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KYBERNETIKA — VOLUME 24 (1988), NUMBER 1

CHARACTERIZATION OF o-ENTROPY
WITH PREFERENCE

R.K.TUTEJA, L. C. SINGHAL, ASHOK KUMAR

A characterization of a-entropy with preference is provided. Further an attempt is made
o characterize this measure by weakening the symmetry postulate.

1. INTRODUCTION

Let 4, = (ps, P2, --» Pa)s Pi 2 0, Y. p; = 1 be a probability distribution associated
=1

with discrete random variable X assuming a finite number of values X, X5, ..., X,..
Havrda and Charvit entropy of order a (cf. [2]) is defined as

Y-l

(1‘1) Iu(An) =

i=1
, a+l, a>0.
2t g

In order to distinguish the events X, X,,..., X, of a goal directed experiment
according to their importance with respect to the goal, Belis and Guiasu [1] intro-
duced a ‘utility distribution’ (ul, Ugyeney u,,), where each u; > 0 is the utility of an
event with probability p;. Then a-entropy with preference is given by

Yupdpit = 1)
(1.2) L(PU)=2— | a1, a>0.

In this paper, we characterize this measure by axiomatic approach. Also the
postulate of symmetry is replaced by a weaker postulate.
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2. CHARACTERIZATION

Let
L4, xR >R, nz2

where

A
DM

An=(P1»P2,---,Pn), 0= p; pi=1, R+:(0,00),

satisfies the following postulates.

Postulate P 1 (Recursivity).
In(Pu D25 -ovs Pus Ups Uz, v, Uy} =
L s(P1 4 Pasevos Do 1,2, %3, .0, u,) +
+(ps + p2)* Ly (*‘Bl— — Uy, uz)
Pi1+ P2 Pyt D2
where u,; , = ("11"1 + uzI’z)/(P1 + Pz) >, P1+ P2 5(0, 1]-

Postulate P 2 (Symmetry). 1,(p, Pa, .- » Pu 1, Us, ..., 4,) is @ pairwise symmetric
function of its arguments.

Postulate P 3 (Differentiability). f(p, uy, u,) = I,(p, 1 — p;uy, u;) has conti-
nuous first order partial derivatives with respect to all the three variables.

Postulate P 4 (Normalization). I,(}, 134, 4) = 4, I,(1,0,uy, u,) = 0; 2 > 0.

Theorem 2.1. If I,: 4, x R}, - R, (n = 2, 3, ...) satisfy Postulates P 1, P 2, P 3 and
P 4, then

n
‘; piui(Pi—l - 1)

(2.1) L(p1 Py - Dus s ta, oo Uy) PTEr— akl, x>0,
Proof. By symmetric Postulate P 2, we have
(2-2) Is(sz Pas P3s Uy, Uy, us) = Is(Pz: D3, P1; Uz, Uz, u1) =

= I3(Ps, P1s P2 U3, Uiy, )
Using Postulate P 1 in (242), we get the following functional equation

(2:3) f(pr + pas g us) + (pr + Pz)lf(p I_J: s Uy, u2> =

1T P2

= f(Pl: Uy, ”2,3) + (1 - Pl)uf( P2 5 Uz, “3) s
. 1-p

) 21 +I72€(051], 171‘5[0,1)
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and
(24) F(p1 + pasuy 2. u3) + (po + pz)“f(JLﬂ Uy, “2) =
py + P2
= f(p2 1,11 ,3) + (1 — Pz)“f(%;; Uy, ua): ot Pe(0,1], pre[01).
Differentiating partially (2.3) and (2.4) with respect to P2, and p, respectively,

(2-5) fp(Ih + P2, “1,2:“3) + Mfu,,z(}’i + P24 2, u3) +

(1 + p2)?
+ “(PJ + Pz)m‘lf('&**» Uy, “z) - Pl(Pl + Pz)a_zfp (‘*pl——‘, Uy, uz) =
Py + P2 p1 + P2
= (1 - I’1)r1 fp ( P2 5 Uzs us)
1-p
, U
(2.6) folpr + D2s 2, Us) — '&M fu,,z(l’x + Doty 5, U3) +

(p1 + P2y

+ “(Pl + Pz)z_lf< P s Ugs “z) + pafpy + Pz)rzf,z (*"p1 > Uy “2) =
P1+ P2 P1+ P2

= (1 - PZ)E_lfp( Py ,“n“s)

L—p;
Setting py + p, = 1, the equations (2.5) and (2.6) give
(2.7) Solps g, u) = pi7 " floug, us) — (L — po)*~ F(1, ug, us) +
+ (U = tg) fuy o(1, g 25 u3) -
Setting f,(1, u, w) = B, f,(1, u, u") = Aow in (2.7) and integrating with respect to p,
(2.8) f(p,uy, u;) = A[ugp* + uy(1 — py*] — Blusp + uy(1 — p)] + Cluy, u,).
Normalization Postulate P 4 gives

A=B=1)@2'""~1), C=0.

Therefore
wp(p*t = 1)+ uy(1 — p) (1 = py*t — 1

I L e
By successive application of P 1 we get
(2.10) . I,,(p1,P2,~-~,P,,§"1,”z;'-~, “n) =

n

P1+ P2ty Pi

= p+p+...+p“1( - , S UL k-1 Uy | =

n;z(‘ * L PPt tm Pitotp U
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"
= Z(Pl +p2t .+ Pk)uj.(“—‘h”mi;’ s ULz, k—1s uk) =
k=2 Pt prt .o+

n
i
= Z (I:f(”k—‘l,ul,z....,kqs”k>
k=2 9

where g, = py + P2+ -+ Do U120k = (Ga-1¥1,2, -1 + Pith)[ Qe

(2.9) and (2.10) gives
Lpts Do ooy D3 13 1, o) =

1 LA NV w1
i (T Tl T
2 — 1| &=2 e a5 a: | \g¢

1 . " _
=5ia —i Zz [”1.2,..4,1‘—1 Gi-1 + i — g; ! [”1.2,,...1(41 G- + ukpk]] =
— 1&=

_ZﬁuiPi(Pgil - 1)
BT

This completes the proof of the theorem.

3. CHARACTERIZATION WITHOUT SYMMETRY

In this section, we characterize a-entropy with preference without assuming
symmetry. We replace the postulate of symmetry with a weaker postulate.

Definition 3.1. Let n be a positive integer greater than 1 and 4, B be two non-empty
subset of R. A function f,: A" x B" — R s said to be n-cyclic over its domain if it is
invariant under one cyclic shift, that is

Ful1s Xas oo Xt X3 Vi, V2o oo P =
= oK X1> X2e v e0r X 13 Vs Vs o0s Vi) 11 2 2
(xu X2y 00es x,,) €A, (Vi Yas-eor y,,) eB".
Definition 3.2. A sequence of functions {f,},5, where f,: 4, x R} — R, is called
left expansible if
fn(Pia Poseves Pus Ugs Upy oy ”n) =
= o100, Pis P2y s Pus 0y, ooy 1) u >0
where R, = (0, ).

Postulate P 5 (Cyclic Symmetry). L(p, . ..., Py g, Uz, ..., 4,) is an n-cyclic

symmetric function of its arguments.

For n = 2, Postulate P2 and P 5 are equivalent. It is obvious that P 2 implies
P 5, but the converse is not true. For example consider the following:
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Example 1. Let ¢,: 4, x R}, » R, n = 2,3,4, ..., be defined as
. ‘f’n(PnPZv---:Pn;“puzs---,“n) =
=lzl(”epi + ”i+1[’.‘+1) (Pi - Pi+1) + (”nP» + “1171) (Pn - P1)-
Then {d),,},,gz is an n-cyclic sequence of functions, but functions ¢, are not symmetric
for n > 2. Hence Postulate P 5 is weaker than P 2.
Lemma 3.1. Postulates P1, P4 and P 5 (n = 2) imply left expansibility, i.e.,
(3-1) In(Pla D2y -oos Dys Uy qu'”sun) =
=1,44(0, P> Pz, s P U, Uy, g, .. u,) for u>0.
Proof. Let p, be the last non-zero component of (0, Piseos p,,). Then the right
side of equation (3.1) is
(3.2) L0, pys Doy oo P 050,10 05 8, 0y, Uy ooy U Uggy ovey Uy) =
B In+1(17k» 0,0,...,0, Py, oo Pr i3 Ui W15 vnny Uy Uy g, Uy oy uk—l) =
B In(Pk, 0,0y 0, Prscens Drm15 Uiy U s Upa 3y vees Uy Uy Ugy oy uk—'l) +
+ (Pk)q 12(1, 0, g, 4 1) =
= I,,(Pk, O, ety Provvns P13 Upes Uitz voes Uy Uy U gy ey u,‘_l) =
Induggively LiDas Dis s Pt i ey Uy ooy Uy -
Similarly, the left hand side of (3.1) can be proved to be equal to (3.2). This completes
the proof.
Lemma 3.2, Postulates P 1, P4 and P S imply P 2.

Proof. For n = 2, the result is obvious. For n = 3 and one of the p; is zero,
then the result follows from Lemma 3.1, Postulate P 5 and symmetry of I,. If all
p; > 0,i = 1,2, 3, then Postulate P 1 and symmetry of I, give

(3-3) 13(171, Das P35 Uy, Uy, '43) = IJ(PZs Py, D3; Ua, Uy, u3) .
Postulate P 5 and equation (343) imply symmetry of I5.

Now, we prove that I,, n = 4 are also symmetric functions of their arguments.
We complete the proof by induction on n. The result follows immediately from
Lemma 3.1, Postulate P 5 and induction hypothesis if one of p; is zero. Hence it is
enough to prove the following for p; > 0 for each i

(3-4) In(Pu Paseees Pus Ui Uzy oeey un) = In(Pz, Pis> P35 -5 Du> Uz, Uyg, Uz, ooy u")

(3~5) In(pis D2 P3s ---5 Dyy Uas Uz, Uz, o Uy) =
= In(pu P25 Di3ys Prqays ++ o5 Prinys Yis Uzs Ugzys -o s uk(n))
(3'6) In(Pl’ P2> P3s Pas -+ o5 Dy Yts Uy Uz, Uy, ..oy u,,) =

= 1,(P3, P2y Pis Pas v s U3y Uy g, Uy ooy )

where {k(3), k(4), ..., k(n)} is an arbitrary permutation of {3, 4, ..., n}.
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First we prove (3.4)

In(Pp D2y P3y ooos Py Ug, Up, Uz, ey u,,) =
P1
= L_1(P1 & Doy P s Db U125 U3, ooy u,) +

N A

B S, Uy, Uy
P1+ P2 prt Py
Symmetry of I, I

- n

—1(P1 T D2y P35 ooy Dus Uy 25 Us, ooy “n) +

z )4 p

+(p1 + p2) (’——‘“2 , —— Uy, u,) =
P1+ P2 P+ P2

u Iu(p2! P15 P3s -

oy Dy Up, Uy, Uz, ooy ”n) .
Now we prove (3.5)

In(l’h D2y -vs Dus Uy, Uz onny “n) < ];:—1(171 + P2, P35 - oos Db Ug,25 Uss

+(P\+P2)a12<—p—l” 2 >=

IRTRES

> T U Uy
Py 4+ P2 py+ P2
by the induction hypothesis

In—l(l’l + P2, Piay <> Prtmys Yi1,2> Yz s “k(n)) +

+ (pl + Pz)alz <__pl_ P2 » uxs“z) =

P+ 0 Pyt
2 In(Pu D25 Pi(3)s +++> Pr(ny> Was Uz Ur(ays - uk(u)) B
where {k(3), k(4), ..., k(n)} is an arbitrary permutation of {3,4,...,n}.
Finally we prove (3.6)

In(ph D25 P3s Das s Dy Ui U, U, Uy oos Uy) =
Ps _
= n(Pn—u Pu> P15 P2y --os P2 U1 Uy Uy, ooy “n—z)—

Eq. (3.5) .
= In(Pn~1: Dus P35> P2s Dis Das o5 Pu—25 U gy Ups Uz, U, Uy, Ugs ooy “n—z)

B In(p3! D2> Di> Pas -ves Pus Uz U, Uy Uz, ey “n) .
This completes the proof of the lemma.

Theorem 3.1 If I,: 4, x R}, - R, (n = 2,3,...) satisfy Postulates P 1, P3,P4
and P 3, then

(3.7)

LDy, Pas ooy Pus Uys Uy ooy thy) = 2—1”‘1——1 Soup(pit ~1) >0, a1,
—14=1

The proof of the theorem follows from Lemma 3.2 and Theorem 2.1
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