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1. INTRODUCTION

The theory of measurable multifunctions has shown to be useful in many math-
ematical fields such as Control Theory [1], Convex Analysis [6], Abstract Evolution
Equations [15], etc.

It is the purpose of this paper to provide some results about the weak compactness
of measurable selections of a measurable multifunction, and to use them to show a
Radon-Nikodym Theorem for multimeasures.

2. PRELIMINARIES

In this section we state some notation and definitions that we are using in the
paper.

For a Banach space X, its dual will be denoted by X*.

We will also denote by Pr(X), Pre(X), Pe(X), Pre(X), Por(X) and P g.(X) the
sets of nonempty subsets of X that are closed, closed convex, compact, compact
convex, weakly compact, and weakly compact convex, respectively.
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For a subset A of X we set

|A] = sup lall;
a€A
cl(A) = the norm closure of A;

Co(A) = the closed convex hull of A;

It has been standard to define measurable multifunctions as follows:
Given a separable Banach space X and a measurable space (2, ), a multifunction
F: Q — Py(X) is called measurable if for each z € X the function

flw)=d(z, F(w)) = inf z—yll
YEF (w)
is measurable; by Castaing Representation ([6]), a closed valued multifunction F':
0 — X is measurable if and only if there is a sequence f,,: Q@ — X of measurable
functions such that F(w) = cl{f,(w)} for each w € Q.

Interested in dealing with integration in non separable Banach spaces, the authors
of [3], inspired by Castaing Representation, defined p-measurability of multifunctions
in arbitrary Banach spaces in the following way: Given a complete finite measure
space (2,%, 1) and a Banach space X, a multifunction F': @ — P¢(X) is called p-
measurable, if there is a p-null set NV € ¥ and a sequence of u-measurable functions
fn: © — X such that

F(w)=cl{fp(w)} forallweQ\N.

This definition allows us to deal with considerable generality in all our results.
Given a measurable multifunction F': Q — Pf(X), we denote by S%. the set

Sh={f: Q= X: [ € i(p); [(w) € Fw) pael,

and for £ € ¥ we denote

/EFd,u{/Efdu: fes,%}.

We say that a measurable multifunction F is integrably bounded if |F(.)| € L' (u).
We recall that a subset K in LY () is uniformly integrable if for each & > 0, there
is & > 0 such that u(E) < 0 implies [, | flldp < e Vf € K. A sequence F,, of
integrably bounded multifunctions is uniformly integrable if the sequence {|F,(.)|}
is uniformly integrable. Following [19, 20], for {4,,A} C P;(X), we say that A/ s
weakly converges to A (A, = A) if, o(z*, A,) — o(x*, A) for each 2* € X* where
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o(z*,B) = sup{(z*,z): x € B} for any non-empty subset B of X. A sequence of
measurable multifunctions {F,} 7, is said to be weakly convergent to F in L (1)
(F, % F), if

/Q o(2* (), Fo(w)) dpa(w) — / o(2* (), F(w)) du(w)

for each z* € (L (n))*.
A multimeasure is a function M : ¥ — P(X) satisfying
() M) = {0}
(11) if £1,FEy € ¥ with E1 N Ey = @, then M(E1 U Eg) = M(El) + M(Eg);
(iii) if {E,},2, is a sequence in ¥ with E; N E; = 0 Vi # j then
M(U E) = Y M(E)
n=1 n=1
= {x € X: for each n € N, there is z,, € M(E,)

such that > z,unconditionally converges to z}.

The multimeasure M is called to have bounded variation if

n
1M = sup > [[M(A)]
i=1
is finite where the sup is taken over all finite partition of 2.
For a fixed measurable space (2,%),c,(X) will denote the Banach space of all
X valued countably additive, bounded variation vector measures endowed with the
norm of total variation.

3. WEAK COMPACTNESS CRITERIA FOR S% IN L% (1)
The following result can be found in [3].

Theorem 3.1. Let F': Q@ — Ps.(X) be an integrably bounded multifunction.
Then St is weakly compact in LY if and only if for almost every F(w) is weakly
compact w € 2.

A small refinement of the above theorem yields the following one.

Theorem 3.2. If 1 < p < oo and F: Q — Py(X) is a measurable multifunction,
then the following statements are equivalent:
(a) St is relatively weakly compact in L% (p1).
(b) SP is bounded in L% (u) and the multifunction G: Q — Pj.(X) defined by
G(w) = ¢oF (w) takes weakly compact values p-a.e.
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Proof. (a = b). Suppose p = 1. If SL is relatively weakly compact in
L% (p) then it is bounded, and by [13] (Theorem 3.2) F is integrably bounded.
Furthermore, given a sequence {f,} C SL, there is a sequence g, € ¢ {fx: k = n}
([8], Theorem 2.1) such that g,(w) is norm convergent in X p-a.e. This implies
o F(w) weakly compact p-a.e.

(b = a). If SL is bounded and ¢oF(w) is weakly compact u-a.e., being F' measur-
able, there is a null set Ny € 3 and a sequence f,: 2 — X of measurable functions
such that u(No) = 0 and F(w) = cl(fn(w)) Vw € Q\ No. Applying the Pettis
measurability theorem [9], for each n € N there is N, € ¥ with p(N,) = 0 and
cl(fn(Q\ N,)) is separable.

(o)

If we put N = |J N,, we have that u(N) = 0 and F(Q\ N) is separable. Let Y

n=0

be the separable Banach space generated by F(2\ V). Then if we set, as in [3],
H: Q— Pp(Y),

H(w) = {F(w) ?fw € Q\ N,
{0} ifweN,

H is a measurable multifunction taking values in a separable Banach space. Applying
Theorem 1.5 of [13], we have that ToH is a measurable multifunction. Since G(w) =
toF(w) = ¢oH (w) p-a.e., we conclude that G is a measurable multifunction taking
values in a separable Banach space. It is easy to see that G is integrably bounded
and G(w) € Pore(X) pra.e. So by Theorem 3.1, S is weakly compact in L (1)
and consequently S} is relatively weakly compact.

Let 1 < p < oo. Since S%. is relatively weakly compact in L% (1) and the injection
i L% (u) — L (u) is continuous, the set S%. is relatively weakly compact in L (1).

If we put M = @, we have that M is decomposable, i.e. if f,g € M and A € X,
then fX4+9gXq\a € X. Then, according to [13] Theorem 3.1, there is a measurable
multifunction G: Q@ — Py(X) such that M = S}. Since S§ is weakly compact

in L% (u), we see that ¢oG(w) is weakly compact p-a.e. Since S = S% D S%,
Corollary 1.2 from [13] implies the conclusion.

For the converse, suppose ¢oF(w) is weakly compact for almost every w € Q and
S%. is bounded in L% (u); then S%. is bounded in L% (u). It is not hard to see that

1
St C SLp = Sep.
By Theorem 3.1, SL . is weakly compact in LY (), which implies that S% is

relatively weakly compact in LY (u). Applying corollary 3.4 of [8], we conclude that
ST, is relatively weakly compact in L% (). O
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Corollary 3.1. If F(w) is convex and weakly compact u-a.e. with F' a measurable
integrably bounded multifunction, then for 1 < p < oo, S% is weakly compact in
L% (w) if and only if it is bounded.

Proof. The condition is necessary for S%. to be relatively weakly compact.

On the other hand, let {f,} be a sequence in S, converging to f in the weak topol-
ogy of L% (). By Mazur Theorem there is a sequence relabeled as {f,} converging
to f in the strong topology of L% (11). So there is a subsequence{ f,, } of {f.} such
that f,, (w)—f(w) for almost every w € Q. This implies f(w) € F(w) p-a.e., and f is
measurable. Therefore f € S%. O

Corollary 3.2. Let X be a Banach space and 1 < p < co. For every measurable
and integrably bounded multifunction F': Q — Ps.(X), Sh is weakly compact if and
only if X is reflexive.

Proof. It is a consequence of the well known fact that a Banach space X
is reflexive if and only if bounded sets and relatively weakly compact ones are the
same. O

Remark 3.1. According to Theorem 3.2 above, Theorems 5.2 and 5.5 of [16] hold
for any Banach space X and any p € [1,4+00). On the other hand, Theorem 5.4 of
[16] is false since ¢y does not contain any isomorphic copy of ¢1, and the multifunction
F: [0,1] — Pfc(co), defined by F(t) = B, = {z € ¢o: ||z]l¢, < 1}, is p-measurable
and integrably bounded with respect to the Lebesgue measure on [0,1]; but S} is
not weakly compact in L (u).

If we want Theorem 5.4 of [16] to be true we should add the hypothesis X is weakly
sequentially complete, since according to Rosenthal ¢; dichotomy a Banach space X
with no copy of ¢; is reflexive if and only if it is sequentially weakly complete and in
such a case our Corollary 3.2 can be applied.

Remark 3.2. The weak compactness of S} plays a key role in the existence of
a mild solution of evolution inclusions ([17]) with the hypothesis F': Q — P .(X).
In [15], in an attempt of giving a different approach in the context of reflexive Ba-
nach spaces, the weak compactness was replaced by closedness and boundedness.
According to Corollary 3.2, this is a particular case of [17].
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4. WEAK LIMITS OF SEQUENCES OF MEASURABLE MULTIFUNCTIONS
In this section we generalize a result due to Castaing [4] and Papageorgiou [19].

Theorem 4.1. Let X be a Banach space with X* having the Radon-Nikodym
property. Let {F,} be a uniformly integrable sequence of measurable multifunctions
F,: Q — P,i.(X) satisfying the following conditions:

(i) For every A € X, the set

o0
m:U/&@
n=1 A

is relatively weakly compact.

(ii) Any bounded variation vector measure m: ¥ — X verifying m(A) € ¢o(Ha)
for all A € ¥ admits a density in LY (u). Then there exists F': Q — P,i.(X)
integrably bounded and a subsequence {F,} of {F,} such that F,;, — F in
L (1)

Proof. Since F,: Q — P,k.(X) for each n € N is a measurable multifunction,
we have that for each n € N there is a set N,, € ¥ such that u(N,,) = 0 and F,,(Q\N,,)

oo
is separable. If N = |J N,, then u(N) = 0 and the closed subspace Y generated by
n=1

F,(©2\ N) is separable. Now we define
=1

n=

Gn: Q— Pwkc(Y)

by
O
{0}; we N.

The sequence G,, is a sequence of measurable multifunctions satisfying

o0
LJ/(%dMZEM;
n=1 A

since X* has the Radon-Nikodym property, by [23], every separable subspace of X
has a separable dual. So Y* is separable. Applying Theorem 5.1 of [4] we find a

measurable multifunction
F: Q— Pwkc(Y) - Pwkc(X)

and a subsequence G, of G,, such that G, — F in L (). Since for each n € N;
G, = F, p-a.e., we conclude that F,;, — F in L ().
An operator theoretical application may be interesting. O
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Theorem 4.2. Let X andY be Banach spaces and T: X — Y a weakly compact
operator. If F,,: Q — P,;.(X) is a sequence of p measurable multifunctions which
is uniformly integrable and bounded in L% (1), then there is a subsequence { F,,;;} of
{F,} and G: Q — P,1.(Y) such that TF,; > G in L ().

Proof. SinceT: X — Y is aweakly compact operator, the factorization scheme
of [7] provides a reflexive Banach space Z and a pair of bounded linear operators
Ti: X — Z and Ty: Z — Y such that T = T o T;. If we concentrate ourselves
on ThF,: Q — Pop.(Z), we find that {T1F,}52, is a sequence of bounded and
uniformly integrable multifunctions on LY (u).

o0
Hence (J {[,T1F,du} is bounded in Z for each A € X and, by reflexivity, rel-
n=1

atively weakly compact. Since both Z and Z* have the Radon-Nikodym property,
Theorem 4.1 implies the existence of a measurable multifunction F': Q@ — P;.(Z)
and a subsequence {F,x} of {F,,} such that

/J(Tank,z*)duH/(F,z*)d,u
A A

for each z* € Z*.
Now, given y* € Y*,y*Ts € Z*, we have

U(TFnk, y*) = U(Tank, y*TQ)
and
o(ToF,y*) = o(F,y*T3).
So the conclusion follows with G = ToF. O

We recall that, by applying the above factorization scheme, Papageorgiou [16] has
got the following result for separable Banach spaces. Since this result easily extends
to arbitary Banach spaces, we state it without the separability assumption:

Theorem 4.3. Let F,,: Q — Ps.(X) be a sequence of measurable multifunctions
and W € P,p.(X) such that F,(w) C W pu-a.e. for all n € N. Then there is
F: Q — Pu.(X) and a subsequence {F,1.} of {F,,} such that F,; = F in L% (u).
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5. MULTIMEASURES AND THE RADON-NIKODYM PROPERTY

Definition 1. Let M: ¥ — P_;.(X) be a multimeasure, and p: ¥ — [0,00) a
positive measure. M is called p-representable if there is a u-measurable multifunction
F: Q — P,kc(X), integrably bounded and such that

M(A):/Aqu VAex.

In this case we say that M is u-representable by F'.

We say that M is absolutely continuous with respect to pu(M < u) if p(E) =0
implies M (E) = {0}.

Proposition 5.1. Let M: ¥ — P,i.(X) be a multifunction u-representable
by F. Then
(a) M(X)= U M(A) is separable;
Aex

(b) F is essentially unique in the sense that if G is another multifunction represent-
ing M then F = G p.c.s.

Proof. a) If there is a p-measurable multifunction F: @ — P,k.(X) such
that F' is integrably bounded and [, Fdy = M(A) VA € %, then by definition

there is N € ¥ such that u(N) = 0 and |J F(w) is separable. Let Y be the
wEQ\N
separable subspace generated by |J F(w). Then for each selector f of F' we have
weQ\N

[ fdp €Y, which implies that |J M (A) is separable.
AEx
b) By (a), we can suppose X separable. Now we apply Theorem IIL.35 of [6] to

get the conclusion. O

Theorem 5.1. Let X be a Banach space. The following statements are equiva-
lent:

(a) Both X and X* have the Radon-Nikodym property.

(b) For every complete finite measure space (2, X, i) and any p continuous bounded
variation multimeasure M: ¥ — P,i.(X) with M(X) separable, there is a
u-measurable integrably bounded multifunction F: Q@ — P,i.(X) such that
M(A) = [, Fdu VYA e X.

If 11 is non-atomic, (a) and (b) are equivalent to

(c) For every probability space (2,3, u) and every p-continuous bounded variation

multimeasure M: ¥ — P, (X) with M(X) separable, there is an integrably
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bounded multifunction F': Q — P, (X) such that

M(A):/Aqu, VA€

Proof. (a = b). Since M(X) is separable, there is no loss of generality in
assuming X separable. Since X* has the Radon-Nikodym property, it is separable
and the proof follows as either in [5] or [12].

(b = a). If X does not have the Radon-Nikodym property, then there is a sep-
arable subspace Y of X which lacks this a property. So there is a m: ¥ — Y
vector measure bounded variation and m < u, which is not p-representable where
Q = [0,1] ¥ is the Borel o-algebra and p is the Lebesgue measure. Therefore the
Radon-Nikodym property on X is a sufficient condition.

Suppose X* lacks the Radon-Nikodym property. By the proposition in [11], if
Q = {—1,1}" is the Cantor group and u the normalized Haar measure on , there
is a subset H C L () such that

(i) H is uniformly bounded;
(ii) {J, fdu}ren is relatively weakly compact for each A € X;
(iii) H is not relatively weakly compact in L ().

Now we define

n n
G:{f:ZgiXAi;gieH,AieE;AiﬂAjz(Z)Vi;éj&UAi:Q}.

i=1 i=1

Since G is a bounded decomposable subset of L% (u), so is G. So there is a u-
measurable integrably bounded multifunction F’: Q — P(X) such that S}, = G.
Take F' = CoF”’. Then F is integrably bounded and by the summation technique used
in the proof of Theorem II1.3.8 of [9] we get that M(A) = [, F'du C co([, fdp)ren
and by Krein-Smulyan M(A) = { / G F du} is relatively weakly compact for each
A € X. Since F is closed convex valued, so is M. In conclusion, M(.) = f(i) Fdu
is a weakly compact convex multimeasure. Since H C S}, this set is not relatively
weakly compact and by Theorem 3.2, F(w) is not weakly compact p-a.e.

(a = c). Take M: ¥ — P,,(X) with M <« p and M(X) separable. Since X
has the Radon-Nikodym property, by [24], cl M (A) is convex for each A € ¥. Thus
M (A) is convex and weakly compact for each A € ¥. Therefore, we have reduced
the problem to the implication a = b.

(c=a). If M: ¥ — P,;(X) is a multimeasure such that VA € ¥,

M(A):/Aqu
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for some F': Q — P,,(X), integrably bounded, then by corollary I of [18], cl M (A)
is convex for each A € X. So

M(A)a(/Aqu) - [ @ra

and by the implication b = a, the proof is complete. O

Remark 5.1. The equivalence (a) < (b) is found in [14] (Theorem 5.3) with a
different proof.

If Spp ={m: ¥ — X;m € ¢(X),m(A) € M(A)VA € ¥} with M a compact
valued multimeasure then the following holds.

Theorem 5.2. For a Banach space X, the following statements are equivalent:
(a) X has the Radon-Nikodym property.
(b) If M: ¥ — Py(X) is a u-continuous bounded variation multimeasure such that
Sn is compact in c,(X) then there is an integrably bounded multifunction
F: Q — Py.(X) such that

M(A) = /Aqu.

Proof. Suppose X has the Radon-Nikodym property. Then by [24] Theo-
rem 2.7, M(X) is relatively compact in X. Therefore M (X) is separable.
For each m € Sy there is f,, € LY (u) such that

m(A):/Afmd,u VAeX

and Sy is isomorphic to {fim tmesy, C L (n). Furthermore, by [10] we have that

for each A € X,
M(A){/fmdu} .
A meSy

Since { fim }mes,, is a decomposable compact subset of LY (1) we have that { f,, }mesy,
is also separable in L (u); hence we can suppose X separable. So by [13], there is
an integrably bounded multifunction F': Q — Pf.(X) such that SL = {f}meswy-
Therefore
M((A) = / Fdy foreach AeX
A

with S} compact in L (x). This implies F(w) is weakly compact p-a.e. and by [2]
Proposition 7, F(w) is compact p-a.e.

Conversely, if (b) holds, it holds for any single vector measure, which is the defin-
ition of the Radon Nikodym property. O
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Since the unit ball of L>°(]0,1]) is not compact in L'[0,1], the multimeasure M
can be represented by a compact valued multifunction without Sj; being a compact
subset of ¢,(X), as is shown in the next theorem.

Theorem 5.3. Let X be a Banach space. The following assertions are equivalent:
(a) For every F: [0,1] — P,i.(X) p-measurable respect with to the Lebesgue
measure, with |F| € L>(u), M(A) = [, F du is compact for each A € X.
(b) X is finite dimensional.

Proof. (b= a). If X is finite dimensional, then for each A € ¥, [, Fdu C
B(0, M), where M = supess |F|. This implies M (A) is compact.

(a = b). Suppose X is infinite dimensional. Then there is a convex separable
subset W in Bx such that W is not compact, which implies the existence of a
sequence {z} C W without any convergent subsequence. Put F': [0,1] — P, x.(X)
such that F(w) = W(w € [0,1]). Then for each k € N, fi = xj is a measurable
selection of F' and, if p is the Lebesgue measure on [0,1], then for any ¢ > 0,
{fot frdp} is not compact in X, which implies that M: [0,1] — Px.(X) is not
compact valued. O
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