. Introduction and resume of results • 

M a r k u s and M o o r e /6/ investigated the pro

perties of solutions of the equation y**» (a+b.q-^tjjy, where 

a, b e R and q. Is a (real) almost periodic function* A spe
cial consideration was devoted to the above equation being 

disconjugate. In studying the properties of their solutions 

the authors started from the associated Riccatl equation 

u + u « a+b.q-^t). The distributions of zeros of solutions 

and the derivative of solutions in oscillatory equations are 

discussed in /8/ - /10/# 

The present article follows the results of /6/ # The pro

blem under consideration is the disconjugate equation 

(q)*y"*- °.(t)y* where q means a (real) almost periodic func

tion. As is well known (see /!/ or /2/), every disconjugate 

homogeneous linear differential equation of the second order 
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is either genereiXy disconjugate or speciaXXy disconjugate* It 
is proved for the speciaXXy disconjugate equation (q) that there 
exists a unique aimost periodic soiution of the associated Ric-
cati equation (Theorem 1), and conditions are given (necessary 
and sufficient) for the equation (q) to be generaiXy disconju
gate or speciaXXy disconjugate* These conditions are expressed 
either through a certain form of a soiution of the equation 
(q) (Theorem 2) or through a certain form of the coefficient q 
(Theorem 6) or through a certain form of the phase of the equa
tion (q) (Theorems 9, X0)# Next, there are given necessary and 
sufficient conditions for the existence of an (up to a muXti-
pXicative constant necessariXy unique) aimost periodic soiution 
of the speciaXXy disconjugate equation (q) (Theorems 3, 4) 
without using the Fioquet representation (see, say / 5 / ) , which 
is not appiicabie here* Theorem 8 deaXs with an aneiogous pro-
bXem for the generaXXy disconjugate equation* 

Suppose H { q ^ is the huiX generated by q* Then the spe
ciaXXy disconjugate equation (q) has an almost periodic soiu
tion exactXy if aiX equations (q* ) have aimost periodic solu
tions, where q*£ H{q^ (Theorem 5) and if a is a characterise 
tic exponent reiated to the generaXXy disconjugate equation 
(q), then a is a characteristic exponent reiated to any equa
tion (q* ), q^e H { d | (Theorem 7 ) . 

2* B a 8 i c soncspts and Xemmas 

In this article we excXude triviai solutions of the eqya« 
tion 

' y#*« P(t)y, p& e°CfR}# (p) 

We say, that (p) is an osciiXatory (disconjugate) equation if 

every soiution of (p) has 1 c*-> as the cXuster points of its 
zeros (if every soiution of (p) has one zero at most)* 
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Def in i t ion 1 ( / I / , / 2 / ) . Suppose, i?X i^^J^ifiSPS^H^S^SL l^Ma l i aw 

exactly i f th@r@ exist two independent eolutione of (p) having 

efljua^tio/i^exac^tly^if Ahere £XA8A8«~8—"-^-i^ iPiP£,*2P*m°L bPl LUR 
to a mul t ip l i ca t ive conetant) havingi no zero on R. 

Say conformably with / I / and / 3 / that a function o£ £ C°(R) 
ie a ( f i r e t ) p h a s e o f (p) i f there exist independent 
solutions u, v of (p) such that 

tqcC(t) ^ J l i i i . for te R - { t i v ( t ) • 0 ? 0 
v ( t ) 

In then follows from / l / , / 2 / that / 6 C3(R) f / . } ( t ) j * 0 
and p( t ) » - { o C # t | - / ( t ) for t £ R, where .[ «< , t |' i « 

1 «£mlt) 3 / j V t j \ 2 

' ^(t) " * U'(t) i # 

Lett ing E be the set of phases of the equation y**® -»y 
yields that E«Ct • f £ ^ , £ 6 E | i® the set of phases of ip)» 
where oC i s a phase of (p)# 

The equations (p) ie a specia l ly disconjugate equation 
exactly i f 

l l a § / { t ) - l im«?£(t ) | a 7T 
t^-o-- t-»«-» 

for son© Camel th@n for ©very) phase oC of (p)# 

Th@ equation (p) is a generally disconjugate equation 
exactly i f 

I Urn °C(t) - lim oL ( t ) I < /̂T 

for soroe (and then for ©very) phase oC of (p)» 
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The solutions of (p) stand in the following relations to 

the solutions of the Riccati equation 

u % y2 - p(t), p€C°(R)«. • (1) 

If y»y(t) is a solution of (p) and y(t)j-T) for t/j, where 

jt: R is an interval, then the function u(t)s« ^^V • * c j. 

is a solution of (1) on j and also reversely, if u»u(t) is a 

solution of (1) on jcR. then there exists just one (up to a 

multiplicative constant\ solution y«y(t) of (p), y(t)j*0 for 

t€i such that u(t) » ^ SXJ for \&\. 
y(t) 

Lemma 1. Su£pos<e £ £C°(R)A jĵ tĵ l < M £<*£ £ ^ R ^ where M ^ R A 

T\tj*J*olut£pn u j£f̂ (A).J-jS SiPllBPtk &nJ*Jk X^en 

fu(t)|<M. t£R. 

Proof. The proof follows froro the reroark i n / 6 / page 101, 

B,&IAS3JfcA£!I LJ5 ( /3 /» Z 4 / ) . A £u£C£i£n^f^ijs ^aj^ljid^a^lroos^ SPL^ST 

£ ic e^xacĵ ly, IfJtJ* G°£P1 Jinjl A ^ i ^ X ^ J ^ i ^ ^ i -S HuJED-£r 

| f ( t * r j - f ( t ) | Lt X°J : t € R 

S.x2PSPmJ°S. S?&r£ iPSPiyS^mPX iXE8—fi»^+i^—(i^»RJ.* 

The set of almost periodic functions will be denoted by 

S„ Every almost periodic function f is bounded and uniformly 

continuous on R with the mean value equal to M {f \ , where 
-T 

M ff { s* liro i \ f(t)dt. By the Bohr-Bochner Theorero (see 
T-><*> P J0 

/3/, /4/) f^S exactly if f£C°(R) and for every sequence 

jh 2 , h £ R9 we may choose a subsequence uniformly conver-
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gent on R froa the sequence of functions f^(t+hf|)| « 

Suppose that f ^ S and H [ f \ is the h u l l g e n e r a 
t e d b y f that i s g£H i f ? exactly i f l i a f f t+h.J • g ( t ) 
uniforroly on R for any sequence | h ?, " n 6 R* Then H[f j c S and 
i f g€H[ f^ then H{g{ * H{ff# 

Lemma 2 ( / 6 / ) . The Gfluattop 

y#"« q ( t ) y f q€ S . (q) 

k*Jd&.th.eL SPSti^StSFZ £r—dA8£0£3£°&t£* 

Lemma 3 ( / 6 / ) . The, *!a&a£JLS>n~.t9)-.i&. SfiSPSfii^X iA&c£nJLu£a ie 

& x& €&*£ A^tlle£e^e&i&t-.ai"£sJL £e£1£°^icJ8£1£ti°£8-»u^ ̂ 1 (£)jt 
&-i2U)-.0I 

u% u * q(t)# (2) 

Lefflffla 4 ( /6 / ) # Sujpjjoee^ JjqĴ  A*—a—9£n&i&^1iy«..°,i8£onj£S&t£ £9£a" 

£A£n—•£C-Ju£ ^ I ( £ ) J L &"4^20l)..a£e-.aJ^£8£ P&SP&mfiS^SfiiPSPJ1*!* 

Y - ^ t ) * * V> i(t) - a* ^ 2 ( t ) j " ^ 2 { t ) + e for t ^ R, 

AV 

yields (</i(») + fcL(e))ds£S and the fujnctions 

У l ( t ) t « e a t exp( [ /Д(s)dsЬ 

У 2 ( t ) f e " a t xp( J1 ^ 2 ( s ) d s ) , t € R , 
1 

& r & JьndaДО&°£n& &°ÀU-Ł i£n& £f*-.»(&) * 
D f i n i t i o n 3 ( / б / , p Л 1 3 ) # Leд X°Jl ІŁeJ*шmQ£P&rS.^iУ-0"Aa£°lu£a£  
j qaa^tion^aдd^aJ-jO !&jthejiuwўp£ fiCiujгr^nд ÎPяJ-ЗPЗPмm

Ą
шtt £

aJÄ2°* 
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J^he ^ha^rajc^ejris^tJ^c^e^p^njtfU ^ f ^ í ^ A 

Lenia 5* Supoose uéS and f o r e sejquence í h_ }a h r á R , 
•a* mr mm **» a* am *** •*» esa •*» «.*• «-*> «** %*» an* M t gj 1 gí 

l i к q ( t + h ) « p ( t ) 

SPifSSS^X SP % ieJ£. X o r , Jl •S.eSuJLn£8 11« I • f 4 ^ R * S°M. SPL 
sequences j h ] * 1 ' j . | hJ > j c h o s e n j rora j h g segu©nce ( hR j 

l i n q ( t + t n + h * 1 ) ) • p , ( t ) , l i s q ( t + t * h * 2 ) ) c. p 2 ( t ) 

of# We proceed in the sa@e nanner a© we did in proving 

Theorem 1 /&/* Let f > 0 be an arbitrary nunfoer,* Then there 

exists a positive integer U^ such that 

|q(t*hn) - q(t+h|a) \^ «—-

3 

for B^O ̂  Nj and t £ R« It then follows thin 

|q(t*hJX>) - q(t+hn
2>)f^ - L 

3 

and also 

^(t+t^hj1)) • q(t*t„+hj2>)| £ X . (3) 

for n > N| and teR* Further, there exist® © positive integer 
h that 

q t t + t ^ + h t 1 ) ) ^ ^ ) ] . / - ^ , |q(t+tn+h^a>)-p2(t)j< «£* 

ych that 

3 

(4) 
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f o r n > N g and t c SI. S e t t i n g N • max (N i tNg) f^el^m from (3) 
and {4) for n>H and t $ R 

(p1(t)«p2c*of^ Jq( t*vhn1 )) " p i ( t ) l •* 

* |q(t**n+hj
2>)-p2(t)| + |q(t*tn+hi

J>) -

- q(t*Vhn *';i tC t • 

Thus I p,(t) - p^itjllE for t€R and m±th r©sp®ct to the 

arbitrariness of £ me obtain p, • p^* 

• • ( -^holds i 

(i) If (f\) %? a qe^' &* ' ' 's, then, 
* •• - • '• urn* 

for iv&rv a'*i Hiui. t.*e equation (of*) ie also oenerallv die-

for ©very a# € Hfqf, the equation Cq^l is ei®o specially die*-

Proof v The proof follows for® the Bohr-Bochner Theorew 

and fro® Theoren 1 /6/# 

• rm 7* Suppose ,y , (/ £ S and Nl(/U 0# Then the function 

t s 

f »xp(V ^{T)dT)d8 (S) 

1 i 1 A 
Proof* Let us set q(t)j» - -* iP it) * -. f i t ) , t <s R# 

J 2 7 4 ' 
Then q£ S and the function «-L(/|t) i© a eolytion of (2). The 
function y(t)» exp(-~ ) ̂ (s)da) is a solution of (q) and with 

respect to -if € - "̂nd M { --f W » 0* sn?d by Lemma 3, (q) is 

8 n^eci^ily dieconjugate equation* Hence 
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) 7м ' \7м 
-o° O 

oo and the function 

f — | ? — » \ exp(i (f(T)dT)de is mapping R onto R. 

J
0
 % J

0 

Lemma g» ^fiPS8.?-, i ^ f i 1 C/• ^ € S jmd M { ^ } J - 0„ Then^fjinct^ioji 
(5 ) i j j i»ap£ in^ R ontp^ j t j j - R, 

Proof, Setting in analogy to the proof of the preceding 

Lemma q(t):»- -| if"(t) + -J (/̂ (t), t _ R, then q_ S and the 

function y(t) • exp(- i (^(s)ds) is a solution of (q). The 

^o 
equation (q) is disconjugate and is necessarily generally 
disconjugate with respect to Lemma 3# Then necessarily at 

o «° 
least one of the improper integrals \ -£— , \ — ^ — conver-

J y (a ) 

ds 

У 2 ( a ) 
o 

g e s , whence immediate ly f o l l o w s the statement of the Lemma. 

Lemma 9 . Suppose £ i8_» tJle«.cJla j ;a
<£t_l' ' i ;8tic e .x£°Jle i l t« . .0 i _.*_, S e _ 

neralljr .li«c£n.l-.a-_.e_.aau«ti°il i ^ v J ^ _. _.Lh.£v._ i°i-_. i
<£n2. £ f 

the X0X".-

a " a t < f _ ( t ) , eat<f2(t). where <f1# <f>2 £ S , 

I h « n .> t i l e £^ e i l - 2 . t _ . f unc t i ons ft, (/ such t ha t ft, / _ . ( / _ . 
^ S , M f f t ! - M { / 2 ^ 0 a n d T ^ ^ ^ 

f _ ( t ) - l ^ . e x p f V y i ( a ) d a ) £ , r t € R . whe r a ^ 6 R ( i - 1 , 2 ) . 
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Proof, By Lemma 4 there exist functions / / , , (f2 such 
that ifl§ (f2, if\9 (f]2 <- S, H[ifx] « M ( ^ 2 { m o and the f unc t i -

t t 
ons e""atexp( I ( A t s j d s ) , eatexp( 1 ^ 2 (s)ds) are independent 

o o 
solut ions of ( q ) . Let (q) have a solut ion of the forro ©""a t^1(t) 
where <i,£ S. Then there exist nurobers a1# a2s 

t t 
e""atc[>:L(t) • a1e""atexp( I (^ (s jds) + a2eatexp(f y?2(s)ds)* 

o o 
t 

Since lira e" aexp( i I (/ (s)ds) • e""a £ 1, 

liro eaexp( i 1 ^ 2 (s )ds) • ea > 1 # i t turns out that 

t * 
' 8 t A . . _ / 1 if) to,\A^\ mm A A-%.4 1 4 m <r»®t 

liro в~ a t
 xp( l ^(s^ds) • 0 and lira a

at
exp( l ^

2
(s)ds) « o*

 # 

o o 

Th r for a
2
 « 0 and <J> Ł(t) « a^ xpí ^(s)ds)« Likewis 

o 
t 

we can prove the equality ^ ( t ) « k2exp( I (A(@)ds)# where 

k 2 is an appropriate number* 

Remark l# Suppose (q) is a generally disconjugate equation 
and a is its characteristic exponent* Since (q) has solutions 
of the form e""at <P;i(t)# s

a tci 2(t) # with at least one of the 
functions <£1# <b 2 belonging to S# then, respecting the proof 
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of Lemma 9 and Lemma 4 . i t follows t ha t neceaaar i l y both 
functione <p, t £>2 are ly ing i n S a l ready* 

3* Main results 

Theorem 1 . This gflUQ^SPJcQ* ^J^mf&S^B^iyjt^SPSJliQ&tSL 

S.K3P£?-X. ifJhPSPJPSf'SM AySfJ^EPmiPi&PSPS* SfiL^SfliP^S^S^iPSL H 

SfJL2)j*Sfl H i u I " 0# 

Proof• (.-===->) I f there e x i s t s j u s t on® almoet p e r i o d i c 

eolut ion u of ( 2 ) , then, respecting Lemma 2 and Lemma 39 

equation (q) ie spec ia l ly diecoojugate an^ it f o l l ows from 

Theorem IS / 6 / that M {u ] • 0„ 

J (<~--=rr=) Let (q) be a spec ia l ly d ie con jugate equation* 
Then there exists just on© s o l u t i o n u of (2) de f ined ©n ft 

being bounded by Lemma 1* Assua© next that u £ S# Then fl ier® 

exists a sequence [hn\* hR€ R# such tb®*. l i m q ( t * h n ) » p ( t ) 

uniformly on R, without any p o s s i b i l i t y t o choose a aubs@quen« 

c® uniformly convergent on R from the sequence of f unc t i ons 

| 'y ( t+h n )J * Thue there ex ist a number a > Oe i n c reas ing 

sequence of posi t ive integer { kn | , I r I , end a sequence 

{xn\ l t n € * • I t n | -»«*> f o r n~->o^)g 

| « ( t n + h k ) - « ( t n + h r )| .> a. n * i f 2 . . . . . (6) 
n n ' 

Since the sequences { uCt-^+h^ )] # (u(*«*nr )? are bounded, 

it may be realized (in paesing to suitable subsequences* 

whereby, for brevity, the same notation of indexes is retained} 

that 

lim q(t+t +hk ) - px(t), lim q(t*tn+h ) • p~(t) 
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uniformly on R and 

) • (I . 
lip u(t *h. ) mcL , lim u(t +Pfn ' 

where oC « /? € R and because of (6) w*? 

U-/s/*. . (7) 

«_ .. «(i\ . ( ' • h - i i n • 1 I 2 I « , , J 
By Lease 6 (in setting h* ' • h^ , b̂i ?n 

n 
we have p^ • p2(gs*s)« Since u(t+tn+hpn'

 n r
n 

the solution© of the equations 

« • u » q(t+tn*h. ) 

u* • u 2 - q(t+tn+hf ). 
n 

respectively, w© ©8© that 

lisi u(t*tn*h., ) • u,(t), lis* u(t*t *h ) - u2(t) 
K-$&* n n n * ,u-̂ ô  n 

uniformly on every compact interval, where u-̂ , u^ are the 

solutions defined on R of the following equation 

u* + u • s(t) 

satisfying the initial conditions u^(0) • oL , u2(0) " A • BY 
Lemma 6 (p) is a specially disconjugate equation, hence there 

exists just one solution of (8) defined on R„ This yields 

y~p t$ i&2» consequently oC • /? , which, however, contradicts 
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(7), Therefore u ie an alnoet periodic eolution of (q) and by 

Theoren 15 /6/ M { u } • 0, 

Remark 2« Theoren 1 nakee precise the statenent of Theoren 15 

/6/ by which there exiete at noet just one almost periodic so

lution of a specially disconjugats equation (q) whose nean 

value then neceeearily vanishes, 

Theoren 2, (q) teJ*J*£P£lallyjiX9cpnjiuQat£ £0^a±lgpjdxactly 

Af*.tJieL.filri£ti0Jl 

y ( t ) s « exp( f Lf(*)de), t £ R , (9) 

l*jaj*olutipn £f^(q)# S^ere if, if € S an£ M [if] « 0, 

Proof, « ) Let the function y defined as in (9) be a 

solution of (q), where if , if <£ S and M { ( / | • 0. The function 

u • if (t) ie an alnoet periodic solution of (2) and fron Lenna 

4 it follows that (q) is not a generally disconjugate equation, 

coneequently it is neceeearily specially disconjugate, 

(=-==\>) Let (q) be a specially disconjugate equation. By 

Theoren 1 there exists a solution if of (2) such that if , 

if 6 S, M j if j « 0, Then i*-, « if (t) for t £ R and any so

lution y of (q), y(0) • 1 and this by integration yields (9), 

Definition 3 (/6/ page 119), J-eĵ  JjnX keJa^&Re£^SL1iyj^isSPSJiii'm 

&*±*J*3uatlon.mm0mi.am iailjtd^tjhe^cjjajra^tjer^s^i^ .ex̂ ojiejit̂ o£ XHJt* 

Remark 3, We known fron the Floquet theory (see e,g, /5/) 

that the specially disconjugate eguation (q) with a periodic 

coefficient q has just one (up to the multiplicative constant) 

periodic (and so also boundsd) solution. If the coefficient q 

of (q) ie not a periodic function, then the eituatlon is nore 

conplicated. This becomes apparent fron the exanple on page 

119 /6/ with a concrete equation (q)# q 6 S, specially discon-
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jugate* whereby i t s a l l solutions are unbounded, i #e« this 

equation has not almost periodic solut ions* 

Corollary 1 # Lê t ±fl± ^e^a^S£e^ialj;y^dj;s^Oinj2igiawt(e eftuaj^ion 

Jjavijig^ari ^^oat^jperlo&ic^ £olut ion^y^ Then^ 

y ( t ) - k#exp( I (V ( s ) d s ) . t 6 R f (10) 

4 

wjrere k € R, fj , if € S an<d M \^\ • 0# 

Proof. By Theorem 2 there exists such a function f that 

y\ ye S, M[(/{« 0 and the function y^tjs- exp( I if (a)da), 

t 
Ha 

t £ R# is a Solution of ( q ) # Set y 2 ( t ) * " y j , ( t ) ' 
!0 vf(*) 

t € R# Suppose (q) has an almost periodic solution. To prove 

the corollary it is sufficient to show that y2 f S# In the 

contrary case y« is a bounded function and since 

-J*l » o^ , _ ^ » o^ then lim y-(t) « 0 and 

therefore l im ( / ( t ) y , ( t ) « l im y ^ ( t ) * 0# From the other side 

l im . • l im *1 U) « - l im y * ( t ) * 0 . which contra
c t - y o ( t ) t+** r -44 t-*i~ A 

diets the boundedness of the function y 2 # 

Corol lary 2# Sujjposje £<& &J*J*BPS.*3?-&~4l*co^}l9*te Sfluattop 

i8,Xi-n.0'--.ail JL^£°it-.-.PSLri00li«£ i°AH£AAn»-*y-i XnJLn— 
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I y(t)f — « for t € R^ 

Proof* Suppose y £ S is a solution of a specially discon~ 
jugate equation (q). By Corollary 1, y may be written ae 

« 0 эod 
t 

y(t) • k,exp( £Ms)ds), where If, f £ S, H [c/j 
o 

k £ R* Without any loss of generality we may assume k «- 1, 
Let inf | y(t)| » 0* Then there exists a sequence [t j , 
tn€ R, such that lim y(tM) • 0, which yields lin y«*(0 * 

• lim V(t-)y(t_) m °* Set 2«(t)s«y(t*trJ6 t€R e nal.2,,«, •. 

Then zn is a solution of the equation y**-s q(t*t )y« 

lim 2 (0) « lim Zte(O) «-0, With the assumption of y# q £ S 
/H-*®° ffl /*•*<*> n 

hence it can he assumed withoyt loss of generality that 
lim 2„(t) •« lio y(t+tM) • z(t), lim q(t+t_) « q*(t) uniformly a,-**--* n %-»«<» n '/s%--*°° n 

on R* Then z$ q*€ S and z is the solution of (q*) satisfying 
the initial conditions z(0) • 0£ z"(0) « Otf This yields 
z(t) s 0 and then naturally lim y(t*tn) a o uniformly on R, 
Hence y(t) =- 0, which is a contradiction. Consequently 
inf / y(t) / > 0# 

The equation (q) has an almost periodic solution y exactly 

I H y J 8 ! J^J^Jt^ .w 1 ! ! JLh«2 J°£BL°ai C10)-& f/ ' ! '; 

i e 

^ , ^ € S, H ( y | • 0 sod k 6 R, 

Proof, (=-==-^) Letting y be an almost periodic solution 
of (q) yields that by Corollary 1 we ©sy use the form (10), 
where if „ lf}6, Ss M[y>]« 0 and k £ R^ it then follows from 



Corollary 2 that the function 1 (./ (@)de is bounded from below 

mid from the boundedneet of y we find that thie function is 

also bounded from above. Hens©, the function I Lf (e)6s ie 

bounded and thus also almost periodic„ 

£• (<^.-~=.) Let there exist ©yen a function if that I (^(s)ds» 

ô 

^ f '̂"i? S<7 M(y( • 0 and let y be defined by (10), where k e R, 

is a solution 'of (q). It then follow© from the properties of 

almost periodic function© that y £ S, i.e^ (q) has an almoet 

^••^.adic solution* 

Theursu «** fq) is a specially disconlugate equation having 
fife "dfe 00.9 « * «as» &a tsat> an* «?«* &ssa> ffl*» <-*» • « « ' a i e M « • am hm «*» am am am a * •» 

q(t) • ( / ( t ) + l A t ) -fo£ t 6 R, (11) 

where 

y ( 8 ) d @ , if o lf'€ S end tt[{f] m 0 . (12) £ 
Proofs (===.=-$>) Let (q) be a specially disconjugate 

,:Sion having aR alssost periodic solution y# By Theorem 2 
y may be written in the for® (10), where (^satisfies (12)# 

y*#(t) 
From the equality '̂ (tj »--L-......L.-.L- t> ,- ̂ in (11), 

y(t) 
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« ) Let a function ^ s a t i s f y (12) and l e t q be de-

fined by (11)# Then q £ S and the function exp( \ (J(&)ds)G S 
ô 

be i t s s o l u t i o n . Then (q) i s a spec ia l ly disconjugate equation 
as It follows from Theorem 2. 

Theorem 5# jSujjpoaj* JtfX iPm»aJ*EPS£32^}y-&i*£PBdS&S.tS SfrBPi*-3P0 

i t - A i ika3> SPJ*kmSPi £e£ i£dicJ s .S1il tiR£l»^ tileJi inJ£ SPSPi*-3P fa*) 
hps SJ-SPJ^SL s^sfls^mj^sfipi^s, spkui*sPm»*srmPXP£y ***£ H {°* \ * 

Proof. Let (q) have an almost periodic solution y and 

let q*6 H{ q{ i#e. q*(t) » lim q(t+hn) uniformly on R, where 

{hR | is an appropriate eequence of numbers. By Theorem 3, 

y may be written in the form of (10), where CI satisfies (12) 

and k € R. Since y* « ^.y, y* and yV(«qy) are almoet pe
riodic functione and passing to a suitable sequence selected 

from { h i it my be realized (for brevity, the same notation 

of indexes is retained) that 

Urn q(t+hn) « q*(t), lim y(t+h ) « y*(t), 

lim y*(t+h ) « 6,(1), lim y"(t+h ) « sp(t), 

uniformly on R. Evidently y*(t) -4 0, y*£ S and by a limiting 
process (n—>«-^) in the equalities y(t+hn) - y(h ) » 

,t At 

•Í y'(.+hn)d», y*(t+hn) - y'(hn) - \ y"(8+hjds. 

*o "o 

y"(t+h n) « q(t+hn)y(t+hn) we obtain Sj » y*' , s 2 « y*" , 

y * i ! m q#y* # Thus y* is a eolution of (q) and this solution 

is an almost periodic function. 

From Theorem 5 immediately follows 
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Corol lary 3 . j3u£Pose ^qj^ 3^^8jB£e£ia^ll;y^die£Ojjjjjgjate^ e l a t i o n . 

I.f~(StiJnS.sJ)S.tJaiSyJ3kJkttiS.sS. ReLiRdlc^BolutXo£tjthen l^-JifiS^SP 

(q* ) hae not̂  anŷ  almostjse^riodic solut ion for eyery^ q* & H[c\\* 

Theorem 6 . ^q.1 i*J*JBSPSrS1kVJ*lk*S.0SJi&9SLtS. Sf&aSJLSPJ*SPj*mJL*> 

i t i Rhjbrac^erl^tlc^expMBp^ jsxjactly^ jL f^ 

Q(t) » if](t) + ( .if(t) - a ) 2 for t € R. (13) 

n^sss. Y> / 6 S t n i M{yM * °* 

Proof. ( >) Let (q) be a generally dieconjugate equa

tion and a be ite characterietic exponent. By Lemma 3 and 

Lemma 4 there exiete euch a solution if of (2) that H(T
v|---e 

and the function y(t)i« exp( I (Ms)ds), t e R, is a eolution 
Jo 

of (q). Setting </*« y + a, then (f ,</ £ S. M[if\ - 0 and from 

the equality q(t) -J? fdJ then q(t) - W (t) + ( A t ) • 
y ( t ) T T 

• </^(t) • (y?(t) - a ) 2 . 

(<--_«=) Let there exiet euch a function ^ that / , 
^ 6 S. M[y>\ m O and l e t equal i ty (13) be v a l i d . Then q £ S 
and the function (̂ / t« ( f - a i s a eolut ion of ( 2 ) . Since 
M j y j " - a , i t follows from Lemmae 3 and 4 that (q) i s gene
r a l l y dieconjugate equation and a ie i t e character ie t ic expo
nent* 

Theorem 7 . JLet Ĵ qĴ  ̂ o^a^d^ejconJjjgjBtje sqSpti-SPJ*SPmm
aJ>S. i^S. 

ShSfSPS.e&S*tkcJdxPRnsPS.0JT!2.eS. JLne. SySfiSTJ^mm^S. £nJL Sfiaracte-
LlSMPjzxpSPSPS. of^any^e^uati.0^ ( q * ) , q ^ H ( q j , 

Proof. I f (q) ie a specia l ly dieconjugate equation, then 
the statement of the Theorem immediately follows from Lemma 6 , 
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Suppose (q) is a generally disconj.ygate equation* By 

Lemma 4 there exist functions y\, {f/££S§ M-|-uVj? m a, 

M {^2^ " "a* D e i n9 solutions of (2)„ Setting y^ $« y^ -a, 

t 

y2 s« l/>2 +a, then the functions y^tjs" e
atexp( I (A(s)ds)e 

t Jo 

y2(t)i« e"
atexp( I (^2(s)ds), t £ R, are independent solutions 

of (q). Jo 

Suppose q*6 H { q \ m Then there exists such a
 sequence 

fh / , h £ R, that q*(t) • lim q(t+hn) uniformly ^n R0 Pausing 
I nS n m-*°° n 

to a suitable sequence j h. ] selected from the sequence { hR \ 
n „ 

we arrive at lim (/,i(t+hk ) « ^ ( t ) uniformly on R# 1^1,2^ 

The functions y± £ S are solutions of ur + u « q*(t), 
Ml7

/l( " a' M[//2^ " "a* S e t t i n9 Yi*m Wl"*9 /2 1" V^*8 

yields M[U>*| « M{*/2$ * ° a n d t n e functions y£(t)x« 
t } 

i- ©atexp( \ l^(s)ds). y|(t)*« e"atexp( f y£(s)ds). * 6 R' 

are (independent) solutions of (q*) - consequently a is the 

characteristic exponent of (q̂ )#> 

Reremark 4- Suppose the coefficient q of the generally discon-

jugate equation (q) is periodic and & is the characteristic 

exponent of this equation* From the.Floquet theory (se® /5/) 

then follows the existence of such solutions y^# y 2 of (q) 

that the functions eaty,(t), e~aty2(t) are periodic (hence 

also bounded)• If the coefficient q of (q) is not a periodic 

function* then the situation is more conplicared as may be 

seen from the example on page 113 /6/* with a concrete form 

of a generally disconjugate equation whose characteristic 

exponent is equal to a and for every solution y of this equa

tion the functions eaty(t), e~aty(t) are unbounded (heoce-

they do not belong to the set S)« 
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Theorem 8„ ^ugposjg JI J.®^a^08j^tiye gpgfogrj, £flX i8«-.a«.*SJln-SrS^V 

two Independent solutions of the form 

e-at<^1(t), s
8t<£2(t), sP$r® <f>l9 4>2& s . (14) 

Jt̂ uKP.tiona £^(^2^*. 

Proofs (* » Suppose (q) is a generally disconjugate 
equation, a is the characteristic exponent of (q) and (q) ha® 
two independent solutions of the form of (14). It then follows 

that ft(t) • feAsxp{ I 7
,
i(s)ds) from Lemma 9 that f>1(t) • kiexp{ I ^±(s)ds) for t e Rt wher® 

W c/i € S* M^i^ " °* ki 6 R t 1" 1' 2)* ^@tting ^ j b@ © 

solution of (q^) yields q, « -if* + {̂ ?. q* € S and it follows 
fro® Theorem 2 that (q,) is a specially disconjugate equation 

t 
A 

end from Theorem 4 I (A(a)ds £ S, Then a calculation shows 
o 

that q(t) • qx(t) • a
2 « 2a ̂ (t) • ^(t) • ( l/^t) « a ) 2 -

hence (12) and (13) ar#- valid« where we pot U?s» <A# 

(<=-==*) Suppose the function if satisfies the assumptions 
of (12) and the coefficient q of (q) is defined by (13)# Put 
q,, s« if + (A* # By Theorea. 4 (q-,1 is a specially disconjugate 

f 
equation with an almost periodic solution axp( 1 i/>(8)ds)# It 

uo 
follows fro® C''-; tĥ y r>vj function (/,?» Cr* - a <£ S is a solu-
tion of (2)* Since ^ ( yM a ^s* (q) i» © generally dx. • ' 
gate equation end there ©Kists such a solution ^ 2 ^ S °^ ^ ) 
that M[ ̂ 25 *

 a* which follows from Lemma 3* Consequently a 
is a characteristic sxponent of (q) and the remaining part 
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of the statement follows immediately from Lemma 4 . 

Theorem 90 $P2PSPS* IPX k9J*mm*ReSi3.QYjt&PSPEL$S$SLtS SPBPS*-SP& 
Ih6njthe£ejaxi*t9t SPS^J^JSPSMPSL ^ ShSLx f • V'£ s» M (j*5 * ° 

.snji in-& SPSPS^SP 
t s 

c / ( t ) - arctg f exp( f y t (T)dr)ds, t € R , (15) 
0̂ ô 

i8«.»a--.piia8.e--.oi ipX0-f*B&my&PS £*£*£'««*£ i n e . SPSPS^SP <£ i ^ ^ n s 
JLne. •l°£m

M(JL5JL*«Jvlle£e / * y ' ^ s • M {Vi * °* A8-.11-!!6-.0-!!88.0—°i ( P ) • 
£hen p € S ap6 (p) i^a^sjge^ia^lj^y^d^is^ojijjuga^te^ j ^ a £ i o n A 

Proof* Let (q) be a specially disconjugate equation* By 

Theorem 2 there exists such a function (A that \J^9 Lf^ £ S, 
t 

M i c f l l a ° a n d y i ( t ) J " e x P( \ l / ' i ( / r ' ) d ^ ) » t 6 R , i s a solut ion 
o 

t 

Si as 
2 / : . t * R. y 2

 l s 

o y ( 8 ) 

y 2 ( t ) 
solution of (q) and the function ĉ -(t) « arctg /t* « 

- arctg 
ds 

arc 

o 

- a. ̂ tg 1 exp( \ (j (T)dr')d8f where 
Yl(s) 

Utm -2 1^, is a phase of (q). Obviously ^9 if 6 S and 
M [if] - 0# 

Let the function oC be defined by (15), where ^, ^ £ St 

M{yl* °» is a Phase of (P)- By Lemma 7o((R) - (- ~ , ~ ) , 

hence (p) is a specially disconjugate equation and it follows 

from the equalities 
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P(t) - - f«C.tJ- At) * . I y i ( t ) + i v a ( t ) 

that p ^ S. 

T h 8 ° r 8 J i S - S u £P° a a i P l i 8 - a - 9 e n s r a i i y ^ d i 8 c o n j u g a t e equation 
a n £ a A ^ i P ^ i l V ^ i r l s i l c ex^one^T Then^theTe[]eTiTtT Tuch 
a l^SPSt-SP y i h a * If . ^ 6 S, M t y j . ~ a JnJ TheTuJcTion" 

o(.(t) » arctg exp( I y ( f ) d r ) d t , t £ R . (16) 
o o 

A 8 - . a -Pl l a 8 , e ^ 0 i i °v l * £ n £ S^^^nve j rse l^ r ,_ iX the Auncjion / £ • _ 
teP-B?* £8-Aa <16) • J£harS Y • y1 <s sT M {7F s ~ 2 a 7*0)T Ts^a^phaTe 
- 2 f - ( P ) * i h S n P e s * (P) A8.-JU9e/ie/aUy^^^ 
and ^a j , As^iis^chaj-ajct^ris^ic^ exponent. 

Proof. (-==-v>) Let (q) be a generally disconjugate equa
t ion and a be i t s character is t ic exponent. By Lemma 4 there 
exists such a function y 1 § that f p f ^ S , M J l ^ j • - a and 

t 

y ; , ( t ) t « exp( y 1 ( s ) d s , t € Rf is a solut ion of ( q ) . Sett ing 

o 

t o ds 
y2(t)j« y^(t) \ — g • t € R, yields that y 2 is a solution 

of (q) and analogous to the first part of the proof of Theorem 

9 we also show that the function oC (t) • arctg exp( \ U/(T)dT)d91 

o 
where L// :« - 2 u^ is a phase of ( q ) . Obviously iff , \f £ S and 
M { ( ^ « •2M{L^ 1 } « 2a. 

( < $ = ) Let the function ^ be defined as i n (16) t where 

If, If* 6 S and M { y i « 2a O-O) is a phase of ( p ) . By Lemma 8 

/ ( R ) £ ( - $ # § ) ' h e n c e (P) i S a 9 a n ©ra l l y disconjugate 
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equation and i t follows from the equal i t ies 

P(t) « - f oC.t] - oL)l(t) m - \ y\t) + I f2(t) 

that p £ S# If we put (/•. j» » A L/> s than (1'i is as*? aJ/acst 
1 ^ i 0 2 / f 7 / 

periodic solution of th© aquation u * u « p(t) J M j «/., ( / » 
« ~ J M | U ' U « [a [ . Thus |e[ is a characteristic exponent of (p), 
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SOUHRN 

O NĚKTERÝCH VLASTNOSTECH ŘEŠENÍ DISKONOUGOVANÉ ROVNICE 

y " • q(t)y SE SKOROPERIODICKÝM KOEFICIENTEM q 

SVATOSLAV STANEK 

V práci jsou vyšetřovány vlastnosti řešeni diskonjugované 

rovnice 

y " « q(t)y. q 6 C°(R), (q) 

kde q je skoroperiodická funkce# Každá diskonjugovaná rovnice 

(q) je bu3 obecně diskonjugovaná (tzn# existuji dvě nezávislá 

řešeni této rovnice, která nemáji na R nulový bod) a nebo spe

ciálně diskonjugovaná (tzn# existuje až na multiplikativní 

konstantu jediné řešeni rovnice (q), které nemá na R nulový 

bod) # Oe dokázáno, že rovnice (q) je speciálně diskonjugovaná 

právě když přidružená Riccatiho rovnice u* + u « q(t) má je

diné skoroperiodická řešení (věta 1). Dále jsou uvedeny nutné 

a postačujici podminky, aby rovnice (q) byla bu3 obecně dis

konjugovaná a nebo speciálně diskonjugovaná* Tyto podmínky 

jsou vyjádřeny bu3 prostřednictvím jistého tvaru řešení rovni

ce (q) (věta 2), nebo prostřednictvím jistého tvaru koeficien

tu q (věta 6) a nebo prostřednictvím fáze rovnice (q) (věta 9 

a věta 10) # Uvedeny jsou nutné a postačujici podmínky, aby 

existovalo skoroperiodická řešeni speciálně diskonjugované 

rovnice (q) (věta 3 a věta 4 ) # Obdobná úloha pro obecně dis-

konjugovanou rovnici (q) je vyšetřena ve větě 8 # 

Necht H { q \ je obal generovaný skoroperiodickou funkcí 
q# Pak speciálně diskonjugovaná rovnice (q) má skoroperiodic

ká řešeni právě když mají skoroperiodická řešeni všechny rov

nice (q*), kde q*e H { q | (věta 5) a je-li a charakteristický 

exponent obecně diskonjugované rovnice (q), pak je a charakte

ristický exponent každé rovnice (q* ), kde q*£ H[q$ (věta 7). 
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PE3BME 

-• • 
ОБ НЕКОТОРЫХ СВОЙСТВАХ РЕШЕНИЙ УРАВНЕНИЯ У »<1(Ъ) у БЕЗ 

СОПРЯЖЕННЫХ ТОЧЕК С ПОЧТИ-ПЕРИОДИЧЕСКИМ КОЭФФИЦИЕНТОМ в 

СВАТОСЛАВ СТАНЕК 

В р а б о т е изучаются с в о й с т в а решений уравнения 

у " = а(-ь)у, ^ € с 0 (к), и ) 
б е з сопряженных т о ч е к , г д е ^ - почти-периодическая функция. 

Всякое уравнение ( ^) б е з сопряженных точек е с т ь или общее у р а 

внение б е з сопряженных точек (ОУСТ) (существуют две н е з а в и с и 

мые решения э т о г о у р а в н е н и я , которые не имеют нуля на К ) 

или специальное уравнение б е з сопряженных т о ч е к (СУСТ) ( с у щ е с т 

вует до мультипликативной постоянной единственное решение у р а в 

нения ( д. ) , которое не имеет нуля на К ) , Д о к а з а н о , что у р а в 

нение ( ^ ) е с т ь СУСТ т о г д а и только т о г д а , к о г д а уравнение 

Р и к к а т и и + и = ^('Ь) имеет единственное почти-периодическое 

решение ( т е о р е м а 1 ) . Далее приводятся у с л о в и я , которые н е о б х о 

димые и достаточные для т о г о , чтобы уравнение ( ^ ) было или ОУСТ 

или СУСТ. Эти условия выражаются при помощи или некоторой формы 

решения уравнения ( ^ ) ( т е о р е м а 2 ) , или некоторой формы к о э ф 

фициента ^ ( т е о р е м а 6 ) , или фазы уравнения ( ^ ) ( т е о р е м а 9 и 

теорема 1 0 ) . Приводятся необходимые и достаточные условия су

ществования почти-периодического решения СУСТ ( ^ ) ( т е о р е м а 3 

и теорема 4 ) . Аналогичная з а д а ч а для ОУСТ ( ^ ) решена в теореме 

8 , 

Пусть Н ^ - оболочка порожденная почти-периодической фу

нкцией ^ . Тогда СУСТ ( ^ ) имеет почти-периодическое решение 

т о г д а и т о л ь к о т о г д а , к о г д а имеют почти-периодическое решение 

в с е уравнения ^ * ) , ^ * 6 Н ( ^ ^ ( т е о р е м а 5 ) . Пусть а х а р а к т е р и с 

тический мультипликатор ОУСТ ( ^ ) . Тогда а - х а р а к т е р и с т и ч е с 

кий мультипликатор каждого уравнения ^ * ) > ^ ^ ^ { ^ ( т е о р е м а 7 ) , 
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