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Int roduction 

The questions of existence and uniqueness of solutions 

of the boundary problem 

u" = f(t,u) 

u(0) = c , u(t) = 0, u*(t) = 0 for t = 0 

have a long history, going back to Kneser (1896). He was the 

first to establish the existence and uniqueness of solutions 

of (0.1) with a continuous and nonnegative function f. (See 

W). 
In 1927 the boundary problem 

u" = t"V2 u3/2 
(0.2) 

u(0) = 1, lim u(t) = 0 
t-> G0 
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which is a special case of (0.1) appeared in 111 and 116j . 

It has been found that (0.2J has applications in the study of 

the distribution of electrons in the heavy atom. 

Then such types of problems were considered in 18, 9, 10, 

11, 13 - 15j. It is also necessary to recall the important 

later works \2 J and [3] . 

For n > 2 the problem 

u< n ) = f(t,u,u' ut""1)) (0.3) 

-u(0) = uQ, (-1)
1 u(l)(t) = 0 for t = 0, (0.4) 

i = 0,1,...,n-l 

was solved for the first time by Kiguradze in \4]. The exis­

tence of solutions of (0.3), (0.4) was proved for the case 

when f does not change its sign. New sufficient conditions 

for the existence of solutions of (0.3) and 

f(u(0) u(n"1)(0)) = 0, (-1)1 u(i)(t) i 0 

for t = 0, i = 0,...,n-l, (0.5) 

without the assumption of the sign of f were found in [6J• 

This paper deals with the problem 

u'" = f(t,u,u',u") 
(0.6) 

cf(u(0),u (0),u"(0)) = 0, u(t) = 0, 

u'(t) = 0, u" (t) = 0 for t =* 0 . 

Here, for n = 3, there are proved some more general conditions 

of existence of solutions of (0.6) than in [6J. 

Notations 

N is the set of all natural numbers, 

R = ( - c o . c o ) , R+ = <(0, c o ) , R__ = ( - co,0> , R = R X R X R , 

D 3 = R X R X R , D 3 = < 0 , r>XR X R . I C R3 , D C R , k € N, 
, + - + r - + 

C (I) is the set of all real functions which are continuous 

with their k-th order derivatives on I , 
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AC (I) is the set of all real functions which are absolutely 

continuous with their k-th derivatives on I f 

L(I) is the set of all real Lebesgue-integrable on I 

functions, 

AC-, (I) is the set of all real functions which are absolut­

ely continuous with their k-th derivatives on each 

segment contained in I , 

L-. (I) is the set of all real functions which are Lebesgue-

-integrable on each segment contained in I , 

Car(OXI) is the set of all real functions f:JXI —-> R 

satisfying the local Caratheodory conditions on 0, 

i.e. 

f(..xlfx2fx3):0 —• R is measurable for every (x1,x2,x_ )€ I, 

f(t,.,.,.):I —>R is continuous for almost every t£G f 

3 
sup{|f(..xlfx2fx3)| : Z Z l x J -<? J*L(a) for any <J>«- R+l 

Car-, (DXI) is the set of all real functions f:D*I —* R 
locx ' 

satisfying the local Caratheodory conditions on each 

segment contained in 3, i.e. 

f ( • j xlf Xp,x_ ) :J —> R is measurable for every (x1, x2, x_,) € I, 

f(t,.,.,.) : I —> R is continuous for almost every t€D, 
3 -

sup{|f(.,xlfx2,x3)| : 2Z|x i|= <J>) £ Lloc(0) for any <o 6 R+ . 

Fundamental assumptions 

Throughout this paper we assume 

f^Car l o c(R +XD
3), f(t,0.0,0) = 0, f(t,Xl,x2,0) = 0 

on R X D3 (0.7) 

Cf>€C(U6), <jp(0 f0,0)< 0, < ) P ( x l f x 2 f x 3 ) > 0 

f o r x 1 > r, r £ R + ( 0 . 8 ) 
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1• Boundary value problem 

We shall consider the problem 

u'" = f(t,u,u',u"), (1.1) 

u(t) = 0, u'(t) = 0, u"(t) =* 0 for tCR+ , (1.2) 

f(u(0),u'(0),u"(0)) = 0 . (1.3) 

p 
A function u €ACn (R ) which fulfils (1.1) for almost every locv + ' \ i i 

t£R will be called a solution of the equation (1.1). Each 

solution of (1.1) which satisfies the conditions (1.2), (1.3) 

will be called a solution of the problem (1.1), (1.2), (1.3). 

Remark. 

a) From (1.3) and the fundamental assumption (0.8) it fol­

lows that the solution u of the problem (1.1), (1.3) 

satisfies the inequality u(0)= r. 

b) In the special case f(x1,x2,x3) = x1 - r, the condition 

(1.3) goes over to * 
u(0) = r. (1.4) 

Theorem 1. Let there exist a,b£R, 0<a<b, cx±, ft±€R+t 

i = 1,2,3, a function h^Li0C(
R
+)

 and a positive function 

CO- £C(R ) such that 

co 
Г ds 
J ar(s) 
0 

+ æ , (1.5) 

on the set <0,b>;*D^ the inequality 

2 
f(t.x1,x2,x3) £ -(h(t)+|^oc. |x.| + cx-3^)(l+£x2 + x3) 

(1.6) 

and on the set <a,oo)XD^ the inequality 
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3 

f(t,x1.x2,x3) * [h(t) + ^ Z /ajxj] <ir(x3) (1.7) 

are satisfied. 

Then the problem (1.1), (1.2), (1.3) has at least one 
solution. 

Theorem 2. Let all conditions of Theorem 1 be satisfied 
with the exception of (1.6) and let on the set <^0,b>*D3 the 
inequality 

2 

f(tfx1.x2.x3)* -[h(t)+2ZoC1)xi| +<*3tx3] *r(x3) (1.8) 

take place. 

Then the problem (1.1), (1.2), (1.3) has at least one 
solution. 

Theorem 3. Let there exist aCR, 0^8,/JCR and a po­

sitive function h£L l o c(R ) such that 

a t 

\ HfrO = + °° ' Wh6re H(t) = f h ( r ) d ^ - (1-9) 
0 0 

on the set (o,a)XD r the inequality 

f(t,Xl,x2,x3) £ " h(t)(l + x 3 )
2 (1.10) 

and on the set (0, co)x^r the inequality 

f(t,Xl,x2,x3) I h(t)(l + x3) + /hxl (1.11) 

are satisfied. 

Then the probl0m (1.1). (1.2), (1.3) has a least one so­
lution. 
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Corollary. Let there exist functions 1^ 6. U-loĉ  +'' 
i = 1,2,3, such that h1(t) = 0 and h2(t) * 0 fOr t€R +. 

Then the equation 

u ' " -2 r ' h l ( t ) u ( i - i ) ( t ) .(-•--) 
i=i x 

has at least one solution U £ A C 1 Q C ( R + ) satisfyin9 (1-2) a n d 

(1.4). 

Remark. Comparing (1.6) and (1.10) we can s e e t h a t t h e 

extension of the exponent of x, from 3/2 to 2 forces the 

additional condition (1.9). 

2. Lemmas 

Lemma 1 (Chaplying). Let JCR, g € Carloc(R+ X 3) and let 

the Cauchy problem 

dx 2_= g(t,x). x(tQ) = xo, t 0€R +. x 0€Э, 

have a unique solution defined on R
+
. 

Then for any function y€AC l o c(R +) satisfying the ine­

qualities y(tQ) £ xQ. [y'(t) - g(t.y(t))j9ign(t - tQ) £ 0 

for t 6 R+ 

o r 

yt*0) = xo« [ y ' o - g( t .y( t ) ) ]8 i9n ( t - to) * ° f o r t € R
+ -

respectively, it holds 

y(t) i x(t) or y(t) * *(t). respectively, for t€ R+. 

Lr£°i- [5]' P-42. 

Lemma 2 (Gronwall). Let g( t ) * L ( a ' b ) ' t
0^<'

a'b/>' x 0 ^
 R 

and g(t)sign(t-tQ) ^ 0 for a = «
 = b" 

Then for any function y€C( a' b) satisfying on <a,b> the 

inequalities 

230 



y(t).= xQ + J"g(lr)y(T)d?r oř y(t) * x Q +J g(.r)y{T)dt , 

respectively, it holds 

t 

y(t) é xoexp( Jg(Г)dг) or y(t) * x
Q
exp( ґ g(Г)dT), 

respectively, for a = t = b. 

Proof.. [5], p. 48-49. 

Lemma 3. Let c > 0 and v £ C (<0,c>) be such that v(t) = 0, 

v'(t) = 0, v"(t) = 0 for 0 = t = c. Then the inequality 

|v'(t)| = v(0)/c + ^2v(t)w(t) for 0 = t = c (2.1) 

where w(t) = max(|v"(s)| : t = s = cl takes place. 

c 

Proof.. The equality v(0) = v(t) - v'(c)c + [Tv" (V)d'u 

0 

implies |v'(c)| £ v(0)/c. (2.2) 

Let us put v(t) = v(t) - v'(c)(t-c). Then v(t) = v(t) + 

+ v'(c)(t-c) and so 

v(c) = v(c) and v(t) = v(t) for 0 = t = c. (2.3) 

Further v'(t) = v'(t) + v'(c) and thus 

v'(c) = 0, (2.4) 

|v'(t)| * |v'(t)| + |v'(c)| . (2.5) 

From v"(t) = v"(t) it follows that w(t)=max|J v"(t) | : t=s=cj 

and by (2.3) and (2.4) also 

v"(t) ^ 0, v'(t) = 0, v(t) =- 0 . (2.6) 
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Multiplying the inequality |v"(t)| = w(t) by -v'(t) and 
integrating from t to c we get by (2.4) and (2.6) 

c c 
- j '|v"(?)| v'(T)dT i - J w(r)v'(T)dt = w(t)v(t). 

t t 

From this it follows v2(t)/2 = w(t)v(t) and thus 

|v'(t)| = ^2v(t)w(t) for 0-t = c . (2.7) 

From ( 2 . 2 ) , (2.5) and (2.7) we obtain (2.1). 

Lemma 4 (An auxiliary boundary value problem). Suppose 

that 

|f(t,x1,x2,x3)| £ f*(t) (2.8) 

3 x 
takes place on the set R X D , where f C L1 (R ). r + locv +' 

Then for any c €(0, co) the boundary value problem 

u " ' = f(t,u,u',u") (2.9) 

^(u(0),u'(0),u"(0)) = 0, u(c') = u'(c) = 0 (2.10) 

has at least one solution u £ AC (^0,c^) satisfying on^O,c^ 

the inequalities 

u(t) =• 0, u'(t) =• 0, u"(t) * (0) . (2.11) 

Proo£. [6J. 

Lemma 5. Suppose f € Car l o c(R +X D ), p£.N, and the fol­

lowing relations are satisfied on the set R X a + 
3 

|fp(t,x1(x2-x3)| - ^oítł^i^г^ )
 f o г a n

У P € N* (2.12) 

where f £ C a rioc^ R+* D ) a n d 
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l i m f D ( t , x l f x 2 , x ) = f ( t f x l f x 2 f x ) . 
p—i> co P 

(2.13) 

Let for each natural p the differential equation 

u ' " = f (t,u,u'f u") 

have a solution u satisfying the conditions 
H 

^("p(0).u*(0)fu«(0)) = 0,up(t) = 0, u^t) = 0, 

u"'(t) = 0 for t€ R p + 

and let TM t) 6 C(R+) be such that the inequality 

sup |2Z|u()
i""1)(t)J: P C N ] = f{t) for t * R+ (2.16) 

(2.14) 

(2.15) 

takes place. Then the sequance ju j * contains a subsequence 

ju j which is local-uniformly converging together with 
PJ 0 = 1 

Ju' / and ju" f on R and u 
I PJ^3=l l PJJJ=1 

lim u is a solution 
j"*oo pj 

of the problem 

u ' " = f (t,u,u',u"), (2.17) 

f (u(0)fu'(0),u"(0)) = 0, u(t) ̂  0, u'(t) = 0, 

u"(t) = 0 for t € R . (2.18) 

Proof_. From (2 .12 ) and (2 .16 ) i t f o l l o w s 

i u p " ( t ) l = 9o ( t ) f o r p € N and t € R
+ ' ( 2 - l 9 ) 

i=l' 
where 90(*) = •up( f

0( t 'VVuP ) ! ? i l
u p i " 1 ) ( t ) ' f r(*>} 
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Clearly g & L, (R ). By (2.19) we conclude that the sequen­

ces Ju (t)| , ] u'(t)| > \un^t^\ a r e e c l u a l uniformly 

continuous on each segment (o,b)CR . Moreover, by (2.16), 

they are equal bounded on each segment ( 0 , b ) c R . So, by 

Arzelo-Ascoli lemma local uniformly converging subsequences 

on R can be choosen from each of the three sequences. In­

tegrating (2.14) we get 

t 

Up (t) = u" (0) + / f p . ( ? -
u p .(^)'up (^)'up . ( r ) ) d ~ 

J J Q J J J J 

and for j — • co by Lebesgue theorem, we obtain 

t 

u"(t) = u"(0) + I f(<T, u(^),u'(?),u" (K ) )d? , thus u is a so­

lution of (2.17), (2.18) on R . 

Now we shall prove some lemmas on a priori estimates. 

Lemma 6. Suppose a,b,r€R, 0 < a ^ b , 0 < r , <x. , (I. € R 

(i=l,2,3), n ^ L i o c (
R ) i s a nonnegative function and 

6)£C(R ) is a positive function satisfying 

0D 

d ? I -o "K) 
(2.19) 

Then there exists rH 6. <^r, co ) such that for an arbitrary 

c £ ( b , co ) and for an arbitrary function v £ A C (<^0,c>) the 

inequalities 

v'"(t) = - [h(t) +Ц(X
i
|v(

i
-

1
)(t)| + 

i=l 

2
 (2.20) 

+ o< ÿv"(t)][l +XІ v ^ ^ Ҷ t ) 2
 + v"(t)] 

foг 0 = t = b, 
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v'"(t) i fh(t) + Z Z /ii|v(
i-1)(t)|J .V(V(t)) (2.21) 

"- i=l 
for a = t = c, 

v(0) = r, v(t) = 0, v'(t) = 0, v"(t) =* 0 (2.22) 

for 0 = t = c 

imply the estimates 

t 

v(t) £ r*, v'(t) £ -r*, V ( t ) tfrT1 (r*+t r*+J h(T)d T) 

for 0 ś t = c (2.23) 

where £L (x) = j" 
x 

ds 

0 * ( 8 ) 

Remark. Let us remind that r* depends neither on c nor 

on v. 

Pfoo£. Since (2.22), v(0) = v(t) + t|v'(t)| + ( V v ^ ď i 

and thus 

t 

|v(t)| f r. |v'(t)| * r/t, JTv"(t)dZ £ r (2.24) 

0 for 0 = t ̂  c. 

According to Lagrange's theorem there exists t £(a,b) such 

that V(t ) = (v'(b)-v'(a))/(b-a) = -v'(a)/(b-a) and through 

(2.24), (2.22) we obtain 

|v"(tQ)| = r/(a(b-a)). (2.25) 

Using Lemma 3 f o r v on <(o, t S we have 

| v ' ( t ) | = r / t Q + ^ 2 r w ( t ) = r /a + ^ 2 r w ( t ) , (2 -26) 

where w( t ) = m a x ( | v " ( s ) | : t = s = t Q j . I f r± = r /a + y2r + 1 + r, 

then by (2 .25 ) and (2 .26 ) 

235 



" ( t ) = v"(t ) i r/(a(b-a)) = ^/(b-a), 
(2.27) 

|v'(t)|'=- r1(l+w(t))
1/2, |v"(t)| i ra(l+w(t)) . 

Integrating (2.20) from t to t we get according to (2.27) 

2 

v"(t) = v"(to)+ J" [h(t) + Z_ o< i|v( i-1)(Y) | + 

+ OC 3Vv"(r)J[l+r2+(r2 + r 1 ) ( l + w(. ) ) ]dr , 

1 + w( t ) £ l + r . / ( b - a ) + 3 r 2 J \h{Z) + 
x t 

2 _____ 

_Z « ilv(1 '1)(t) | +<<3 Vv"(T)J[l + w(r)]dr. 
2 

+ 
i=l 

Now we obtain from the last inequality by Lemma 2 

t 

l+w(t) -? {l + r1/(b-a))exp ^3r2 J [h(T) + 

t 

+ Ů O C . I V Í 1 - 1 ) ^ ) ! + ^ l ^ ř ň j d ? } 

for 0 = t = t . 

t 
T.he equality v(0) = v(t) + f|v'(T)JdT together with (2.22) 

.0 
imply 

)o 
J |v'(?)|dT . r. (2.29) 
0 

Further f o r any £ > 0 considering (2 .24 ) we have 
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o o o 

j ÿvҷîjdГ - J |/í/F (̂Г/£)VҶT)dT = -i-J -£- dГ + 
t t t 

+ — ( ? V Ҷ ľ ) d Г í ( £ / 2 ) l n ( t / t ) + r / ( 2ß ) f o r 0 < t 4 t . 
o P J & O 

Thus 

Jo 
) f " ' ( T ) d T * ( £ / 2 ) l n ( t Q / t ) + r / ( 2 6 ) (2 .30 ) 

* f o r 0 < t = t Q . 

S u b s t i t u t i n g es t ima tes ( 2 . 2 4 ) , (2 .29) and (2 .30) i n t o (2 .28 ) 

we get • 

l + w ( t ) é ( l + r i / ( b - a ) ) e x p ^ 3 r ^ { j h ( T ) ď í г + oc rb + oc г + 

+ <X -, — l n ( b / t ) + <* - L - ) 
3 2 3 2 £ 

I f £ = l / ( 3 r 2 t x ) and r2 = ( l + ПjyҶb-aJb 2 exp [ З r 2 ( j h(T-)ď,ľ + 

0 

r ^ b + <*0 +oc /2Є ) ) } , 

then 

+ w ( t ) ѓ r p t " 1 / 2 f o r 0 < t = t (2.31) 

Thus we have by ( 2 . 3 1 ) and ( 2 . 2 7 ) 

0 0 o л 

( f^г~)ďì = ( fl yî^ ñdr = ( f~Гz r-^dт й ^ ь3/4. 
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If r 3 = (4/3) ][r1r2 b 3 / 4 , therf 

) ^v"(r)dt 4 r3 . (2.32) 
0 

Substituting estimates (2.24), (2.29) and (2.32) into (2.28) 

we obtain 

b 

l+w(t) = ( l + r yҶb-a^expí r^t j h(Г)ďř + c* lГb + cť^r + * Г ) ) . 
0 

b 

I f г
4

 = г
l(

1 + г
l/(

b
"

a
"

e x
PÍ 3 rl(j h(ľ)d? + oílГb +o^2

г
 + c
<

 Г
 )), 

then l+w(t) = r./r. for 0=t=t , and according to (2.22) and 
(2.27) it follows from the last inequality 

|v'(t)| * r
4
 for 0*Mc, |v"(t)| * r

4
 for 0 * t £ t Q . (2.33) 

It remains to find an estimation for v" (t) on <t ,c^. 

Integrating (2.21) from t to t and using (2.33) we have 

t 

A(v" ( t ) ) i / l ( v " ( t o ) ) + J h(T)d^ + t(bxr */i2r + flzrA = 

- ^-( r4 ) +/J2r +/h3r4 + t / ^ r + J b(T)d7T . 

*o 

Let us put r =iflj(r4)
 +fi2

r + (/33 + 1 ) r 4 + /3ir« Then from 
the latter inequality and from (2.31), (2.24) we obtain esti­
mates (2.23). 

Lemma 7. Suppose a,b,r€R, 0< a < b, 0 < r, <* . , A . £ R 

(i=l,2,3), h6 L, (R ) is a nonnegative function and -U£C(R ) 

is a positive function satisfying (2,19). 
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Then there exists r*£ <̂ r, oo ) such that for an arbitrary 

c6(b, co ) and for an arbitrary function v^ AC (<Co,c>) the 

inequalities (2.21), (2.22) and 

2 

v'"(t) £ -fh(t) + Hcx±\v(±-1Ht)\ + 
L i=i

 1 

+ c<3tv"(t)l a;(v"(t)) for 0=t^b (2.34) 

imply estimates (2.£3). 

Proof^. We obtain inequalities (2.24), (2.25) and (2.29) 

in the same way as in the proof of Lemma 6. Integrating 

(2.34) from t to t we get 

b 

A(v"(tj) = .ni(v"(to)) + ( h(T)dr +cx1br + <*2r + o(^r and 

0 

thus 

v"(t) ^ r1 for 0^t^tQ , (2.35) 

b 

where r± = £h (Xl*( r/(a(b-a))) + I h(r)d~ + r(c* ^ + 0 ^ + c * 3 ) . 

0 

Using Lemma 3 for v on ̂ 0,t \we have 

|v'(t)|= r/tQ + ^ 2 ^ £ r/a + fzrT± = r2 (2.36) 
for 0=t=tQ 

If r3 = max[r1,r2,r} , then by (2.22), (2.24) and (2.35), 

(2.36) 

|v(t)| = r3. |v'(t)| ѓ r
3
 foг oétác, |v-(t)| ѓ r -6 

for 05t=t
Q
 . (2.37) 

Integrating (2.21) from t to t we obtain in accordance to 

(2.37) 
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Л( 

L 

v"(t)) ś л.(г ) + J h(?)ďľ + t/Ь^г + (/î2+/З )r3
.

 L e t U£ 

*o 
put r* =fL(r3) + (t32 +/33)

r3 + ft±r' T n e n from tne l a s t ine-
quality and (2.37) it follows (2.23). 

Lemma 8. Suppose a,r,/}CR, 0<a, 0<r, 0</3 f and 

h€L n (R ) is a positive function satisfying (1.9). loc* +' r ' ' 
Then there exists r*£ <r, QD ) such that for an arbitrary 

c£(a, oo) and for an arbitrary function v£AC (<sO,c>) the 

inequalities (2.22), 

v*"(t) = -h(t)(l+v"(t))2 for Oitia , (2.38) 

v'"(t) = h(t)(l+v"(t)) +/3v"2(t) for 0<t=-c (2.39) 

imply the estimates 

t 

v(t) £ r*, 'v'(t) * -r*, v"(t) £ r*exp(j h(?-)dr) 

for 0=tíc. (2.40) 

Proof^. Since (2.38), 

-^jr- (l+v"(t)) £ -h(t)(l+v"(t))2 for 0=t=a . (2.41) 

Let us consider the differential equation 

<j>'(t) = -h(t) o2(t)* for Oitia . (2.42) 

Integrating (2.42) from 0 to t we get <p( t )* fl/<0(O) + H(t)"!"1, 

t 

where H(t) = J h(T)d?' . According to (1.9) there exists 

0 

££(0,1) and aQ£(0,a) such that 

a 

J t(<D(t) - l)dt > r, where (0(0) « 1/g . (2.43) 

240 



Let us suppose that l+v"(t) =<p(t) takes place for a =t=a. 

Then by (2.43) we obtain 

a 

| tv"(t)dt >r , 

ao 

which contradicts inequality (2.24). Thus it is necessary that 

there exists t £(a -a) such that 

1 + v"(tQ) £ <o (tQ) . (2.44) 

Since ( 2 . 4 1 ) , ( 2 . 4 2 ) and (2 .44 ) by Lemma 1 , 

1 + v " ( t ) = (0 ( t ) = <C> (0) = 1/e f o r 0 ^ t = t Q , (2 .45 ) 

and on the other hand (2.22) implies 

|v(t)| = r for 0=t=c . (2.46) 

Using Lemma 3 for v on^0,t^we obtain according to (2.45), 

(2.22),|v'(t)| = r/tQ + 2̂r/g for 0=t=tQ and then putting 

r = r/a + ^2r/£ + r + 1 , we obtain 

| v'( t)j i rQ for 0=t-£c . (2.47) 

Integrating (2.39) from t to t and.using (2.45) we get 

t 

i + v-(t) * i + v-(to)+ |[h(r)(i+v-(r)) + /3v-2(r)]dr £ 

*o 

t 
= We + /["(?) +l^v"(r)] [i+v«(r)]d? 

t 
o 

and from (2.47), Lemma 2 and the last inequality we have 
t 

l+v"(t) = (l/£)exp |}[h(~) + /3v"(T)]d? = 

*o t 

i (l/£)exp(/J rQ)exp J h(r)dT . (2.48) 
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Therefore if r* = maxjr, (l/£ )exp( (I r )j , then (2.46), 

(2.47) and (2.48) imply the estimates (2.40). 

Lemma 9. Suppose that a,r£R, 0<a, 0< r, h.£ L-, (R ), 

(i=l,2,3), and h1(t) = 0, h2(t) = 0 for t€R + . 

Then there exists r £ ^r, co ) such that for an arbitrary 

c£(a, co) and for any v^ AC (<^0,c^) the conditions (2.22) and 

3 
v'"(t) = Z Z h

i(t)v^
i"1^(t) for 0=t=c (2.49) 

imply the estimates 

v( t ) i rH, v ' ( t ) * - r \ v"( t ) £ r*exp j f i \h±{t)\ dT . 
r\ 1 = '--

(2.50) 

Proof,. (2.22) yields |v(t)| = r for 0=t=c. Further, we 

can prove in the same way as in the proof of Lemma 6 that 

o K2' 
there exists tn *-(§",a) such that 

|v'Ҷt
0
)l І 4r/a

2
, )v'(t)| ѓ |v'(t

Q
)| Ů 2r/a (2.51) 

for t̂ -śtác o 

Moreover, by (2.49) we get 

v " ' ( t ) sz:|h i (t)||v( i - i )(t) i 
i=l 

and integrating the latter inequality from t to t we obtain 

according to (2.51) 

t 

v"(t) i v"(t0) +J[r|h1(r)| + (2r/a)|h2(r)|+ |h3(t)| V (T j] d7 . 
*o 

thus v " ( t ) + 1 i l + v " ( t Q ) + ( r + 2 r / a ) J ( I I |h i(T)J )( l+v"(T))dT . 
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It follows from here by Lemma 2 

t 3 
1 + v " ( t ) á r.exp í Ž . ] h ( Y ) | d r fo r t -Stic , (2.52) 

J 1=1 

2 where r* = ( l+4r /a )exp(r+2r/a) . Now, we estimate v ' ( t ) and 
v " ( t ) on ^ 0 , t o ^ . From (2.49) we get 

v'" (t) t - Z , K ( t ) l V ( i - 1 ) ( t ) | 
and integrating the latter from t to t we have 

t o 3 
v"(t) = v"(to) + J £ l h . ( r ) | Iv^-1)^)^?- . (2.53) 

t 

Using Lemma 3 for v on (o,tA we obtain Jv*(t)| = r/t + 

+ ^2rw(t)f where w(t) = m.ax[| v" (?)| : t • ? £ t ) . If r2 = . 

= 2r/a + r + 1, then 

Jv'(t)| = r2(w(t)+l) fcr oit=tQ . (2.54) 

Let us substitute (2.54) into (2.53). Then 

? r°r 
w( t )+ l -J l +4 r /a 2 + ( r l ^ C * ) ! d~ + J [|h2C~)| r2 + 

0 t 

+ )h3ro|] [<-) + -]d'- • 
a 

I f r- = 1 + 4r/a + I r lh^Ct j IdT , then from the las t ine-

quality it follows by Lemma 2 w(t) + 1 = r3exp \ (|h2(7,))r2 + 

+ |h (?)|)dT . 
* a 

Putt ing r4 = r3exp ] ( | h
2 ( t ) | r 2 + |h3(?)J)d7r we have 
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|v" C t )I •
 r

4

 f o r
 °=

t
=

t

0

 a n d
 (2.55) 

s
 г,г

9
 for 0=t=t 

4 2 o 

For r* = m a x j r ^ , ^ ) from (2.51), (2.52) and (2.55) it fol­

lows (2.50). 

3. The proofs of the existence theorems 

! n £ £r£°i £f___TJle£r£m__1-L. Without loss of generality we 

can assume that h is a nonnegative function. 

x 

Let JTL(x) = \ £-- and r*-be the constant from Lemma 6. 

Put <o(t) = 2r* +^" 1(r* + tr* + \ h(£)dr ) , 

0 

1 for 0 = s a'^(t) 

X(tfs) = j 2-s/(;(t) for <^(t) = s = 2<s>(t) 

0 for s = 2^>(t) f 

f(tfxlfx2fx3) =X(tf2Z)xjL|) f(t,xlfx2fx3) . (3.1) 

A/ 

Since f satisfies the assumptions of Lemma 4, the boundary 

value problem 

u ' " = f (tf uf u*f u" ) 

u(b+p) = u*(b+p) = 0 

f(u(0)fu'(0)fu"(0)) = 0 (3.2) 

has for any p£N at least one solution u £ AC (^Ofb+p^) sa­

tisfying in (Ofb+p^ the inequalities 

up(t)*°» UD(*) - °- up(f) - ° • (3-3) 
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From (3.3) and the inequality Ju (O)j = r it follows 

|u (t)| = r for 0=t-^b+p. According to (1.6) and (3.1) we have 

3 

u:"(t) = f(t,u u* u") = X(t,]T j u ^ ^ ^ t ) ! )f(t,un.u*u P P' P i=l P P P' 

Ó <Ĺ 

-^(t.Zľ>pi"1^t)|)Гh(t)+&Ju(i-1)(t)l+c^зVuЧ7)][i + 
І = l " -" І=l r J L 

2 

Up
2
(t) + u»(t)] ž -Гh(t)

 +
 Ç i<* i|u<

i- 1>(t)| +o<
з
C^(7)][: 

+ u'
2
(t) + 

p v ; 

u p ( t ) ] for 0=táb 

and similarly from (1.7) we obtain 

Up"rt) i [h(t)+ JZ /3ii^
i"1)(t)|] .*>(Up(t)) 

for a=t=b+p 

Using Lemma 6 for u on ̂ 0,b+p\ we get the estimates 

up(t) á г*. Up(t) * -r*, u
p
(t) í ГL _ 1

(r
K 

J Һ(-ľ )ďř ) , 
(3,4) 

where r depends nether on p nor on u . Considering (3.3) 

and (3.4) we obtain 2Z. |u^ 1~ 1^(t)| = (0 (t) for 0=t = b+p anc 
i=l P ' 

thus u is also a solution of equation (1.1) on \0,b+p^> . 

Denote 

f p(t.x 1.x 2.x 3) = j o 

f(t,x l fx 2,x 3) for 0=t=b+p 

for t > b+p 
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Then on the set R.XD we have 

P 

and 

|f (t,x1#x2,x3)| i |f (t,x1,x2,x3)| for any p^N 

lim fD(t,x1,x2,x3) = f(t,x1,x2,x3) 
p-KD P 

Moreover sup | JZ | u^1"1' (t) | : p £ N j = (D (t) for t € R+ . 

Thus, by Lemma 5, the sequence j u 1 contains a subsequen 
P= 

oo 
which is local uniformly converging together with W 

f u ' ] °° and f u " I 0 0 on R and u ( t ) = l i m u ( t ) i s 
I P J) 0=1 1 PJ J j = l j-*oo Pj 
a solution of equation (1.1) on R+. Since all functions u 

(p€N) satisfy (3.2) and (3.3), the solution u satisfies these 

conditions in R 

The proofs of Theorems 2 and 3 can be obtained in a si­

milar way as the proof of Theorem 1. We only use Lemma 7 or 8 

instead of Lemma 6. 

Ih£ £r£°L £ f— c £ r £ 1 i a £ y . i . T ^ functions f (t ,x1, x2,x3) = 

'3 
= 2Z1 h.(t)x. and cP(x1,x2,x,) = x1-r, satisfy fundamental 

assumptions (0.7), (0.8). Thus using Lemma 9 we can find a 

solution of problem (1.12), (1.2), (1.4) in the same way as 

in the proof of Theorem 1. 
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NELINEÁRNÍ PROBLÉM PRO DIFERENCIÁLNÍ ROVNICE 3.ŘÁDU 

Souhrn 

V tomto článku jsou nalezeny postačující podmínky pro 

existenci řešení diferenciální rovnice 

u " ' = f(t,u,u',u") 

splňujícího podmínky 

^(u(0),u'(0),u"(0)) = O, u(t) ̂  0, u'(t) =• 0, 

u"(t) = 0 pro t = 0 . 

Existenční věty jsou dokázány pro případ, že f splňuje Ca-

rathéodoryho podmínky a může měnit znaménko. 

О НЕЛИНЕЙНОЙ ЗАДАЧЕ ДЛЯ ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ 

ТРЕТЬЕГО ПОРЯДКА 

Ревюме 

В статье найдены достаточные условия для существования 

решения дифференциального уравнения 

и • Г(т,,и
#
и , и ) 

удовлетворяющего условиям 

р(и(0)
9
и'(0)

9
и«(О)) =- 0,и(*)4 0

9
ц*(1,) » О.и'ЧЮ ± О 

для \^о • Теоремы существования доказаны в случае, когда Г 

знакопеременная функция и удовлетворяет условиям Каратеодорн. 
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