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KYBERNETIKA — VOLUME 79 (1933), NUMBER 3

MEASURES OF VECTOR INFORMATION
WITH THE BRANCHING PROPERTY

BRUCE R. EBANKS

It is known that, for a large class of monoids (S, %), all solutions of the functional equation
A(s, 1)+ A(s * 1, 0) = A(s, t % u) + A(t, u)
ford: §2—G (with (G, ) any divisible abelian group) have representations of the form
Als, )= f) + O = fls =D+ wis, 1),
where y is antisymmetric and bi-additive. We show that this class is closed under the formation

of direct products, This result is then used to characterize branching measures of vector informa-
tion on strings of monoid elements.

1. INTRODUCTION

An entropy in the “classical” (pmbabilistic) sense is a sequence (I,) of mappings
from the set of all n-ary complete probability distributions into the real numbers.
More generally, I, can be a function of several probability distributions, as is the case
for directed divergence or inaccuracy. Discussions, properties, and characterizations
of such information measures can be found in the book [2] by Aczél and Dardczy.

Measures of information in a different sense have been proposed and studied by
the author [3], [4]. In [3], a measure of information is a function of a string of
elements from a monoid. In [4], the information measure is a function of pairs
of strings (quantities and “atiraclions") and appears as a utility function. In the
present setting, a measure of information will be a function of m-vectors of strings.

The main results are contained in Sections 2 and 4. In Section 3, a fundamental
functional equation is derived. Its general solution is found in Section 4 and used
in Section 5 to prove the main result of Section 2.
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2. BRANCHING MEASURES OF VECTOR INFORMATION

m

A measure of m-vector information (m = 1,2,...) is a sequence y,: X §§ - G
ji=1

(n = 3,4,...), where (G, +) is a divisible abelian group and each S; is a commutative

monoid (with identity e; )from a certain class § defined below. For notational con-

m m
venience, we write the argument of g, as if it belonged to ( X S;)"instead of X S7.
i=1 j=1
The essential property for our measures is that of branching. A measure y, of

"
m-vector information is said to be branching if there are maps 4,;: X S} —» G, for
alli=1,2,..,n—1(n=3,4,..),such that =t

(2.1) WlVis Vas oo V) =

= (Vs s Vie s Vio Vie 1, € Vi, oo Vo) + du (Vi Visy),
m

forallv,e XS; (k = 1,2,...,n), where e = (ej,e;,..,¢,) and vow = (uyw,,
=1

m

J

UsWs, .o W) for all (u, w)e X S7. For the sake of readability, the operations

i=1

of all S; are designated simply by juxtaposition, as this leads to no confusion here.
All monoids S; are from the class S defined as follows.

Definition 2.1. A commutative monoid (S, *) is said to belong to class § if all
solutions 4 : §* — G ((G, +) any divisible abelian group) of the functional equation

(2.2) A(s, 1) + A(s* t,u) = A(s, t = u) + A(t u),

for all (s, 1, u) € S3, have a representation

(2.3) As, 1) = 8(s) + 5(t) — (s * 1) + (s, 1)
for some map § : § — G and a map ¢ : S* — G which is antisymmetric
(24) Wis, 1) = —y(t,s), Y(s,t)eS?,

and bi-additive. (Additivity in the first variable, for example, means that
Wist, u) = (s, u) + Y(t,u), Y(s,t,u)eS>)

Equations (2.2) and (2.1) have been studied extensively and on many different
domains. On branching measures of information, see [3] and [4] for results on
strings of (m=) 1-and 2-vectors. On equation (2.2), see [8], [5], [6]. [1], [7].

(31 [4):

The following summarizes the above results on (2.2).

Theorem 2.2. A commutative monoid (S, +) belongs to class § if (S, *) is any
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of the following: idempotent, a monoid with zero, a thread, a group, the set of positive
elements of an ordered group, a cancellative w-thread, a near-thread.

Definition 2.3. A w-thread (or thread in the wider sense) is a connected, totally
ordered topological semigroup. A thread is a w-thread with a greatest and a least
element, both of which are idempotent. Finally, a near-thread is a semigroup obtained
by removing the zero from a w-thread (S*, ) which has a zero as least element
and the property S*.S* = S* (global idempotence).

The main result, which is proved in Section 5, is the following.
m
Theorem 2.4. The measure g, : X S} — G (n = 3,4, ...) of m-vector information

i=t
has the (2.1) branching property, if and only if it admits a representation

I a=1 n
(2.5) H,.(Vp s "n) = ‘Pno("1 PR Vn) + Z QDni(Vi) + Z Z ‘//,;(Via Vk) B
i=1 (ST

n m

for all (vq,...,v,)e XS], for some maps ¢, :XS; > G (i=0,1,...,n) and
m j=1 =1

W, X 87 = G, where ¥, is antisymmetric and bi-additive in the m-tuples v, v,.

i=1
That is, , satisfies

(2.6) U, w) = =y (w,u), Y(u,w) e_)'z S3
uov,w) = Y (u,w)+ y(v.w), Yuv,we )'2 s .
j=1

We can easily obtain the following consequence.

Corollary 2.5. A measure g, of m-vector information is (2.1) branching and
symmetric in its arguments v; (i = 1, ..., n), if and only if there exist maps @,, @, :

: X 8; = G such that

i=1

27) Y15 s Vo) = GulVy oo vy) + Y 0,(vi) -
i=1

Proof. Assume that u, has the (2.1) branching propzrty. p, has representation
(2.5) by Theorem 2.4. Interchanging v, with vy, (L £ k < n — 1), by the symmetry
hypothesis, we get

(2'8) ‘Prm{"b) + (/)zx,k+1(vk+1) =+ ‘/’u("ﬁa VA+1) =
= ¢,.A(Vk+1) + 9’n,k+1("k) + lpn(vk-#l’ vi)s

for all (v, Vies 1) € X S7, from (2.5). Letting i+ 1 = eand using ¥,(e, v;) = Y,(v, €) =
i=1

265



= 0 (which follow from bi-additivity), we have
(2'9) D i+ 1("‘) = (P'rk(u) + e, VueX S;.
i=1
Now (2.8) yields
‘//u(vks Vk+1) = l/’n(vkﬂa V;.) s V(Vka Vi+ 1) eX S_% -
; j=1
By the (2.6) antisymmetry of ¥, therefore, :
(2.10) ¥, =0.
Thus. by (2.9) and (2.10), (2.5) becomes (2.7), where ¢, and @, arc defined by
n—1
@n 1= Pu1> Py 1= Puo +kzl(” - k) Cug -

The converse is easy to check. [m}

3. DERIVATION OF THE FUNDAMENTAL EQUATION .

We begin by using equation (2.1) in twe different ways for a given string (v, v,, ...
..., v,)€ X §}. On one hand, apply (2.1) for i = k + 1 (1 £ k < n — 2), then for
i=1
i = k; on the other hand, apply (2.1) first for i = k, then for i = k + 1, then for
k again. Comparing the two results, we find that

I

i
(3']) An,k+1(vh+1’ Vk+2) - AM(V,‘, Visg o Vk+z) =

= Au(Vio Vi 1) + Apraa(es Vk+z) + Ank("k o Vst V;.-+z) s
for any (v, Vit s Vir2) € X S3. With v, = e, (3.1) becomes
J=1

(3.2) Ayics 1Vies 15 Vi 2) = A(Ves 15 Vier2) + du@, Vi) +
+ 4y ei(e vipa) — A8 Vigy o Vk+2) .
From (3.1), using (3.2), we now get (with u = v, v = Vi1, W = Vis2)
(3.3) Alv, w) — dyle,vow) + A (u,vew) =
= AU, v) — Ayle.v) + Aucv, w),

for all (u,v,w)e X 5} and all k=1,2,...,1n — 1. (To get (3.3) for k=n -1,
j=1
use (3.1) and (3.2) for k= n — 2 and solve (3.2) for 4u,-2(Va-1 ¥,) jnstead of
Ap - 1(V,-1, v,); then substitute for 4, ,_, terms in (3.1)-
"
Fix n = 2 and k = 1 (temporarily) and define F : X S} — Gby
j=1

= n

F,v) = 4a(av) = dulerv), W@VEXS)
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Then, by (3.3), F satisfies
(34) F(u,v) + Fluov, w) = F(u,v o w) + F(v, w)

m

for all (u, v, w)e X S%, and 4, is given by
j=1
(3.5) Ay (u,v) = F(u,v) + 4,,(e,v), V(u, v)e_)(l s7,
=

for an arbitrary map 4,,(e, ): X §; > G.
i=1
Thus we have proved the following.

Lemma 3.1. If 11, (n = 3, 4, ...) is a (2.1) branching measure of m-vector informa-
tion, then the branching functions 4, (i = 2,3, ..., n — 1) can be obtained recursi-
vely from 4,; and arbitrary one-place functions 4,; (e, -) through (3.2). Moreover,

4,, is given by (3.5) for an arbitrary solution, F : X S7 - G, of (3.4).
Jj=1

Our immediate goal is, therefore, to solve (3.4).

4. SOLUTION OF THE FUNDAMENTAL EQUATION

The principal tool to be used in solving equation (3.4) is the following.

Lemma 4.1. If (X, @) is a commutative monoid, and if (S, %) €S, then a map
F (X x S)* —» G (with (G, +) a divisible abelian group) satisfies

(4.1) Fx,r;p,8) + F(x @ y,r=s;2,1) =
=Flx,ry@zs=0)% Fy,s;2,0),

for all (x, v, z) € X® and all (r, s, 1) € S, if and only if there exist maps @ : X x S —
- G, (X x §)* > G, F: X* > G such that

(4.2) F(x,rivs) = F(x.p) + o(x, 7)) + (3, 5) — o(x @ y, r*s) +
+ ey, 8),

for all (x, y)e X?, (r,5) e S% where ¥ is (2.6) antisymmetric and bi-additive, and

F satisfies

(43) Fx, )+ Fx@y.2)=Fx,y@®z)+ F(y,z), ¥(x,y,z)eX®.
Proof. Lemma 4.1 in [3]. ]
With Lemma 4.1, we obtain the following result.

Theorem 4.2. Let S;€8§,j=1,2,...,m; let (G, +) be a divisible abelian group.
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m n
A map F : X §2 - G satisfies (3.4) for all (u, v, w) e X 57, if and only if there exist
j=1 i=1

amap ¢ : X S; > G and an (2.6) antisymmetric bi-additive map ¢ : X S} - G for

which /=1 i=1
(44 F(u,v) = o(u) + ¢(v) — o(ucv) + ¢(u,v),
for all (u, v) e ),E s \
i=1
Proof. Let F satisfy (3.4). In this direction, the proof is by induction on m. For
m =1, it is simply a restatement of Definition 2.1.
Assume the truth of the theorem for m = n. Let v, denote (vy, v,, ..., v;) = the

n

first i coordinates of ve X S;, for i = 1,2,...,m — L. Also, let u; ® v; denote
. i1

(104, U305, -, ;) = the restriction of u o v to its first i coordinates (i = 1,2, ...

<o m — 1), for any (u, v) e X S3. Then, for m = n + 1, (3.4) can be written
i=1

(3'4) F(un: Uy 15 Vi Uyr1) + F(an @ ;m Uy 1Upy1s VT’ns Wopq) =

= F("m_”nﬂé vV, D w, 0, W, +1) + F("n: Ups1s Wi Wy 1) .

Now, applying Lemma 4.1 with X = X S;and S = S,y we get

(4.5) F(an, Uyy 1) \;,,, v"H) = F(ﬁm \7,,) + o(u) + (ﬁ(v) — g?;(u oVv) + ll;(u, v),

where F satisfies (4.3) and ¥ is (2.6) antisymmetric and bi-additive. But, by the induc-
tion hypothesis, F has a representation of the form

(4.6) F@u,v,) = a@,) + ¢(v,) — ¢, ®v,) + §(u, v,),

where  is (2.6) antisymmetric and bi-additive. Combining (4.6) with (4.5) and
defining o(u) : = ¢(u) + (&), Y(u, v) := P(u, v) + §(d,, v,) for all (u, v) e".;(1 s3,
we have (4.4) for m =n + 1 (with ¢ (2.6) antisymmetric and bi-a.dditive),J:\Jsl re-

quired.
The converse is easy to check. [

Remark. Theorem 4.2 says that § is closed under the formation of direct products.

5. PROOF OF THEOREM 2.4.

Let g, (n = 3,4,...) be a (2.1) branching measure of m-vector information. By
Lemma 3.1 and Theorem 4.2, 4,, has a representation in the form

nl

Ay, v) = 0,5 (1) + 0u2(¥) = @us(u o v) + Y, (u, ¥)
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m
for all (u, v) e X S2, where ¢,5(V) 1= 0,1(v) + 4,,(e, v) and y, is (2.6) antisymmetric
j=1

J
and bi-additive. Furthermore, 4,2, 4,3, ..., 4
(3-2), giving

an—1 arte defined recursively through

(5~1) Am‘("» V) = (ﬂni(u) + (Pu.i+1(V) - ‘Pni(” oV) + '/’n(”, V)
for all (u,v)e X 87 and all i =1,2,...,n — 1, where ¢,; is defined recursively
j=1

=
bY @uis1(U) 1= @,(u) + 4,(e, u). We have also used the fact that y,(e, u) =0

m

for any ue X S;, which follows from additivity in the first variable.
i=1

Now, by (2.1) and (5.1), we have
i‘n(Vx» Vas o ¥,) = Vs Ve Ve g oV, @) (P,Ln—l(vw 1) +
+ @unl¥n) = Gun—1(Vn1 0 Vo) F (Vo) =

"
o=V e Vs, e e ) + Y 9,(v) —
i=1
n—1 n

- %1("1 oVio.oV,) + Y 2, Plvis Vi) »
1

i=1 k=it
where we have also used the additivity of ¥, in the second variable. Defining l;‘?no(u) =
= v, e e, ..., e) — g,(u), we obtain the asserted form (2.5).
Again, the converse is easy to check, and Theorem 2.4 is established. O
(Received April 16, 1982.)
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