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ASYMPTOTIC PROPERTIES OF NONOSCILLATORY SOLUTIONS 

OF NEUTRAL DELAY DIFFERENTIAL EQUATIONS 

OF n-TH ORDER 

PAVOL MARUSIAK, Zilina1 

(Received April 10, 1995) 

1 . INTRODUCTION 

We consider a neutral differential equation in the form 

(E) Ln[x(t) + p(t)x(h(t))] + q(t)f(x(g(t))) = b(t), 

where L0z(t) = z(t), Lkz(t) = ak(t)(Lk-iz(t))', k = 1,2,.. .,n, a0 = an = 1, 
ak e C([0,oo),(0,oo)), k = l,2,...,n-l,p,q,h,g,b£ C([0, oo), R), q(t) ^ 0 on any 
half line [t0, oo), t0 ^ 0; 
(Ci) h(t) < t, lim h(t) = oo, lim g(t) = oo, h(t) is an increasing function on [t0,oo), 

t—¥00 t—>CO 

t0>0; 

(C2) uf(u) > 0 for u 7- 0. 
Let t0 ^ 0 be such that T = min{inf h(t), inf g(t)} ^ 0. A function x(t) e 

t^to t^to 
C[T,oo),(R) is a solution of (E) on [t0,oo) if the functions Lk[x(t) + p(t)x(h(t))}, 
0 ^ k ^ n exist and are continuous on [£o,oo) and x(t) satisfies the equation (E) on 
[*o,oo). 

In this paper we will consider only such solutions of the equation (E) that 
sup{|x(i)|; t ^ tx} > 0 for any tx ^ t0. Such a solution is called nonoscillatory if it 
is eventually of constant sign for sufficiently large t. Otherwise it is called oscillatory. 

Many authors have been studying the oscillatory properties of solutions of neutral 
differential equations with positive or negative coefficient q(t). Numerous interesting 
results of this type can be found, for example, in the papers [1-3, 5, 6, 9-11] and in 
the references given therein. We know only the papers [4, 8] dealing with the case 

1 Research was supported by Grant Agency for Science 1/2014/95. 
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when the coefficient q(t) can change the sign. In this paper we extend some results 
from the papers [4, 7, 8] to the equation (E). 

2. PRELIMINARIES 

Denote 
(1) A-°-(*) = t, hW(t) = hih^-^it)), k = 1,2,...; ht-Q(t) denotes the inverse 

function to h^(t), n = 1,2,.... 

(2) P0(t) = 1 , I W * ) = Pk(t)p(hM(t)),k = 0,1,2, . . . ; 
(3) 7(0 = sup{s ^ 0; h(s) ^t},t> 0, 7o(*) = r, 7fc+1(*) ^ 7(7fc(*))> *; = 0 , 1 , . . . . 

It is easily verify that 7fc(£o) < 7fc+i(^o), lim 7fc(̂ o) = oo if h(t) satisfies (Ci). 
£ — • 0 0 

Lemma 1. [8; Lemma 1] (a) Let 

(4) u(t) = v(t)+p(t)v(h(t)), 

where u, v,p,h G C([to, oo), R), and h(t) satisfies the condition (Ci). 
(b) Let there exist constants pi,P2 € R such that 

(5) I P W K P I < I , PWP(M*))^O, 

or 

(6) p2 ^ p(t) ^ 0 

holds for t ^ to- Assume that 0 < v(t), liminf v(t) = 0 and there exists lim u(t) = 
t—>oo £->oo 

L € R. 
Then L = 0. 

A similar lemma we can find in [5, Lemma 1.5.2], in which h(t) = t — c, 0 < c £ R 
and p(t) has a constant sign. 

Lemma 2. Let the assumption (a) of Lemma 1 be satisfied. Let there exist 
constants pi,p3 G R such that either (5) or 

(7) P ( 0 < P 3 < - 1 

hoids for t ^ to-
Assume that 0 ^ v(i) -̂  t>0 < oo and lim u(t) = 0. Then lim t>(£) = 0. 

t—yoo t—>oo 

P r o o f , i) Let (5) hold. Then the proof is the same as the proof of Lemma 2 [9]. 
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ii) Let (7) hold. Then from (4) with regard to (1) and (7) we obtain 

v(t) ^ - [u(h~W(t)) - v(h~W(t))], for 7i (0 > ^ 
P2 

By iteration for sufficiently large t we have 

(8) v(t) ^ - u ( r W ( t ) ) - —2u(h~W(t)) + . . . 
P2 P2Z 

+ ( - I ) " " 1 i u ( f c - W ( j ) + (-l)"J-v(h-M(t)) for ln(t) > to. 
p2n p2n 

In view of lim u(t) = 0, for any e\ > 0 there exists a sufficiently large t\ such that 
t—?»oo 

\u(t)\ < £\ for any t^t\. Then from (8) we obtain 

i«(«)i ^ 
ІP2І-1 ІP2І"' 

Therefore for any e > 0 there exist e\ and n = n0 e N such that i j 1 _ 1 + rr̂ j-r < £• 

Then the last two relations imply lim t;(£) = 0 . • 
£-»oo 

Lemma 3. Let the assumption (a) of Lemma 1 iioJd and |p(£)| < pi < 1 for 

t ^ to > 0. Ifv(t) > 0 and u(t) is bounded from above (i;(£) < 0 and u(t) is bouded 

from below) on [to,oo), then v(t) is bouded. 

P r o o f . Let v(t) > 0 and u(t) ^ K < oo for t ^ t0. From (4) in view of (l)-(3) 

we obtain 

v(t) = u(t) - p(t)v(h(t)) = u(t) - Px(t)u(h(t)) + P2(t)v(hW(t)), t > 7(to). 

Repeating this argument we find 

m —1 

(9) v(t) = £(-l) f cP f c(t)U(/it f c](t)) + (-l)mPm(t)v(hW(t)), 
k=0 

t ^ 7m(fe),m = 1 , 2 , . . . 

Let 0 < v(t) ^ c for t e fr>,7(*o)], then ft-m-($) e [7m(«o),7m+i(*o)] and 0 < 
v(h[m](t)) ^c. 

If \p(t)\ < Pi < 1 then by (2) | Pk(t) |< pf < 1 for * ^ 7*(*o),* = l f 2- . . . f m. 
Then from (9) we have 

m - l . . . 

0 < v(t) ^KY^Pi+P?c^ TZT~ + c = Kl < °° 
fc=0 ^ 

for t € [7m(£o),7m+i(£o)]>™ = 1,2,— The last relation for t -+ oo implies that 
0<v(t) ^Ki. 

Analogously we prove the result if v(t) < 0 and u(t) is bounded from below on 

[*o,oo). D 
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Lemma 4. [7, Lemma 2] Let w G C([t0, oo), R), v G ̂ ( [ t ^ o o ) , R) and Jet there 

exist lim \w(t)v'(t) + v(t)} in the extended real line R# . Then lim v(t) exists in R # . 
t-+ooL W J t^HX> 

Denote 

(10) ^o(t) = 1, Ak(t) = f A f c " l ( s ) d s , if A*(oo) = oo 
J to °*W 

for k = 1,2,.. .,n - 1. 

(11) 4>(t) = 1, A*(t) = f°° *tzM d5, if Ak(t0) < oo 
Jt afc(«) 

for k = 1,2,.. .,n - 1. 

Lemma 5. Let k G {1,2, . . . , n } , u*(t) = j£ .Afc_i(s)(Lfc_i2(s))'ds, where T > 
t0, L0>2:(t),.. .,Lnz(t) are continuous functions on [to,oo) and Ak(t), fc = l ,2, . . . ,n—1 
are defined by (10) or by (11). 

a) if 
lim ufc(t) = +oo (-co) for fc = 2 ,3 , . . .,n, 

t—>oo 

then lim Ui(t) = +oo(-oo), z = 1,2,.. . , k - 1. 
£—>oo 

(ii) Let z(t) be a bounded function on [t0,co) and let there exist lim un(t), then 

lim z(t) = z0 G R. 
*-+oo v 

If (10) holds, then in addition lim L{z(t) = 0, i = 1,2,..., n — 1. 
£—>-oo 

P r o o f . We easily prove that the functions uk(t), k = 1,2,...,n - 1 satisfy the 

differential equation 

(13*) ^§)U'M ~ Uk^ = ™*+i W' t ^ T > t0, 

where e = + 1 , or —1 if (10) or (11) holds, respectively, 

(14) Ufc+i(t) = ufc+i(t) + Ak(T)Lk_iz(T), k = 1,2,.. .,n - 1. 

In view of (10) or (11) and ( d ) we have Ak(t) > 0, A'k(t) > 0, k = 1,2,.. .n - 1, 

for t S*T> t0. 
The equation (13*), k G {1, 2 , . . . , n - 1} can be written in the form 

(uk{t)\> A'k(t)_ 
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From the last equation we obtain 

fl A' (s) 
(15fc) uk(t) = e Ak(t) / -f^-uk+1(s)ds, 

k e { l , 2 , . . . , n - 1 } . 

(i) Let fc € {1,2, . . .,ra —1} and lim uk+\(t) = oo.Then by (14) lim uk+i(t) = oo. 
t—>oo t—)-oo 

Then from (15k), taking into account (10) or (11), we obtain that lim uk(t) = oo. 
t—•oo 

If k > 1, we can repeat this process and getting successively that lim uAt) = oo, 
t->oo 

i = k- 1 , . . . ,2 ,1. 

(ii) Let z(t) be abounded on [T,oo), T > to. Then ui(t) = z(t) — z(T) is bounded 

on [T, oo). If there exists lim un(t), then in view of (13n_i) and Lemma 3 there exists 
t—>oo 

lim un-i(t). If we proceed similarly we successively get that there exist lim uk(t), 
t—too t—too 

k = 1, 2 , . . . , n - 2 . Then with regard to the case (i) and the fact that ui(t) is bounded, 
there are bk: \bk\ < oo such that lim uk(t) = bk, k = 1,2,..., n. Therefore from 

t—ЮO 

Hm [^r|y«' f c(<) - «*(<)] = e[bk+1 + .4fc(T)Lfc-(T)] = 5 f c + 1, 

(fc = 1,2,.. ,,n - 1) and (12) we obtain 

(16) lim ^P£u'k(t) = lim Ak(t)Lkz(t) = bk+1 - bk = ck € R, 
t-*oo A^yt) t->oo 

lim z(t) = bi +z(T) = bi. 
t—>oo 

Let (10) hold. Then from (16) in view of (10) we obtain 

lim Lkz(t) = 0, k = 1,2,..., n - 1. 
£-»oo 

D 

Remark . Denote q+(t) = max{0,g(c)}, g_(t) = max{0, — q(t)}. Then q(t) = 

q+(t) -q-(t), t e [t0,oo). 
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3 . MAIN RESULTS 

Theorem 1. Let (Ci), (C2) and either (10) or (11) hold. Let there exist constants 

Pi,P2,P3 € (R such that either (5) or 

(17) Ps<p(t)<P2<-l for t^t0. 

In addition we suppose that for T ^ to 

/

oo 

An-i(t)\b(t)\dt<oo, 

and either 

/•OO 

(19i) / An-i(t)q+(t)dt = oo, 
JT 

/•OO 

(20i) / An-i(t)q-(t)dt<oo, 

or 

/•CO 

(192) I An-l(t)q+(t)dt<<x>, 

/•CO 

(202) / An-i(t)q-(t)dt = oo. 

Then every bounded solution of the equation (E) is either oscillatory or lim x(t) = 0 
t—>oo 

and lim z(t) = 0. If (10) hoids £i_e__ in addition t—»oo 

(21) ! ímL f c ; ţ í ) = 0J Ä = 1, 2,. . ,,n - 1. 
t—>oo 

P r o o f , Let r(t) be a bounded positive solution of (E) on [to, oo). Without loss 
of generality we suppose that x(g(i)) > 0, x(h(t)) > 0 for i ^ ti ^ to- If #(_) is 
bounded, then in view cf (5) or (17) we have that z(t) is bounded on [ii,oo). 

Multiplying the equation (E) by An-i(t) and then integrating from ti to t (> ti) 
we get 

.-•t ft 

(22) un(t)= j An-i(s)Lnz(s)ds= An-X(s)q-(s)f(x(g(s)))ds 
-•ti Jti 

- f An-i(s)q+(s)f(x(g(s)))ds+ f An-i(s)b(s)ds. 
Jtx Jtx 
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Let (19i), (20i) hold. If 

/•OO 

(23) / An^(s)q+(s)f(x(g(s))) ds = oo, 
JH 

we obtain lim un(t) = —oo. Then by Lemma 5 lim z(t) = -oo , which contradicts 
t—•oo t—• oo 

then from (22) in view of the boundedness of x(t) (> 0), (Ci), (C2), (18), and (20x) 
we obtain lim un(t) = — oo. Then by Lemma 5 

t—>oo 

the assumption that z(t) is bounded. Therefore 

/•OO 

(24) / An.l(s)q+(s)f(x(g(s)))ds < oo. 
Jt! 

Then (22) with regard to the boundedness of x(t) (> 0), (Cx), (C2), (18), (20x) 
and (24) yields that there exists a bn G U such that lim un(t) = bn. Then in 

t—>oo 

view of Lemma 5, the case (ii) and the boundedness of z(t) there exists a finite 
lim z(t) = b0 eU. 

£ — • 0 0 

If (10) holds then in addition lim Lkz(t) = 0, k = 1,2,..., n — 1. 
t—too 

From (24) in view of (Ci), (C2) and (19i) we have liminf x(t) = 0. Using Lemma 1 
£—>oo 

we obtain lim z(t) = 0. Now by Lemma 2 we have lim x(t) = 0. Analogously we 
t—•oo t—too 

can prove the result if (192), (202) hold. • 

The following examples are illustrative: 

Example 1. Consider the equation 
(E0 ( e - (x ( t ) - — x(« - 2,)) ') + - j - ^ — f i t - n) 

_ e~2t(5-3sint) 
~ 2 ' 

The assumptions (5), (10), (18), (19i), (20i) of Theorem 1 are satisfied. The equation 
(Ei) has a nonoscillatory solution x(t) = e_£(2 — cost). Then z(t) = |e~ f(2 — cost), 
L\z(t) = e~V(£) . We easily see that x(t), z(t), L\z(t) tends to 0 as t —> oo. 

Example 2. Consider the equation 

(E2) (e2t(x(t) - 5e~2x(t - 2))')' - 4e2 '+1(*2 + l)x(t + 1) = -t2e*. 

The assumptions (5), (10), (18), (192), (202) of Theorem 1 are satisfied. The equation 
(E2) has a nonoscillatory solution x(t) = e _ t . Then z(t) = —4e_t, L\z(t) = 4e*. We 
easily see that x(t), z(t) tend to 0 as t —•> 0 and L\z(t) tends to oo as t -» oo. 
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We see that if (11) is satisfied then (21) need not hold. 

Theorem 2. Let (Ci), (C 2), (5), (11), (18) hold. In we suppose in addition that 

q(t) ^ 0 on [t0,oo) and 

(25) / An_i (t)q(t) dt = oo, F > 0, 

then every solution of (E) is either oscillatory or lim z(t) = 0 and lim x(t) = 0. 
t—»oo t—>oo 

P r o o f . Let x(t) be a positive solution of (E) on [t0,oo). Without loss of gen

erality we suppose that x(g(t)) > 0, x(h(t)) > 0 for t ^ ti ^ t0. Multiplying the 

equation (E) by An-i(t) and then integrating from t\ to t we have 

un(t) = / An-i(s)Lnz(s)ds 
Jti 

= / An-l(s)b(s)ds- J An-l(s)q(s)f(x(g(s)))ds. 
Jti Jti 

Then with regard to (Ci), (C2), (18) and (24), the last equation implies that un(t) 

is bounded from above, i.e.there exist a, T ^ t\ and a constant K > 0 such that 

un(t) = Un(t) + An(T)Ln-Xz(T) < K < 00 for t^ T. Then using (15 n _i)and(ll) 

we get 

І 4 „ _ I ( Í ) 

I -4 U 
гin_i(í) ^ -KAn-i / , 2 ~ V ( d g 

=4-£$]<*• «>г-
If we repeat this argument 72 — 2-times we get that u\(t) = z(t) — z(T) is bounded 

from above. Using Lemma 3 we obtain that x(t) is bounded on [t0,oo). Now we 

apply Theorem 1 we obtain that lim z(t) = 0 and lim x(t) = 0 . • 
t—>oo t—>oo 

Theorem 3. Let (Ci), (C2) iioid and iefc p(£) be a bounded function on [t0,oo). 

In addition we suppose that 

f°° dt 
(26) / -777 = 00, i = l , 2 , . . . n - l , 

Jt{)
 ai\t) 

/»oo 

(27) / |b ( l ) |d6<oo, 
Jt() 
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and either 
/•OO 

(28i) / q+(t)dt = oc, 
J to 

/•OO 

(29i) / q-(t)dt<oo, 
Jt0 

or 
/•OO 

(282) / q+(t)dt<oo, 
Jt0 

/•OO 

(292) / q-(t)dt = oo. 
Jt0 

Then every bounded solution of the equation (E) is either oscillatory or 

liminf \x(t)\ = 0 and lim Lkz(t) = 0 for k = 1,2,.. .,n - 1. 
t—yoo t—>oo 

P r o o f . Let x(t) be a bounded positive solution of (E) on [t0, oo). Without loss 

of generality we suppose that x(g(t)) > 0, x(h(t)) > 0 for t ^ t\ ^ T. Because p(t) 

and x(t) £,re bounded on [t0,oo) then z(£) is bounded. Integrating the equation (E) 

from t\ t&t we get 

(30) ' Ln.1z(t)(t)-Ln-1z(t1)+ f q+(s)f(x(g(s)))ds 
Jti 

= [ b(s)ds + [ q-(s)f(x(g(s)))ds. 
Jti Jti 

Let (28i), (29i) hold. If 
^•oo 

q+(s)f(x(g(s)))ds = oo, г 
Jtл 

ftl 

then from (30) in view of the boundedness of x(t) (> 0), (Ci), (C 2), (27), (28i) we 

obtain lim Ln-iz(t) = — oo. In view of (26) the last relation implies lim z(t) = — oo, 
t—¥00 t-+00 

which contradicts the fact that z(t) is boundet on [t0, oo). 
Therefore 

(31) / q+(s)f(x(g(s)))ds<oo. 
/•oo 

/ Q+(s)f(x( 

Prom (30) with regard to (Ci), (C2), (28i) and the boundedness of x(t) we have 

liminf x(t) = 0. 
t->oo 

In view of (27), (31) and (29i), (30) implies that there exists a finite lim Ln-\z(t). 
t—too 

Now if we use (26) and the boundedness of z(t), we have lim Lkz(t) = 0, k = 
t-+oo 

l , 2 , . . . , n - l . 
Analogously we prove the result if (282), (292) hold. • 
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