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Abstract: It is found the necessary and sufficient condition
for having the first phase of differential eguation y" + q(t)y =
= 0 in the form A&(t) = l/[fmd't], where (/=(f’(s)€C3,

V/(S) # 0 is a given function. This problem is solved in a
connection with the case, when the series in the exponent of
the WKB solution of the given equation with a suitable coeffi-
cient g(t) reduces into a finite sum.
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Introduction
It is known that the solution of the differential equation
" -2 —
4 z z" -5z ° =0 (1)
forms the connecting article between some areas of linear dif-
ferential equation of the second order

y" + q(t)y = 0. (2)
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So for example in [6] there is shown that just when q(t) is in
(2) the positive solution (1) in the interval j, then there
exists such base u;(t), u,(t) differential equation (2) in j,
than the first phase ([1]) A (t) of this base is a primitive
function to the function yg(%) in interval j. In [7] there is
proved that the differential equation with parameter A of the
form

y'" - Xe(t)y = o0, (3)

in which the coefficient f(t) is the solution of the equation
(1) in j, and it shows that property that the series in exponent
of their WKB solutions ([2], [7]) in interval j is reduced into
a finite sum.

The solution of the equation (1) is possible to use also
in asyptotic integration (for t - + oo ) differential equation
(2) in so called elliptic case, as it is made for example in
[3], [8]. The expression Ajinffﬁd?', respectively q(?9dT
appears in the last mentioned cases in the main members of
asymptotica.

It is possible naturally to generalize the above mentioned
considerations, when we request this expression to be in the

form l/[jt]/qZ’t"Sd’t'], where W = (/(s) is the given function

which properties will be precised in the next text.

Contribution to the phases theory

Theorem 1. Let it be in the differential equation

y" + q(t)y = 0 . (2)

g(t) >0 in interval j. Be s(t) = } Ya(®)d? primitive function
to the function yq(%) in j with values in interval j . Let

y: Y(s)e CB, y(s) # 0 be in j. To exist such base u;(t),
uz(t) equation (2) in j, that the first phase & of this base
is in the form

A (1) = (/[f Ja®d? ]

it is necessary and sufficient, the function gq(t) to satisfy in
j nonlinear differential equation of the second order
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422"-52'2+16[{y’5§+ ¢2(S)'l]zz=0- (4)

In the equation (4) and it further denotes ° = E% and the symbol

5 ¢ 7 — Schwarz s derivation of the function V

with respect to .

Proof. The function (A(t) as the first phase satisfies
in j nonlinear differential equation of the third order ([1])

- {d.t} - AEW +ao -0, (5)
It holds:
A = Lf Ya® ,

Y ; )
wo_ q(t) + _q (t) ,
- Y 2Ya(ty

A - P qVa® + 3¢ () + ¢ [ 1 g 7(t)
z ¥ 75 Yoty 4 q(t)yglt)

and after substitution to (5) we get identically in j

.2 2
-q(t)[%i--% L{,2+‘f]-%9ﬁ+19—~2(t) +q(t) =0,
y g q(t) 16 g°(t)
1.e.
4 qq" -5 q'2 + 16[{‘/,5} + lf (s) - 1]q} = 0.
2

. Let the function q(t) satisfy in j differential equation
(4). Then the function

t
A(t) = yltf a(Td 7]

satisfies in j nonlinear differential equation (5) and thus it

is the phase of the differential equation (2) by the certain
base Uy, Up.

Remarks. 1. If (/(s) = s in j , then the eguation (4) is
reduced in the equation (1). This case is studied in [6]. The

functions q(t) = (at + b)_a satisfy to the conditions of the
theorem.
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2. Let g(t)< 0 be in j and let s(t) = ]ty‘—q('l')d’c” be the
primitive function to y-q(%) in j with values in intervaj j’ .
Be ¥ = ¥ (c)€|33, qf(S) #0 in j . If we lay in the preceding
theorem lf= iY, then the necessary and sufficient condition
(4) obtains the form

.2 -2 3 .
422" -5 4 +16[_{\y’5}+\|/(s)+1]z = 0. 4"
t
Really, for &A(t) = i li/ [I V—q(’t')d?‘] gradually we get:
X \w-qm ,

A s - il a » gy
Hj tV 2¥-q(t)

"
e

A= —i{qﬂ/—q(t)q(t) + 3 Ly g (1) + l‘l [_L(—”— .

2 J-q(t)

. a2 H
sf(-q(t)’

so after substitution to (5) it works out:

"

.2 i)
Q[{Y,S}—Y(s)—ll-%%—J,%qu:o’

what after simple modification gives (4 7).

On a certain modification of the WKB méthqg

The substance of the classic WKB method consists in the
following: there is given the differential equation

y' - [ 2% £(t) + g(O]y = 0, (6)

in which A is a (big) parameter, f(t) # 0 and g(t) are the func-
tions of independent variable t in interval j, which have in 'j
derivations of the arbitrary order. By transformation

y = exp [f u(T)d7 ]
the equation (6) passes in Riccati’s differential equation
Au” v 2% - (A% ) -0 "
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If we solve this equation formally by series of the form

+ o0

u = :E: u (1) A", (8)

n=0

for coefficients un(t) of the series (8) work out these con-
ditions:

u, = £,
u’
0
U, = - 5—
1 2u0 ’
u; +ul -g
1 1
4y = - (9)
2 2u0 ’
+ Q0
up * ;g; Uy Unsiop !
Upep =~ Zu, for n 2 2

Remarks. 1. Supposition about non-vanishing function £
guaranties besides the sense of formulae (9) for every t€j
further also that, the equation (6) hasn’t transition points
in j.

2. In (7) it is among others proved that if in j identically
holds uz(t) = 0, then un(t) = 0 in j for every n ¥ 2 and series
(8) is reduced in a finite sum. Besides, there are found here

the conditions to vanish the coefficient un(t) for n = 1,2,3,4
and 5 in interval j.

Following on the preceding paragraph now let us lay in the
equation (6)

.2 .2
£(t) = ¥ (s)a(t), gt) = [Y (s) - 1]a(t) ,

where s(t) =‘f q(?)d?, so this equation will obtain the form

.2
y' = [(AZ 4« DY (s) - 1]alt)y = 0. (10)
Theorem 2. Be Y= Y(s)€C>, ¥ (s) # 0 in interval j , q(t)e C2
positive function in interval j. Let s(t) = jxyq(fﬂdT' be pri-

mitive function to the function Vq(t) in j with values in j .
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Let further be u_, n = 0, 1, 2,... denotes the coefficient of
the formal series (8).

, If the function q(t) is a solution of nonlinear diferent-

ial equation of the second order

.2
bz2" -5 2724 16[{?’5} + Y (s) - 1123 =0 4)

in j, then un(t) = 0 in j for every n ¥ 2,

Proof. Itis sufficient to prove ([7]) that in j holds
uz(t) = 0. In correspondence with (9) we get gradually:

v oy, E-%1,

UD =
ul:__f_l._[\pq(th ¢;¢u} ,
26 {a(v) 2{ a(t)
’2 "
uy = - — 1 {Sq (1) - 4g(t)q"(t) _ {‘/’s} a(t) -
2Y {a(t) 16g2(t)
) o
Sl - l]q(t)} - L {Aqmq"(t) -
329 fq’(t)

5q'2(t) + 16[{1{,5{ + le(s) - 1]q3(t)§ ,

what proves the assertion of theorem.

Remarks: 1. If (f(s) = s in j , then the equation (10) is
reduced in the equation (1). In this case are formal asymptotic

solutions of the equation (10) in the form

1
y1,2(t3) = a NED EXp[ : Af fat® d?‘]

with function q(t) = (at + by~4 and they are the accurate so-
lutions of this equation. Generally, we get on the supposition,
above mentioned in theorem 2, the solutions

exp{fx(f[} fq(?d?“ . (1)

&=

v ot A = [¢z(s)q(t)]—
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2. If q(t)< 0, let us consider instead of (10) the equation

-

.2
y" - [(Az -1 Y (s) + 1{a(t)y = 0

’

which is possible to write in the form

.2 1
y" + [(7\2 - Y (s) +1 [—q(t)]y =0 . (107)
In the equation (10°) let us lay
t
s = [ f-am av | VORENEOP
.2 2 )
Then holds (/ (s) = - Ll) (s) and the equation (10°) obtains the
form
2 .2
y" - [(7\ -1 Y (s) - l][—q(t)}y =0 . (12)

For its WKB coefficients we get gradually

o E\{'/(s) V-qt) ,
o[ ]

[
1"

5 %) 19"

_._—1—[{\11 5} q(t) +
’ 16 2 4
2 \ill"q(t) q°(t) q(t)

2
. 1
- Y q(t) - q(t)] = {4q(t)q"(t) .
32 § a?()[-a(t)
.2
- 5q72(t) - 16[{?’,5} -y - 1} q3(t)§ )
From here we can see that if q(t) satisfies in j the equation
.2
2»2 + 16[- {Y,s} + * (s) + l]z3 =0, )

then is un(t) = 0 in j for every n 2 2. The relevant formal so-
lutions 12 2(t,?& ) in this case will be real again and it is

v

4 z 2" -

- 45 -



possible to obtain them as real, respectively, jmaginary part
from some of expressions

exp{: 1}({1[[%;_(—1:) dT]i

&)=

{Y (s) q(t)}

Examples
.2
1. If (f(s) = arctg s, then {S’,s} + ‘f (s) 20 in j = (-ee,

+00) and differential equation (4) has in this case the form

622" -522_162° =0
The functions
2
q(t) = 103 s (13)
[(at + b)* - 16]
respectively
o(t) = —L — (14)
(2t + ¢)

are positive solutions of this equation ([4], 6.162); a # 0, b,
c in (13), (14) are arbitrary constants.

Differential equations (2) with coefficient g(t) in the
form (13), (14) satisfy in convenient interval j to suppositions
of theorems 1 and 2. At the same time the equation (2) with
coefficient (14) is itself to itself accompanying with the base

A=0,84%0 ([5]).
2. We reach the some result as in the case 1 if we choose

Y(s) = arctg as + b , ad - bc»0. For sej , - %¢ 37 we get

cs + d
.2
{(f,s}+ Y (s) = 0 as well.
_ 1 1 + s . . .’ :
3. It (V(s) =3 In —— 1in interval j ¢ (-1,1), then here

.2
- {Y ,sg + %I(s) = 0 and the equation (4°) has in this case

the form

4 zz" -52z“+162z° =0

- 46 -



Negative solutions of this equation are ([4], 6.162) functions

(1]

(2]
(3]

[5]
(6]
(7]
(8]

2
l6a
g(t) = -

[(at + b)? + 16]7
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