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Abstract

It is proved that six-dimensional G1-submanifolds of the octave algebra
are W1 @ Ws-manifolds.

Key words: Almost Hermitian structure, G1-manifold, Gray—Hervella
classification.

2000 Mathematics Subject Classification: 53C40

1.

The classification of the almost Hermitian structures on first order differen-
tial-geometrical invariants can be rightfully attributed to the most significant
results obtained by the outstanding American mathematician Alfred Gray in
collaboration with his Spanish colleague Luis M. Hervella. According to this
classification all the almost Hermitian structures are divided into 16 classes.
Analytical criteria for every concrete structure to belong to one or another class
have been received [1].

One of the least studied Gray—Hervella classes is the G1 (or Wy & W3 @ Wy)
class. Almost the only significant work devoted to the G1l-manifolds is the
original and interesting article by L. M. Hervella and E.Vidal [2]. This situation
is at least strange because the G1-manifolds class includes the Kihlerian (K),
the nearly-K#hlerian (N K), the Hermitian (H), the special Hermitian (SH) and
the locally conformal Kahlerian (LC K') manifolds as well as the Vaisman-Gray
manifolds. And what is more, the G1-manifolds class forms a minimal class that
includes two of the most interesting classes of almost Hermitian manifolds—the
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nearly-K#hlerian and Hermitian manifolds classes, to the study of which a great
number of publications have been devoted. Without going into details on such
an extensive subject, we can mark out the classical works [3]-[8].

In the present article we give some results obtained in this direction by using
the Cartan structure equations of the octave algebra submanifold.

2.
Let O = R® be the Cayley algebra. As it is well-known [3], two non-
isomorphic 3-vector cross products are defined on it by

Pi(X,Y,2) = -X(YZ)+ <X, Y>Z + <Y, Z>X — <Z,X>Y,
Py(X,Y,2) = —(XY)Z + <X, Y>Z +<Y,Z>X — <Z,X>Y,

where X,Y,Z € O, <-,-> is the scalar product in O, X — X is the operator
of conjugation [9]. Moreover, any other 3-vector cross product in the octave
algebra is isomorphic to one of the above-mentioned [3].

If M® C O is a six-dimensional oriented submanifold, then the induced
almost Hermitian structure {J,,g = <-,->} is determined by the relation

Jo(X) = Py(X,e1,€2), a=1,2,

where {e1, ez} is an arbitrary orthonormal basis of the normal space of M5 at
a point p, X € T,(M®). The submanifold M® C O is called Gl-submanifold if
for arbitrary vector fields X,Y € R(M?) the following condition is fulfilled

Vo (F)(X,Y) - Vix(F)(JX,Y) =0. 1)

Here F(X,Y) = <X,JY> is the fundamental (or K&hlerian [8]) form of M5,
V is the Riemannian connection of the metric. We note that A. Gray and
L. M. Hervella have proved that the condition (1) is equivalent to the following
relation imposed on the Nijenhuis tensor S [1]:

<S(X,Y),X>=0.
We recall that the point p € M is called general [6], if
eo ¢ Tp,(M®) and T,(M®) C L(eo)*,
where eg is the unit of Cayley algebra and L(eg)™ is its orthogonal supplement.
A submanifold M® C O consisting only of general points is called a general-type

submanifold. In what follows all the considered M® are meant as general-type
submanifolds.

3.
We use the Cartan structure equations of an almost Hermitian M® Cc O
obtained in [7]:

1 1
dw® = wi A Wb+ —e“h[thc]wb Awe + —=€%P D cw® A wy;

V2 V2
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dwq

Il

' 1 1
"wZ A wp + -—Eah[thC]wb Aw® + —Eathhcwc A wb;

V2 V2

1 .
dof = wE Awf = (5000 Dap D75y + Y THTS, )k A,
©

Il

Here eqbc = €123, £9%¢ = £9b¢ are components of the Kronecker tensor of the
third order [10], Jggh = Jgég - 5‘;6{:,

D" =D, Dy°= Dy, D".=D;,

D.j = £T5 +1iT5, Dsj = +T§; —iT5,
where T,f} are components of the configuration tensor (in A. Gray’s notation [4],

or the Euler curvature tensor [11]), i = v/—1. Here and further a,b,c,d, g, h =
1,2,3;a=a+3; p=17,8;k,j =1,2,3,4,5,6.

The Gray-Hervella condition (1) on almost Hermitian structures belonging
to the G1 (= W1 @ W3 @ Wy) class is equivalent to the skew-symmetry of the
Kirichenko structure tensor on the first pair of indexes [12]:

B = _Bbac’ Babe = —Bbac-

We use the Kirichenko tensor relations for six-dimensional almost Hermitian
submanifolds of Cayley algebra [12], [13]:

1 1
Bobe — _\/_Esah[bphc), Bape = —5ah[thC]‘

V2

Hence, the following equalities are a criterion for an arbitrary six-dimensional
submanifold of Cayley algebra to belong to the G1-class.

e®M Dyl = gbhlep el eanpD" ) = eoniaD"y)- (2)

Lemma The condition (2) is equivalent to the fact that the matriz (Dgs) is
scalar, 1.e.

Dgs = % 5; tr Dya.

Proof First we note that every equality from (2) can be obtained by the com-
plex conjugation of another one. It is enough to adduce the following arguments.

1. Let (2) be fulfilled:
Eah[thc] — Ebh[aDhc] o
Eah[thc] _ €bh[aDhc] =0 &
Eahthc _ Eathhb + 6bha.l)hc _ Ebthha =0 &

Eathha + EthDh& =0.
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We reduce this equality (gcfd):
034 Dys + 65iDha = 0 <
(6304 — 6307) Dy + (570% — 5367)Dha = 0
63Dy — 0aD sy + 6?‘Dd& - 53Dfa =0,
(bf) : Dga —63trDga +3Dgs — Dga =0 &
Dgy; = % 85 tr Dys.

Thus, (2) = Dgs = % (5; tr Dys.
2. We prove the inverse statement. Let Dgz = % 053 tr Dgs. Then

Eah[thc] _ gbh[aDhc] — EathhB + €bthha

L 1
= -?:(Eahc 52 tr Dgz + ghhe 52 tr Dd&) = g(EabC tr Daa + €b* tr Dd&)
1 1
=3t Dya (e + &%) = gt Daa(e%® — ) = .

Taking into account the remark at the beginning of the proof, we come to the
conclusion 1
Dy; = g (53 tr Dgz = (2)
As a result we have that the conditions (2) and Dag = § 85 tr Dy, are equivalent.
O

It is interesting to note that the condition for the matrix (Dgz) to be scalar
is a criterion for an almost Hermitian submanifold of Cayley algebra to belong
to the Wy @ W3-manifolds class [12], [13].

Thus is proved

Theorem FEuvery siz-dimensional G1-submanifold of Cayley algebra is a man-
ifold of the W1 & W3-class.

As the almost Hermitian structures of the W; @ Ws-class are semi-Kahlerian
(SK-structures) [1], [12] we get an important

Corollary 1 Every siz-dimensional G1-submanifold of Cayley algebra is a semi-
Kahlerian manifold.

We remark that the Hermitian (H, or W3 @ W) structures on the six-
dimensional submanifolds of Cayley algebra can be represented only by the
structures belonging to the H N SK-class:

H=W3®W4, SKZW;l@WgEBWa,
HNSK = W,
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Corollary 2 FEvery siz-dimensional Hermitian submanifold of Cayley algebra
is a special Hermitian (W3) manifold.

Similar considerations will lead us to the correctness of two other statements.

Corollary 3 Every siz-dimensional Vaisman-Gray submanifold of Cayley alge-
bra is a nearly-Kdihlerian manifold.

Corollary 4 FEvery siz-dimensional locally conformal Kdhlerian submanifold
of Cayley algebra is a Kdhlerian manifold.
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