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The present article proceeds from Bordvka“'s theory of
central dispersions of linear homogeneous second order diffe-
rential equations in Jacobian form

y' = q(t)y (9)

treated at length for bothsided oscillatory equations on their
definition interval. With respect to the definitions and to
the properties of the individual kinds of the central disper-
sions it is impossible to carry over these concepts into the
theory of equations of finite type automatically for the ana-
logy of their utilization be preserved. In [2] there was in-
troduced a certain generalization of concepts relating to all
four kinds of the central dispersions considered for the
equation (q) of finite type m & 2 - special and this, by means
of the definitions of the special central dispersions of the
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appropriate kinds. There were also discussed conditions and
properties of that generalization which may be summed up in
the following definitions. The letter Z refers to a set of
integers.

Definition 1.

By a (zm+k)-th special central dispersion of the first
kind for z€2Z, k = 0,1,...,m-1 of the equation (q) being
l-special of finite type m on its definition interval j =
= (a,b), for q(t)e C(O)(j)(hereafter briefly(q(l)» we mean
a function

Y (t) for t E(a,aéf&)

¢2m+k(t) =
¢ (noiy(t)  for te (alt).b)

where (t) is the first kind central dispersion in terms of
the definition stated in [1], whereby the points agl) are the
zeros of the 1-fundamental solution of the equation (q(l)),
forming the 1-fundamental sequence of this equation in the
following ordering

1 1 1
a < ai ) < aé ) < .0 £ aé_% < b

Definition 2.

By a (zm+k)-th special central dispersion of the second
kind for ze€z, k = 0,1,...,m-1, of the equation (q) being
2-special of type m on the interval j, for q(t)e C(O)(j)(here.
after briefly (q(z)))we mean a function A

2
P for ta(aal?))

4

zm+k(t) =

y—(m-k)(t) for t e(aé%&,b)

where V(t) is the second kind central dispersion in terms of
the definition stated in [1], whereby the points a§2) are the
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zeros of the derivative of the 2-fundamental solution of the
equation (q(z)) forming the 2-fundamental sequence (3(2)) in
the following ordering

a <a§_2)< aé2)< <a§fj)_ <b

Definition 3.

By a (zm+k)-th for z Z 0 and by a (zm+k-1)-st for z< O,
z€z, k =1,2,...,m special central dispersion of the third
kind of the equation (q) being l1-special of type m and at the
same time 2-special of type m for q(t)<O, q(t)éC(O)(j)(here-

(1,2)

after briefly (q )) we mean respectively the functions

'Xk(t) for ts(a,a(izlﬁl)
sz+k(t) and 'sz+k-1(t) = 3 '
X (m-ks1)y(t) for te(al®).1.b)

where X(t) is the third kind central dispersion in terms of
the definition stated in [17, whereby the points a£3) are the
zeros of the 2-fundamental solution of the equation (q(1,2))
forming the 3-fundamental sequence (3(3)) in the following
ordering

a < aJ(_s) < aés) < o0 &L aé‘s)< b

Definition 4. )
By a (zm+k)}th for z Z 0 and (zm+k-1)-st for z<0, z€2Zz,
k =1,2,...,m special central dispersion of the fourth kind
of the equation (q(l'z)) we mean respectively the functions

wk(t) for te(a,arg‘_lll_‘.l)
'Ozm+k(t) and 'O'zm+k-1(t) =
W _(m-ks1)(F) for ve(alf), 1.0

where w(t) is the fourth kind central dispersion in terms of
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the definition stated in [1], whereby the points (a§4)) are
the zeros of derivative of the 1-fundamental solution of the
equation (q(l'z)) forming the 4-fundamental sequence (a(4))in
the following ordering

a <a§_4)< a§4)< <a§|4)< b

In [2] there is investigated the algebraic structure of
a set [’ related to all special central dispersions of the
equation (q(l'z)) defined in the domain J, i.e. on the inter-
val j with the exception of the points of all four fundamental
sequences. The set [’ = G(l)U G(Z)U G(3)U G(4) is a union of
sets related to the special central dispersions of the indi-
vidual kinds, where G(l) = {*o'él""'ém—li and G(Z) =
= {V ,V&,...,Vﬁ_li are finite cyclic groups of order m with
the generators él and v&, respectively. Both groups have the
unit element in common o = W% = t for all t&€3J. The sets
c(3) - {Xl,x ,...,Xm} and 6{%) = {-01,9 ""'Qm} comprise
precisely m different elements, whereby the elements of the
set G(3) are to those of the set G(4) inverse to each other.
In the algebraic structure of the set there thus exists in the
final dimense a certain analogy with the set of the central
dispersions of the oscillatory differential equations (q).

In the following text we will observe relations of the
special central dispersions of the individual kinds and their
derivatives to the polar coordinates of the appropriate

equation, taken in terms of the definition stated in [1].
Relations between the central dispersions and the phases of

the oscillatory equations (q) are described by the Abel func-
tional equations., Analogous also some modifications of these
equations may be derived for an interpretation of the rela-
tions between the special central dispersions and the phases
of the equations (q) of finite type, special, which is the
contents of the following

Theorem 1,

1) For an arbitrary first phase ® of the equation (q(l))
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and an arbitrary special central dispersion of the first kind
ék of this equation, where k = 0,1,...,m-1, there is ful-
filled the relation

A(x) + EkT for xe(a,all))
K[J’k(X)] = . (1)
_ A(x) - E(m-k)F  for xg(all),b)

)
where € = sign £, a&l)e(a(i)), a[f]l) =b .

2) For an arbitrary second phase /5 of the equation
(q(z)) and an arbitrary central dispersion of the second kind
ll’k of this equation, where k = 0,1,...,m-1, there is ful-
filled the relation

fix) + ExT for xé(a,al?))
BlY] = O

ﬂ(x) - g(m-k)F for xG(arff')(,b)

where € = sign /3) . a‘gz)e(a(z)), a,$,2) =b .

3) For every first phase & and for the second phase ﬂ
of the same basis (u,v) of the equation (q(1'2)) satisfying
the relation O <ﬂ(x) - A(X)< T or the relation -J< plx) -
- &(x) € 0 and for the k-th special central dispersion of the
third find X, of the same equation, where k = 1,2,.. ,m,
there is respectively fulfilled:

: K(x) + %[(Zk-l)f. +1]% for X‘(a'an(len)
AlX (x)] = (3
o + 3t ol for o)
or
A(x) + [(2k-1)€ -1]F for xe(a,al®) 1)
PLK o] = )
ax) + gl-(am-2ke)€ AT for ""(arﬁllwb)
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where € = signo(‘ = signﬂ‘ , ais)e(a(z’)).

4) For every first phase K and for the second phaseﬂ of
the same basis (u,v) of the equation (q(l'z)) satisfying the
relation 0 < fB(x) - &(x) < & or the relation -I < B(x) -

- ®&(x) £ 0 and for the k-th special central dispersion of the
fourth kind 'Qk of the same equation, where k = 1,2,,,,,m,
there is respectively fulfilled:

Bix) + [(ek-1) €-1]F for xé(a,af®) )

+(5)
A(x) + %[‘(2m~2k+1)f 1] for X‘(an(fﬂwb)

&[0 (x)]

i

or

[ Q0]

/S(x) + %[(2k-1)£ +1]T for xs(a,argf'i_l_l)
. (6)

n

Ax) + E[-(2n-2ke1) € +1]F for xe(alt) ,b)

where € = signd’ = sign/S‘ a|(<4)s(a(4)).

Proof: 1) Let & be a first phase of the basis (u,v) of the
equation (q(i)), X € j an arbitrary point, x # aé&&. Consider
such a solution y of the equation (q(l)) which has a zero in x.

By relation (27) § 5 in [1] it is possible to express this so-

lution in j as
y(t) = k r(t)sin[d(t) - «(x)] . (7)

where k # O is a certain constant, r(t) is the first amplitude
of the basis (u,v). Denoting A(t) = £ (t) - & (x) it holds
A(x) = 0, and the function A(t) is everywhere increasing or
everywhere decreasing according as § =1 or € = -1, Consider
next the point x; at which the function A(t) takes the values
EKT or -(m-k)EF respectively. For xe(a,a[ﬁ&) and
xe(arﬁ&,b) such a point really exists, and it follows from
(7) that this is the k-th and the (m-k)-th zero lying to the
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right and to the left of the solution y, respectively. So, it

holds x, = ék(x) and thus also the first part of the assertion
given.

2) Let ﬂ be a second phase of the basis (u,v) of the
equation (q(z)), xX€3, x # a;%& an arbitrary point. Consider
such a solution y of the equation (q(2)), whose derivative has
a zero in x. By relation (27) § 5 in [1] it is possible to
express this derivative throughout the interval j as

vy (t) = fks(r)ysin[fr) -p0] . (8)

where k # O is a certain constant, s(t) is the second amplitu-
de of the basis (u,v). Denoting B(t) = ﬂ(t) - ﬂ(x), yields
B(x) = 0, and the function B(t) is everywhere increasing or

_ everywhere decreassing according as € =1 or £ = -1. Consider
next the point x, at which the function B(t) takes the values
€kl or -(m-k)ET respectively. For xs(a,é'sf‘z) and

X e(aéé&,b) such a point really exists, and it follows from

(8) that this is the k-th and (m-k)-th zero lying on the right
and on the left of the solution y, respectively., So, it holds

Xy = Vk(x) and thus also the second part of the assertion
given.

3) Let £ and ﬂ be the first and the second phase of
a basis (u,v) of the equation (q(l'z)) such that the condi-
tion 0 < J(x) - L(x)< T is fulfilled. Let x&j, x # ar(n:il)ui
be arbitrary. Consider such a solution y of the equation
(q(l'z)) which has a zero in x. By relation (27) § 5 in [1] it

is possible to express the derivative of this solution as
A

y'(t) = *kos(t) sin [ () - &(0)], (9)

where k # O is a certain constant. Denote now C(t) = ﬂ(t) -
- &(x). The function C(x) is either an increasing or a de-
creasing function everywhere in j, according as € =1 or
€ =-1. Let £ = 1, Consider now the point x5 at which the
function C(t) takes the values k¥ or -(m-k)¥ . For
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X e(a,a£§&+ﬁ resp. X e(aéf&+1,b) such a point really exists
and it becomes apparent from (9) that this is the k-th or the
(m-k+1)-st zero of the function y lying to the right or to the
left of x. So, it holds xgz = X, (x) and thus also the third
part of the assertion with the given condition. Analogous may
be proved the validity of (3) for € = -1 as well as that of
(4) for -F< fi(x) - d(x) < 0.

4) Let &, /3 be the first and the second phase of the
same basis (u,v) of the equation (q(l'z)) satisfying the con-
dition 0 £ ﬂ(x) - K(x)L T . Let xej, x # aéf&+1 be arbitra-
ry. Consider such a solution y whose derivative has a zero in

Xx. By (27) § 5 in [1] this solution may be expressed as
y(t) = k r(t) sin[d(t) - f(x)] . (10)

where k # O is a certain constant., Denote now D(t) = £ (t) -
.- ﬂ(x). The function D(t) is either an increasing or a
decreasing function everywhere in j, according as € = 1 or
€ = -1. Let €= 1. Consider next the point x, at which the
function D(t) takes the values (k-1)% or -(m-k+1)¥F , res-
pectively. For x G(a,aéf&+
really exists and it becomes apparent from (10) that this is

1) or x €(a£fk+1,b) such a point

the k-th or (m-k+l)-st zero of the solution y lying to the

right or to the left of x, respectively. So, it holds Xy
= Ilk(x) and thus also (5) in the fourth part of the Theorenm
proved. Analogous may also be proved the validity of (5) for

€= -1 or that of (6) for -¥ ¢ ff(x) - &(x) < O.

In [2] there is stated that the special central disper-
sions of the first kind of (q(l)) represent the functions of
c{®) on both definition intervals; the special central dis-
persions of the second kind or of the third and fourth kinds
of (q(z)) or (q(l’z)), respectively, represent the functions
of C(i) on both definition intervals. The following Theorem
discusses the expressions of the first derivative of these
functions.
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Theorem 2

1) The first derivative of the first kind special central
dispersion ék(t) of the equation (q(l)) has for all tej,
t # ap_ the following expressions

u(t) v[f ()] - uld ()]vi(e)

a) $ () = - - - : (11)
K u(t) VI[P ()] - uw[d)]v(t)
where u,v are two.arbitrary independent solutions of the
equation (q(l));
P&, ()]
. ——:Ez:;——— for u(t) #0
b) (1) = (12)
2

—u —(t) f =
u'2 [ék(t)] or u(t) 0

where u(t) is an arbitrary solution of the equation (q(l));

! L' (¢
c) 4’ (t) = —.—-LL ' 13
k d([¢k(t)] ( )

where & is an arbitrary first phase of the equation q(l).

2) The first derivative of the second order special cen-
tral dispersion y’k(t) of the equation (q(z)) has for all te6 j,
t # aé%&, k € {O,l,...,m—l! the following expressions:

acty  u(t) v ¥l - u[Yo]vie

a) Yi(t) = -
k a[¥(0)] vie) v[Hn)] - u[fn]vien

4)

where u,v are two arbitrary independent solutions of the
equation (q(z));
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a(t)  u?[¥ (0]
a[¥ ()] uB(r)
by  W.(t) = (15)
a(t) (1)

Q[?&(t)] UZ[Yk(t)]

for u“(t) # 0

for u”(t) = 0

where u is an arbitrary solution of the equation q(z);

. Al
C) V (t) = _)__.___. ) (16)
X ALX (0]

where /! is an arbitrary second phase of the equation (q(z)).

3) The first derivative of the third kind special central
dispersion Xk(t) of the equation (q(l‘z)) has for all te j,
t # an(jlzu' k6{1,2,...,m} the following expressions:

1 ut(t) VX ()] - u X ()] vi(e)
a[ X ()] uey v [X ()] - u[X ()] v(r)

(17)

a)  X(t) = -

where u,v are two arbitrary independent solutions of the equ-
i (1,2),,
atipn (q )i

) 1 u'z[xk(t)]
a[X()]  v?(r)

by X(v) = . (18)
1 u2(t)

TalX(0] FLX(o]

for u(t) # 0

for u(t) =0

where u is an arbitrary solution of (q(l'z));
! 4 (1)

c) (t) = , ; (19)
X< ﬂ'[xk(t)] .
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where o , ﬂ are first and second phases of the same basis of

the equation (q(1'2)).

4) The first derivative of the fourth kind special
central dispersion Ilk(t) of the equation (q(l'z)) has for all

tej, t # aéf&+1, kc{l,z,...,m} the following expressions:

u(t) v[ ()] - o[ (0] v(o)

[
a) L(e) = - a(t) —— ; - (20)
k u (v (0] - W[ (0] vi(e)
where u,v are two arbitrary independent solutions of the
(1,2)
(a )
plee)
by Q) (t) = 00— (21)
< Q]

where « , /3 are the first and second phases of the same basis
of the equation (q(l'z));
2
t
- q(t) U[_znl(((T‘)] for u”(t) # 0
o) L) = (22)
W (x)
- t) ——
R TSy

1
o

for u'(t) =

(1,20,

where u is an arbitrary solution of (q

Proof. In proving the validity of the individual assertions
a), b) of Theorem 2 we may proceed from the fact the relations
here were deduced fully in [1] § 13 for the central dispersions
with an arbitrary integral index of the appropriate kinds of
equations (q) being oscillatory, whereby the oscillatority
condition of the equation was adopted only for the existence
of the relative dispersions. In the eigen proofs was tooked
advantage only of the ideas saying that the points t, Qp(t)
are l-conjugate, the points t, U(t) are 2-conjugate, the
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point X(t) is 3-conjugate to the point t and the point @(t)
is 4-conjugate to the point t,.

Thus, with respect to the definitions of the special
central dispersions, we see that the validity of all above
mentioned relations on the corresponding definition intervals
may be carried over directly in an appropriate analogy. The
validity of the functional relations (13), (16), (19), (21)
follows directly from the statement of Theorem 1.

Souhrn

K VLASTNOSTEM CENTRALNfCH DISPERZE LINEARNECH
DIFERENCIALNICH ROVNIC 2.RADU KONEENEHO TYPU - SPECIALNECH

Text &lanku vychdzi z Borlvkovy teorie centralnich dis-
perzi linearnich diferencialnich rovnic 2.r&du y* = q(t)y
podrobné rozpracované pro rovnice oboustranné oscilatorické.,

V élanku [2] zavedla autorka jisté zobecnéni pojmd central-
nich disperzi vSech uvaZovanych druhd pro rovnice kone&ného
typu m 22 . specidlni a diskutovala podminky a vlastnosti
takovychto zobecnéni. Zde predkladany text je vénovén vySetfe-
ni vztah@ ve [2] definovanych specialnich centrdlnich disperzi
v8ech &ty¥ druh@ a jejich derivaci k polérnim soufadnicim rov-'
nice. Jsou odvozeny modifikace Abelovych funkcionalnich rovnic.

188




Peespopue

0 CBO/iCTBAX
UEHTPAJIBHHEX IMCIEPCHR IMHERHHX
IMSGEPEHIMANEHEX YPABHEHU 2-oro NOPSAIKA,
KOHEUHOI'O THIIA-CIIELMANIBHHX

Texc? arolt CTATBM BCXOAMT M8 TEOPHMN LEHTPAAbLHHNX INCHep=
cult nxs aunetnux zupdepeHUMBABHHX ypeBHeHME 2-o0ro HOpsAXE
y" = q(t)y , ocmosenoh me amreparype [1] nrs ypesmemn#t c
OCIMAMDYDIMMK pemeHuaMM. B crerse [2] BBeneno ommo oGoOmennme
noHaTu# meHTpeXbLHNX aucnepcul OTHENBHHX DONOB AAS yP@BHEHMS
KOHEUHOrO TUNE® M2 2, CNeuuasbHEOr'0O M MCCAEJNOBAHH YCAOBMS M
cBotcTpa aTMX o6oOmeHnft. Ieaxbo arolt craThM paccrenoBaHMe OT-
HomeHu} Ha aureparype [2] onpemereHHNX CreLUMANIBLHNX LEHTDEAL-
HNX gucrnepcuft OTHEABHHX POXOB M X NMPOMBBOAHNX K NOXSDHHM
KOOpIMHETEM ypeBHEHHS. 3xech BHBeXeHH Momumduxauum GyHKOHO=-
HeXbHNX ypeBHernunlt AGexea.,
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