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1. The equations considered in this paper are of the form

s e

x + F(x)x™7 + g(x)x” + h(x)

1]

0, (L)

s

x7T 4 £(x77) + g(x7) + h(x)

0, (R)

where h(x), g(y), f(z)eCl(—w,u ). If we furthermore assume
the existence of all their solutions and derivatives x’(t),
x“7(t) on the interval (-eo<, o), then these Liénard (L) and
Rayleigh (R) - type differential equations generate dynamical
systems in the sense of Barbashin [1], significant for appli-
cations. ’

Since many earlier results [2], obtained for the second
order nonautonomous equations (originated from (L), (R) by the
substitution y:=x"), namely

*) This paper was presented in the International Summer School
on Dynamical Systems at Radkova Dolina (Czechoslovakia,
June, 1984)
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.

y' T+ f(y)y” + g(t)y

ce

y' T+ f(yT) o+ a(y)

h(t), (L")
h(t), (R

may be used to satisfying the relation

lim sup (|x (t)] + Ix""(t){)4D" (D -const.) (D7)
te e '
we shall be here mainly concerned with the behaviour of solu-
tions x(t) of (L), (R) under the influence of the restoring
force, represented by the term h(x). Hence, in what follows,
let us assume that (D”) holds.

If the functions g(y), f(z) from (R) are of the form

g(y) = by + go(y) with |go(y)| %Gy for all y, (6g)

f(z) = az + fy(z) with |f0(z)|4 F, for all z, (F

0] O)

where a,b,FO,GO are suitable constants, then the ultimate
boundedness of solutions can be easily deduced from the
identity, obtained on integrating (R) under the hypothesis

h(x)sgn x 2 Fy + Gg for |x| >R, (H)

while for (L) the condition (H) reduces even to
h(x)sgn x 20 for |x| >R,

where R is a suitable constant.
However, for

lim inf h(x)sgn x < O
| x|

either some additional restrictions are necessary for the

same goal, or there exists such an unbounded solution x(t)
of (L) or (R) that

lim [x(t)| = o= (V)
t > o=

2. Let h(x) be such an oscillatory function with isclated
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roots x that

lim sup h(x)sgn x > O, lim inf h(x)sgn' x £ O
[x 1> Ix|> ==

throughout this section.

Theorem 1, If there_exist_such positive_constants a,R, € that

f(y)2a for all v, (1)
ag(x) - h"(x)2§  for IxI>R, (2)
g’(x) =0

bounded.

Proof. First of all we prove that the roots Xx=x,
with

h"(x) > 0 for 0<|x - X I< d (Ix] >R) (4)

are stable with the attractivity area determined by |x]$ J;
and lyl4D°, where Jzé J are suitable constants. Showing
this, the ultimate boundedness of solutions x(t) will be
already ensured with respect to (D”), because each suspicious
x(t) will be then attracted by some X_ with (4) (see bellow).
It is clear that the same is true for a trivial solution

instead of X , in considering

P

X + f(x)x”

T+ g®(x)x” + h®(x) =0
with g¥(x):= g(x + X_), h®(x):= h(x + X, ). Hence, replacing
this equation by

x“ =y, ¥y =z, 20 = -h(x) - g*(x)y - f(y)z, (L)
we can prove the stability of (§+,0,0) under the following
well-known criterium [3], guaranteed by the existence of such
a function V(x,y,z) with everywhere continuous first order

partial derivatives and such a positive constant J'that in
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the cylinder |x - §+l<¢f, lyl+|z| £ D” conditions 1) - 3) are
satisfied:
1) V(X,Y.2) >0 for (x,y,2) # (;+-Olo):
v av _ . 2V * = v &
2y Ay Bz - 53 [00 + Foay + fz]i= v S0,
3) the set {(x,y,z)== vi=0 f does not contain besides the
points (§+,0,0) any whole trajectory.

It follows from (4) that also
a(x) 2 £7a  for 0 <|x -;+"<J (Ixl > R) (5)

with respect to (2). Therefore defining

V(x,Y:2):=
X 1 5 Y
= a I h*(s)ds + h*(x)y + —[g*(x)y + (ay + z)2J+ aj[f(s)—a]sds,
2 0
0

we can transform V(X,Y,z) for 0 < [x|< é/ into the form

Y
V(X,y,2z)i= W(x)+ % { g*(x )[__L_l + y]2+(ay+z)2§+a£P%s)—a]sds,

g¥(x)

PR ¥
where W(x):= Q_*F%:%[% 'g’—.%g- g*¥ (s) + ag*(s) - h*'(s)]ds &

X
h* 1 h* .
JECleCREERI

We can find such a positive number GE.é 2; that the re-
lation

1 (h*(x) %
5 [g*(z) g¥ (x)] + € >0

will be satisfied with respect to

lim [—-—(—l * ()] = o

x == 0lg (x)

implied by (3), (5). Consequently the first condition of 1) -
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3) is satisfied according to the above and (1), (4), (5).

Since we have furthermore

.

V= -[ag*()-n* (x)- 2e¥ ()y]y? - [fv)-a]z® £ - 2 £4°

with respect to (L*) for | g*“(x)yl %€ together with (1), (2),
the remainder of the proof is completed, when [x| & J; £ Jﬁ
|yl € D° for a suitable constant J;.

F 2f(z)/z 2a for all z and £(0)=0, (6)
h“(x) $ H* for |x| >R, (7)

a(y)/y 2 H™ + (F-a)a/4 for all y and g(0)=0 (8)

bounded.

P r oo f. The point of the proof is the same; con-
sequently we restrict ourselves only on showing the fact that
the roots x=x, with (4) are stable.

Hence, replacing (R) by

x“ =y, vy =z, 20 = -0M(y) - 9(y) - f(2) , (R™)
where h*(x):= h(x + 2;) again, we can examine the stability
of the trivial solution by means of

X y 1
V(x,y,z):= a f h*(s)ds + h*¥(x)y + £ g(s)ds + 5 (ay + z)2 .
[¢]

It can be verified just in the same way as in [3, p. 120]
that V(X,y,z) is positively defined under our assumptions,
Therefore, since we have furthermore

2
Ve o= _[f_ﬁgl _a](z+§y)2 -{-h""(x) +[a_ f_ii)_](g) + ag\(/y)}YZ <0
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with respect to (6) - (8), the proof is done.

3. Now the existence of unbounded solutions with (U) will

be studied.

N

lg(x)l & 6, L (9)

N

-H £ h(x)sgn x £ -h (10)

P roof. We proceed by the technique developed in [4],
consisting of a construction of the Liapunov function
V(x,yY,z) with everywhere continuous first order partial

derivatives, such that the conditions i) - iii) are satisfied:

i) V(x,y,z) is bounded in the cylinder x| + iyl + [z] 4D,
ii) lim V(x,y,z) = = on the set [y]| + Izl £p°,
lX'-’w

iii)  v© > J' for |yl + 1zl €D” and |[x|>R,
where J/,R are suitable positive constants.

Then the equation studied admits an unbounded solution x(t)

with (4) as we wish.

Therefore, denoting

y y
F:=max | [ f(s)dsl, Foe=max | [ f(s)ds - y| (11)
lyl4D 'g 7 yieo £

and defining
X

x y
2V(X,Y,2):= Zj'h(s)ds +[£g(s)ds + éf(s)ds + 2]2 ,
0

we have
X

Ix1
. NI 2 -
;lxl,ﬂi(x'y'z"}j’li?[g a(s)ds] [th<s)lds

- 144 -



x1 Iyl iyl
- f[g(s)lds [flf(s)lds +lz!]—[f|f(sﬂds +IZUZ§ s
0] 0 o]

> 1lim {% (9x)? -lx][H + GD'(F + 1)]} = —

l Xl o=

for |yl + |zl 4067 under (9), (10), (11). Since there is further-

more
x y X
v’ = -h(x) {z + £ g(s)ds + [j f(s)ds—y]} 2|h(x) g g(s)ds| -
0
- H(D" + F;) 2 hgR - H(D" + Fy):= J-> 0
with respect to the system equivalent to (L), when |yl + |zl 4D"

and |x| >R > H(D™ + F,;)/hg, all conditions i) - iii) are sa-
tisfied.

Theorem 4. If_there_exist_such positive_constants FO,GO,H that

the conditions (FO), (GO) and
-H < lim sup h(x)sgn x < -Fg 6o (12)
x| »o=

P r oo f. Defining
2
2V(x,y,z):= (bx + ay + z)7,

we -have (Cf- (FO)I (Go))

<
u

(z + ay + bx)[(az - f(z)) + (by - g(y)) - h(x)]&lbxlﬂh(x)l—
- (Fg*Gg)] = D7 (8+1)(FyGy+H) 2 [EbR | - D" (a+1)(FytGy+H):= 30

with respect to the system equivalent to (R), when |x|>R >
)D'(a+1)(F0+GO+H)/ €b, y + |lzl4D" (€ is a suitable cons-
tant, implied by (12)). Thus we can give the same conclusion
as in the proof of Theorem 1,
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SOUHRN

Dynamické systémy modelované diferencidlnimi rovnicemi t¥etiho
Ffadu se zvladtnim zretelem k vlivu &lenu h(x)

na vlastnosti reseni

Jan Andres

Pro rovnice trfetiho radu Liénardova a Rayleighova typu ze
zobecn&né Levinsonovy tifidy D (generujici dynamické systémy
ve smyslu Barbas$ina) je zkouména otdzka vlivu &lenu h(x) na .
ohranicenost jejich reseni. Ukazuje se, Ze zatimco v pripadé
oscilatorické funkce h(x) lze této vlastnosti docilit podobné
jako pro (H), existuje za podminek (10) resp. (12) vzdy alespon
jedno neohraniené reseni (U) prislus$né rovnice.
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PE3DME

JMHaMuuecKMe CHUCTEMH MoJeaupoBeHHHe anGdepeHNMaNbHHMM ypaB-
HEHMSIMM TPETHEero HOPAJNKA C OCOGHM OTHOMEHMEM K BIMSHMD UJEHA
t (x) Ha ceoitcTBa pemenuit

A8 AHgpec

Jas ypeBHeHuit Tperwpero nopsike rtuna Jduenapa u Psitaes
u8 o6o6meHHOTo Kaacca D’ JleBMHCOHE /NOpPORASDUNX AMHEMUUEC-
Kie cucTeMH B cMhHcJae Bap6ammbe/ paccMaTpunBaeTCss BONpPOC BJANA-
Hus uaeHa h(x) Ha orpaHmueHHOCTH MX pelleHuit. MeELy TeM Kak
oKasHBaeTcs ®TO CBOMCTBO B cayuae ocuuaampybmeit dynkumm h(x)
nofo6Ho kak gas (H), cymecrByer us-sa (10) mau (12) Bcerna
mouTy OLHO HeorpaHuMueHHoe pemeHue (U) cooTBeTCTBYRWLMX ypaB-
HeHuit.
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