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Introduction

The questions of existence and uniqueness of solutions
of the boundary problem
ut = f(t,u)

(0.1)
u(0) = ¢ , u(t) 20, u'(t) £ 0 fort 20

have a long history, going back to Kneser (1896). He was the
first to establish the existence and uniqueness of solutions
of (0.1) with a continuous and nonnegative function f. (See

1.

In 1927 the boundary problem

ur = 1o1/2 372
(0.2)
u(o) =1, lim u(t) = O
> ®
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which is a special case of (0.1) appeared in [1] and [lé]. ‘
It has been found that (0.2) has applications in the study of
the distribution of electrons in the heavy atom.

Then such types of problems were considered in [?, 9, 10,
11, 13 - 15]. It is also necessary to recall the important
later works [2] and [3].

For n>2 the problem

S

f(t,u,u',...,u(n_l)) (0.3)

nv

-u(0)

u, (-1)r u(2)(ty 2 0 for t Z 0, (0.4)

i=0,1,...,n-1

o’

was solved for the first time by Kiguradze in [4]. The exis-
tence of solutions of (0.3), (0.4) was proved for the case
when f does not change its sign. New sufficient conditions
for the existence of solutions of (0.3) and

-1yt ulP ey 20
, i=0,...,n-1, (0.5)

¢(u(0), ..., ul"1)(0))

for t

[\ ]
o O

without the assumption of the sign of f were found in [6].
This paper deals with the problem

u = f(t,u,u’,u"

. (0.6)
¢(u(0),u (0),u"(0)) = 0, u(t)

nv

u'(t) £ 0, u* (t) 20 fort 20 .

Here, for n = 3, there are proved some more general conditions
of existence of solutions of (0.6) than in [6].

Notations

N is the set of all natural numbers, .

R = (-0, ), R, =<0, ™), R_ = (-®,0) , R® = RXR XR,

o3 = R,XR_XR,_, D‘:’_ = {0, DXR_x R, , Ic R® , J<R, keN,
Ck(I) is the set of all real functions which are continuous

with their k-th order derivatives on I ,
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ACk(I) is the set of all real functions which are absolutely
continuous with their k-th derivatives on I ,
L(I) is the set of all real Lebesgue-integrable on I

functions,
k

loc(I) is the set of all real functions which are absolut-

AC
ely continuous with their k-th derivatives on each
segment contained in I ,

Lioc(I) is the set of all real functions which are Lebesgue-
-integrable on each segment contained in I ,

Car(JX I) is the set of all real functions f:3X I —» R
satisfyirig the local Carathéodory conditions on J,
i.e.

f(.,xl,xz,xs):a — R is measurable for every (xl,xz,xs)é I,

f(t,.,+,.):I — R 1is continuous for almost every t €3,

3
sup{lf(..X1.X2.x3)| :glxil ﬁQ ]éL(J) for any @€ R,

CarlOC(JxI) is the set of all real functions f:JXI — R
satisfying the local Carathéodory conditions on each
segment contained in J, 1i.e. '

f(.,xl,xz,x3) :J —» R 1is measurable for every (xl,xz,x3)€ I,

f(t,+,.,.) : I —» R 1is continuous for almost every t€ J,

3
SUP{If(-.xl.xz,xz,)l :izﬂ]xilé ¢} € Ly, (3) for anycER,

Fundamental assumptions

Throughout this paper we assume

3 <
f €car; (R, X D7), f(t,0,0,0% =0, f(t,x;,%,,0) €0
on R XD (0.7)

(/eC(D3), $(0,0,0)< 0, @(x,%3,%5)>0
for x; >r, rer, (0.8)
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1. Boundary value problem

We shall consider the problem

s

u = f(t,u,u’,u"), (1.1)
u(t) 2 0, u'(t) £ 0, u"(t) 2 0 for t&€Rr, , (1.2)
¢ (u(0),u”(0),u"(0)) = O . (1.3)

A function uéAC?OC(R+) which fulfils (1.1) for almost every
t€R, will be called a solution of the equation (1.1). Each

solution of (1.1) which satisfies the conditions (1.2), (1.3)
will be called a solution of the problem (1.1), (1.2), (1.3).

Remark.

a) From (1.3) and the fundamental assumption (0.8) it fol-
lows that the solution u of the problem (1.1), (1.3)
satisfies the inequality u(0)£ r.

b) 1In the special case q’(xl,xz,x3) =%y -1, the condition
(1.3) goes over to «

u(0) = r. (1.4)

Theorem 1. Let there exist a,b€R, 0<a<b, oy, ﬂi€R+,
i=1,2,3, a function héLloc(R+) and a positive function
& €C(R,) such that

a0

J 945 __ ., » (1.5)
w(s) )

0

on the set <O,b>XDi the inequality

2 2
z 2
f(tnX1:X21X3) 2 -(h(t)+i_ “i‘xi' * 0‘3V;(;)(1+i_1xi * X3)
. (1.6)
-

and on the set <a,oo)xoi the inequality
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3
F(t,xg %), X3) £ [h(t) +Z. 1ﬂi|xil] @ (x5) (1.7)
i=

are satisfied.

Then the problem (1.1), (1.2), (1.3) has at least one
solution.

Theorem 2. Let all conditions of Theorem 1 be satisfied
with the exception of (1.6) and let on the set <O,b>XD?_ the
inequality

2

ft,xga%,,%5)2 -[h(t)+ Zi“i\xil +0(3tx3] @(xg) (1.8)
i=

take place.

Then the problem (1.1), (1.2), (1.3) has at least one

solution.

Theorem 3. Let there exist a€R, 0¢ a,BER, and a po-
sitive function h€Lj,c(R, ) such that

|

on the set <O,a>XDi the inequality

P

X
—~

t
‘t’; =+ o, Where H(t) = g h(T)d? (1.9)

2

Ft,xg,%00%5) Z 7 h(1)(1 + x3) (1.10)
and on the set (O, m)xﬁ?_ the inequality

f(t $N(t)(1 + xp) + Sx> (1.11)

(tixg,X5,X%3) 3 /6 3 :

are satisfied.
Then the proble™ {1.1), (1.2), (1.3) has a least one so-

lution.
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Corollary. Let there exist functions h, € Lloc(Ry)s
i=1,2,3, such that h,(t) £ 0 and hy(t) 2 0 forf TER,.

Then the equation

3 .
= 2 el (2.12)
i=

2

has at least one solution ueAClOC

(1.4).

(R+) satisfying (1.2) and

Remark. Comparing (1.6) and (1.10) we can see that the
extension of the exponent of x, from 3/2 to 2 forces the
additional condition (1.9).

2. Lemmas

Lemma 1 (Chaplying). Let JE€R, g€ Cary, (Ry%J) and let

the Cauchy problem

d
1’:_ = g(t,x), x(tO) = XO' toé R+' Xoea'

have a unique solution defined on R .

Then for any function y € ACyoc(R,) satisfying the ine-

qualities y(t,) £ [y (t) - g(t.y(t))]sign(r - ¢ o) £
for t6R+
or .
y(t,) ¥ x,, [y‘(t) - g(t.y(t))]sign(t-ty) * 0 for t€R,,

respectively, it holds

y(t) £ x(t) or y(t) ¥ x(t), respectively, for t€R_

.E_rgo_i‘:_. [5]. p.42.

Lemma 2 (Gronwall). Let g(f)6 L(a,b), ty€<a,bp, x €R
and g(t)sign(t-t ) 20 foraft=Dh

Then for any function yé€ C(a'b) satisfying on <a,b> the
inequalities
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t t
V() £ x, + [a)ymar  or y(r) 2 xef s)v(nyar
t

tO (o}

respectively, it holds

t t
v(e) £ xoexp( [a(z)d2) or y(r) * x exp( [ 9(2)d7),
tO tO

respectively, for a € t £ b.

proof. [5], p.48-49.

nw

Lemma 3. Let c >0 and v'€02(<0,c>) be such that v(t)

vi(t) £ 0, v'(t) 2 0 for 0 € t £ c. Then the inequality

|vi(t)] £ v(oy/e + Yov(t)w(t) for o€ téc (2.1)

where w(t) = max{lv"(s)l: t £s £ c} takes place.

c
Proof. The equality v(0) = v(t) - v'(c)c + f?’v"(f)d?
[¢]

implies |v'(c)| £ v(0)/c. (2.2)
Let us put v(t) = v(t) - v'(c)(t-c). Then v(t) = V(t) +
+ v'(c)(t-c) and so

V(c) = v(c) and v(t) 2 Y(t) for 0%t L c. (2.3)
Further v'(t) = Vv'(t) + v'(c) and thus

V(c) = o, (2.4)

Iveey] € |8 (o)l + vl . (2.5)

From v"(t) = v"(t) it follows that w(t)=max{l3"(t)|: tés:c}
and by (2.3) and (2.4) also

Vr(ty 20, V(t) £o0, V(t)Zo. _ (2.6)
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Multiplying the inequality ‘C"(t)l £ w(t) by -V°(t) and

integrating from t to c we get by (2.4) and (2.6)

(11N

£

(o Cc
- S ]G“(t)]C'(T)d? - J w(T)V(T)dT w(t)v(t).
t t

From this it follows Vz(t)/Z < w(t)v(t) and thus

V2v(t)w(t) for oftfc . (2.7)

From (2.2), (2.5) and (2.7) we obtain (2.1).

IIN

|97ty

Lemma 4 (An auxiliary boundary value problem). Suppose
that

[f(t,xgxp0x0)] & £%(1) (2.8)

3

*
takes place on the set R, X D™, where f eLloc(R+).

Then for any-c € (0, @) the boundary value problem

u®’" = f(t,u,u’,u") (2.9)
q(u(O),u‘(O),u"(O)) =0, u(c)=u'(c)=0 (2.10)

has at least one solution u€ACz(<0,c>) satisfying on {0,c)
the inequalities

u(t) 2 o0, u(t) €0, u(t) 2 (0) . (2.11)

Proof. [6] .

3
Lemma 5. Suppose fPECarloc(Rv{_XD ), pEN, and the fol-

lowing relations are satisfied on the set R+x o3
P4
lfp(t,xl,xz,x3)l = fo(t,xl,xz,x3) for any p€N, (2.12)

3
where fOECarloc(R+XD ) and
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i:m fp(t'xl'XZ'XS) = f(t,xl,xz,x3) . (2.13)
p—> ®©

Let for each natural p the differential equation

P

u = fp(t,u,u',u") (2.14)

have a solution up satisfying the conditions

¢ (Up(0),ug(0),ur(0)) = O,u(t) = 0, ui(t) £ 0,

R (2.15)
up(t) = 0 for t€ R,

and let 77l'(t)€C(R+) be such that the inequality

3
i-1 Z
sup {g’“él )0y p€N}= W) for ter, (2.16)

[e0)

takes place. Then the sequance {up} contains a subsequence

p=1

®
{up } which is local-uniformly converging together with
J =1

P3 i/ 3=1 ' juoo Pj

of the problem

® @
{u' } and {u" } on R, and u = lim u is a solution
j=1 J

u®” = f(t,u,u’,u"), (2.17)
@ (u(0),u’(0),u"(0)) = 0, u(t) = 0, u'(t) £0,

u"(t) 2 0 for te€R,. (2.18)
Proof. From (2.12) and (2.16) it follows
Iur;”(t)] £g,(t) for p€N and t€R, , (2.19)

3 .
where g_(t) = sup{fo(t,up,u;,us) :Z:lluél'l)(t)l £ 7'(:)}
i=1 -
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Clearly 9, € Lloc(R+)' By (2.19) we conclude that the sequen-
® @ @®

ces (u (t)} , {u'(t)} , {u"(t)} are equal uniformly
P p=1 P p=1 P p=1

continuous on each segment <0,b>C R,. Moreover, by (2.16),

they are equal bounded on each segment {0,by<R_. So, by

Arzelo-Ascoli lemma local uniformly converging subsequences

on R_ can be choosen from each of the three sequences. In-

tegrating (2.14) we get

t
w () = un (0) + [ @ug (@),07 (D),un (1))d7
Pj PJ- 5 Pim Py Py Py
and for j —> o by Lebesgue theorem, we obtain

u"(t) = u"(0) + | f(Z,u(?),u’(?),u"(¥))d? , thus u is a so-

OY——t

lution of (2.17), (2.18) on R,-

Now we shall prove some lemmas on a priori estimates.

Lemma 6. Suppose a,b,ré€RrR, 0<a<b, 0<r, oy ﬂiéR+
(i=1,2,3), hé€ Lloc(R+) is a nonnegative function and
wéC(R+) is a positive function satisfying

@

v
] dt ., w. (2.19)
0

w (7T)

Then there exists rx6<r, oo ) such that for an arbitrary
cé&(b, o) and for an arbitrary function v€AC?(£0,c> ) the
inequalities

2
C(t) 2 - [h(t) +_Zo(i|v(1'1)(t)| +
i=1 ) (2.20)
+ 0(3 v"(t)][l +Z1 v(j‘.:")(t)2 + v"(t)]
i=
for o 4t £ b,

234



3
“(t) £ [h(t) +Z__; /Lilv(i'l)(t)l] w(v'(t)) (2.21)
i=
for at £ c,

v(0) = r, v(t) 20, vi(t) £0, vi(t) 2 0 (2.22)

foro €t € ¢

imply the estimates

v(t) £ 0% V() B o, vy L (e +f o)
0
foroft £c (2.23)
X
where &L (x) = f—:—f—g
0

Remark. Let us remind that r* depends neither on c nor

on v
t
Proof. Simce (2.22), v(0) = v(t) + t]v (t)] + J.’t’v“('i')d'i'
and thus
. t
[viey] £ r, |v'(t)| £ r/t, f’i’v"(’Z’)d’E £ r (2.24)
0 for 0 €t £ c.

According to Lagrange’s theorem there exists toe(a,b) such
that v'(t ) = (v'(b)-v'(a))/(b-a) £ -v’(a)/(b-a) and through
(2.24), (2.22) we obtain

[vrie )l = r/(a(b-a)). (2.25)
Using Lemma 3 for v on <O,to> we have

[voeol & r/ey + Varw(t) £ r/a + (2rw(r), (2.26)
where w(t) = max{lv"(s)] tését o} . If ry = r/a + V.Z_r-' +1 +r,

then by (2.25) and (2.26)
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wity) = v (t.) € r/(a(b-a)) = r;/(b-a), (2.27)

|vo(o)] £ ry@ew(en2, [vr(n)] £ ey (aew(e)) .

Integrating (2.20) from t to t, we get according to (2.27)

1:o 2

vi(t) & v"(to)+j [h(’c‘) + _Zlcxi\v(i_l)(’t)l +

t =

+ X 3 v“('l’)][1+r2+(r§ + rl)(1+w(7)):|d'2',

t
o
14+ w(t) £ l+ry/(b-a) + 3r12j [h(?) +
t

2 ‘ N
" izﬂ“i]"(i'l)('”‘ + Ry Vv"(‘r)][l + w('L‘)]dT.’.

Now we obtain from the last inequality by Lemma 2

t
o

1+w(t) % (1+r,/(b-a))exp {3rfj [h(T) +
t

2 .
+ Eo(i|v(1-1)(’£')‘ + o(3VV“(7.') ]d?}

£ &
forO-t-to.

(2.28)

The equality v(0)

t .

v(t) + J‘lv’(‘i‘)] dT together with (2.22)
[¢]

imply )

o

I Jve(T)|at
0

unN

r. (2.29)

Further for any £ >0 considering (2.24) we have
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o o

S i (2)dE =j Vere frzervrmyar
t

[[LN

4f £

[ 2 . t
o

t
o
1 ~ ~ £ &
VA dT = (£/2)1n(t /t 2€) f o<t =t .

+2£§ v'(T)dT (/)n(o/)+r'/()or t °
Thus

t

(o]
g v (T)dT £ (€/2)1n(t /t) + r/(2€) (2.30)

£
for 0Kt = toe

Substituting estimates (2.24), (2.29) and (2.30) into (2.28)

we get ’
b
1+w(t) € (1+r,/(b-a))exp {3:—?({ h(T)dT + Xrb + X r +
)
£ r
+0(3 Tln(b/t) + 013 -2—&—)

b

If €= 1/(3r§tx3) and r, (1+r1/(b—a)b2 exp {3rf(r h(T)dT +
[0}

r(R b + 0%, +o<3/2£))} ,

+

then
&
1+ w(t) £t/2 0 for o<t £x . (2.31)
Thus we have by (2.31) and (2.27)
t:0 tO to 4
f W 2yaz = ( frz VTew(@yar £ {Vrlrz v %47 £ [y 3 b4
t t t



. , 3/4
If ry = (4/3) Vrlrz b3/4, then

t

o
g Vv"(t)d? < rs . (2.32)
0

Substituting estimates (2.24), (2.29) and (2.32) into (2.28)

we obtain

b
2 oy g~
l+w(t) £ (1+r1/(b—a))exp(3r1(f h(T)d? +o(1rb +0<2r +o£3r3)),
0
b
2 ~
Iif ry = r1(1+r1/(b—a))exp(3r1(f h(T)d? +o(1rb +o(2r +D<3r3)),

0

then 1+w(t) £ ry/rqy for O-f-této. and according to (2.22) and
(2.27) it follows from the last inequality

. £ L. 2 " < <
Iv (t)l sy for O=t=c, ‘v (t)l sy for 0§t=to. (2.33)
It remains to find an estimation for v"(t) on <t0,c>.

Integrating (2.21) from t, tot and using (2.33) we have

t
Qv (1) £ Qu(vi(r)) + f h(Z)dT + tfByr + fByr 4 fyr, £
. 3 t
£ Su(ry) +fhor +far, + tAr o+ f h(Z)d? .
t
o

Let us put r* =L (ry,) +/52r + (ﬂs + 1)r, +ﬂ1r. Then from
the latter inequality and from (2.31), (2.24) we obtain esti-
mates (2.23). )

Lemma 7. Suppose a,b,réR, 0<a<b, 0<r, Xy ﬂié R+
(i=1,2,3), héLloc(R+) is a nonnegative function and W€C(R,)
is a positive function satisfying (2.19).
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Then there exists r*¢ {r, o) such that for an arbitrary
c €(b, ®) and for an arbitrary function vé& ACZ(<O,C>) the
inequalities (2.21), (2.22) and

2
viTT(t) 2 -[h(t) + _Zl(xi)v(i_l)(t)l +
i=
+ 0(3tv“(tﬂ w(v'(t)) for 0ftéb (2.34)

imply estimates (2.23).

Proof. We obtain inequalities (2.24), (2.25) and (2.29)
in the same way as in the proof of Lemma 6. Integrating
(2.34) from t to t, we get

b
(v (t)) ¢ ﬁ.(v"(to)) + g h(T)d7T +o,br +,r +.r and
0
thus
v'(t) H ry for Oététo ’ (2.35)

b
where ry =_Q:1(n,(r/(a(b—a))) + S h(T)dT + r(ot b+oX +ox
o]

3)
Using Lemma 3 for v on <0,to> we have
lv'(t)lf r/t_ + Verr, € r/a + [2rr, = r 2.36
=/t 1= 1% "2 (2.36)
£ £
for O—t_to
If ry = max{rl,rz,r} , then by (2.22), (2.24) and (2.35),
(2.36)
IV(t)l £ Fz. IV'(t)I = ry for oftéc, ]v"(t)l £ rs
for Oftft . (2.37)

Integrating (2.21) from t, to t we obtain in accordance to
(2.37)
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t

Qv () £ 0(ry) *)( h(T)d¥ + tfyr + (Bo+ fy)rg. Let us

t
o

put r =Qu(rg) + (B, +/$3)r3 +ﬂ1r. Then from the last ine-
quality and (2.37) it follows (2.23).

Lemma 8. Suppose a,r,3 € R, 0<a, O<r, 0<@3, and

he& (R,) is a positive function satisfying (1.9).

Lloc

Then there exists rxe {r, ®) such that for an arbitrary
c€(a, o) and for an arbitrary function vé& ACZ(<O,c>) the
inequalities (2.22),

e

v (t)

nw

-h(t)(1+v(t))2  for Oftéa , (2.38)

P

viooo(t)

[I1 N

h(t)(1+v"(t)) +pAv"2(t) for 0 téc (2.39)

imply the estimates

t
v(t) £ 7%, viee) 2 -, () # r"exp(j h(T)d T )
0

for oftc, (2.40)
Proof. Since (2.38),
e (2+v(t)) 2 -h(t)(2+v(1))2  for Oftda . (2.41)

Let us consider the differential equation
¢'(t) = -h(t) ?Z(t)‘ for Oftfa . (2.42)

Integrating (2.42) from O to t we get Q(t):[l/g(o) + H(t)]_l,
t

where H(t) = J h(7)d7 . According to (1.9) there exists
(0]

£€(0,1) and a, € (0,a) such that

a .
I t((.?(t) - 1)dt>r, where ?(0) =1/ . (2.43)
a .

o
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Let us suppose that 1l+v"(t) %§>(t) takes place for aoétéa.
Then by (2.43) we obtain

a

'( tv'(t)dt>r ,

3
which contradicts inequality (2.24). Thus it is necessary that
there exists t € (ao,a) such that ‘

1+ vi(e) 2@ () - (2.44)
Since (2.41), (2.42) and (2.44) by Lemma 1,

1+ v'(t) £ Q (t) £ Q (0) = 1/¢ for Oététo' (2.45)

and on the other hand (2.22) implies

N

|vit)l € v for oftfc . (2.46)

Using Lemma 3 for v on <O,t6> we obtain according to (2.45),
(2.22), |v7(t)]| £ r/t, + \2r/e  for 0%tZt_ and then putting
ro = r/a0 + VZr/g + r + 1, we obtain

lv'(t)l £r, for oftsc . (2.47)

Integrating (2.39) from t, to t and.using (2.45) we get

t
1o ove(t) £1 4 v )+ f[h('t’)(1+v"(7,’)) * ﬂv..z(,:)]d,: <
tO
t &
£ 18 + f[h(':?) + Ay (7)) [1+v“(7,')] 4%
t
(o]

and from (2.47), Lemma 2 and the last inequality we have

t
(1/€)exp S[hm +/3v"(7,')] 47 £

l+vh(t) =
tO t
£ (1/e)exp(pB r,)exp j h(?)d? . (2.48)
t
[e]
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Therefore if r* = max{ro,(l/é)e'xp({.’, ro)} , then (2.46),
(2.47) and (2.48) imply the estimates (2.40).

Lemma 9. Suppose that a,réR, 0<La, 0<r, hié Lloc(R+)'
(i=1,2,3), and hy(t) & 0, hy(t) £ 0 for t€R, .

Then there exists rXe Lr, o ) such that for an arbitrary
c€(a, ) and for any vé& ACZ(<O,c>) the conditions (2.22) and

3
cos

virr(e)y =2 i (opvE) ey for oftde (2.49)
1= .

imply the estimates
t
)
vit) £ 7%, vi(t) 2 -, vi(t) £ Mexp Si_-i\hi(?')\d?'-
. i=
0 (2.50)
Proof. (2.22) yields |v(t)l £ r for OftZc. Further, we
can prove in the same way as in the proof of Lemma 6 that

there exists toé(%,a) such that

LT

[ve(e)] € arza®, vi(ny| ¢ [vi(el € 2ra (2.51)
for toétéc .

Moreover, by (2.49) we get
3 :
vty S lehiu)llv“'”(t)\
1=

and integrating the latter inequality from t, to t we obtain
according to (2.51)

t
Vi) £ v(ty) +f[rlh1(?)\ + (2r/a) |hy (D)) + ()] ve(@)] o2
to
t 3
thus v'(t) + 1 ¥ Levi(ty) + (r+2'r/a)f(z Ihi(’i')] Y(1+v"(T))dT.
t i=1

(o]
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It follows from here by Lemma 2

t 3
1+ vi(t) £ ryexp j :E:’hi(T)IdT’ for toétéc . (2.52)
0 i=1 ‘

where r, = (1+4r/a2)exp(r+2r/a). Now, we estimate v (t) and
v'(t) on <p,to> . From (2.49) we get

3
viTT(e) 2 —é\hi(t)\\v(i‘“(t)\

and integrating the latter from t to t, we have

t
o
3 .
vi(t) = vi(t,) + [_Zl\hi(’l‘)l V1) ) et . (2.53)
1=
t

Using Lemma 3 for v on <0,té> we obtain |v°(t)| £ t/ty *
wpes &
+ Ver(t), where w(t) = max{lv (t)]: t £TE to} . If r, =,
= 2r/a + r + 1, then
]v’(t)l £ ry(w(t)+l)  fer oOftfr . (2.54)

Let us substitute (2.54) into (2.53). Then

a ts
w(t)+l £ 1+4r/a® + g rlh, (%) d% +j [lhz('z)] ry +
] t
+ |hg )I] [w('t) + '1] 4T .
a
If ry =1+ 4r/a2 + j rlhi(T)IdT . then from the last ine-
0 t

o
quality it follows by Lemma 2 w(t) + 1 H rLexp g (lhz('l)]r2 +
t
+ |hgmy)yat .
Putting r, = rgexp S(Ihz(’t)lr2 + |h3(T)l)d7 we have
0
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N

lve(ey] € v, for 0ftft_  and (2.55)

Iv'(t)l £ rats for Oététo .

For r™* = max{r4r2,r1} from (2.51), (2.52) and (2.55) it fol-
lows (2.50).

3. The proofs of the existence theorems

The proof of _Theorem_1. Without loss of generality we
can assume that h is a nonnegative function.

X
Let L(x) = g —ds_ and r* be the constant from Lemma 6.
w ()
0 t
Put Q(t) = 2r" +.0._-1(r’( + ot s Sh(t’)d‘l‘) .
0
1 for 0% s £g(t)
X(t,s) = 2-s/g(t)  for @(t) £ s £ 2¢(t)
0 for s % 2¢(t) ,
. 3
F(t, X0 0 Xp0%5) = X(t,:iilxil) F(E,Xy 1 Xp0%5) - (3.1)
1= .

~
Since f satisfies the assumptions of Lemma 4, the boundary

value problem

u’’’ = ?kt,u,u',u“)
u(b+p) = u’(b+p) = O
?(u(O),u'(O),u“(O)) =0 (3.2)

has for any p€ N at least one solution upé.ACz((O,b+p>) sa-
tisfying in <O,b+p> the inequalities

up(t))O, u;(t) > 0, u;(t) < 0. (3.3)
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From (3.3) and the inequality SUP(O)) £ r it follows
\up(t)l € r for Oftb+p. According to (1.6) and (3.1) we have
3
Ut = f(t, : ’; . = t,
uT ey = Flrug,ul,un) =X (82

(i-1) couny 2
2 D O B UCT R

3 2
i} (i-1) . (i-1) |0 Vo
2 X(t,:L:_:Llupl () [h(t) iz=1°(ilupl (ol O<3\lup(t)] [1 +
2
+ u;z(t) + u'F')(t)] 2 —[h(t) +Zlailuéi‘1)(t)| rod B(t)] [1 +
i=

+ u;)z(t) + u;(t;] for o0%téb
and similarly from (1.7) we obtain

.

3 .
£ . fu(3-1) "
ug"re) = [h(t) izglﬂilup (t)f] e(us(t))

for aftfb+p .
Using Lemma 6 for ug on <O,b+p> we get the estimates

*

up(t) BN ué(t) 2 -

, u;(t) £ SL_l(rx + ot

L (3.4)
+ 5 h(T)d? ) ,
o}

where r’ depends nether on p nor on u_. Considering (3.3)
3 | (i-1) < ‘. <
and (3.4) we obtain J__ Iu (t)l =q(t) for O%t=b+p and
i=1 P
thus Up is also a solution of equation (1.1) on <O,b+p> .
Denote
4 £ .
f(t,xl,xz,x3) for O=t=b+p

f (t,Xy,%X5,%5) =
P 17273 0 for tY»b+p
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Then on the set R, X 03 we have
'f (tyXqaX5,X )l < lf(t Xq 0 X5 X )l for any p€N
pl Fr X1 %00 %3 1 X101 %20 %3

and

lim £ _(t,x;,X%X5,%X5) = F(t,Xx,,%X5,%;) .
oo P 1'%2:%3 11%2:%3

3
Moreover sup(Z Iu(l_l)(t)lz pCN}é Q(t) for t€R

i=1 P *
Thus, by Lemma 5, the sequence {up}a) contains a subsequence

p=1

Oo
{up } which is local uniformly converging together with
j J=1

{u£~} é) and {u;l} ?) on R, and u(t) = lim up_(t) is
3) =1 i)i=t jooo 7]
a solution of equation (1.1) on R,. Since all functions ug
(p€N) satisfy (3.2) and (3.3), the solution u satisfies these
conditions in R_

The proofs of Theorems 2 and 3 can be obtained in a si-
milar way as the proof of Theorem 1. We only use Lemma 7 or 8
instead of Lemma 6.

The functions f(t,xl,xz,x3) =

‘3
= Z:i hi(E)x; and P(xg.%5u%3) = Xq-r, satisfy fundamental
i=

assumptions (0.7), (0.8). Thus using Lemma 9 we can find a
solution of problem (1.12), (1.2), (1.4) in the same way as
in the proof of Theorem 1.
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NELINEARNT PROBLEM PRO DIFERENCIALNf ROVNICE 3.RADU

Souhrn

V tomto ¢lanku jsou nalezeny postacujici podminky pro
existenci feSeni diferencidlni rovnice
u’? = f(t,u,u’,u")
splhujiciho podminky
((;(u(O),u'(O),u"(O)) =0, u(t) 20, u(t) €0,
u'(t) 20 pro t 2o0.
Existenéni véty jsou dokazany pro piipad, 2e f splnuje Ca-
rathéodoryho podminky a m&Ze mé&nit znaménko.

O HENVHEAHOR BAIAYE WA IM$PEPEHUMANBHHX YPABHEHMN
TPETBET'O NOPALKA

Pespue

B crerThe HaltieHN IXOCTATOYHNE YCAOBMA LA CYmecTBOBeHMS
pemernns mupdereHUNBABHOTO yPOBHEHNS

sor

u "= £f(t,u,u’, u’")
yaoBaeTBROPADMErO yCAOBHAM
®u(0),u(0),u"(0)) = 0,u(t)® 0,u’(t) = O,u"(t) =0

BA8 t 20 - TeopeMH CymeCTBOBSHMS AOKE8EHHN B CaAyuae, xorie f
sHeronepeMeHras (yHKUMS M yZOBAEeTBODseT ycaoeusu Kapareoxop:.
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