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group generalizing the notion of half partially ordered group whose study was begun by
Giraudet and Lucas.
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INTRODUCTION

In this paper we introduce the notion of a half cyclically ordered group generalizing
the notion of half partially ordered group which has been studied by Giraudet and
Lucas [5] (cf. also Giraudet and Rachtinek [6], Cernék [2a], [2b], Ton [19], Cerndk and
the author [12], and the author [9], [11]). In particular, we deal with half ¢c-groups
(which generalize the half linearly ordered groups from [5]).

For the terminology, cf. Section 1. Let M be an f-cyclically ordered set with
card M > 3; we denote by P(M) the system of all monotone permutations on M.
We recall that the idea of dealing with P(M) goes back to Droste, Giraudet and
Macpherson [3].

We introduce in a natural way the group operation and the relation of cyclic order
on the set P(M). In Section 2 we show that if M is finite and card M > 3, then the
just mentioned structure on P(M) is a half cyclically ordered group. If M is infinite,
then the analogous result need not be valid in general.

In Section 3 we prove the following result:

(A) Let G be a half c-group such that
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(i) the decreasing part G| of G is nonempty,
(ii) for each y € G|, y* = e.
Then the increasing part G'T of GG is abelian.

If G is a half linearly ordered group, then the condition (ii) above is satisfied.
Hence (A) generalizes a result of Giraudet and Lucas [5] concerning half linearly
ordered groups.

In Section 4 we define the notion of lexicographic product decomposition of a
half cyclically ordered group G which fails to be cyclically ordered (i.e., such that
G| #£0).

The increasing part G7 of a half cyclically ordered group G is a cyclically ordered
group. To each lexicographic product decomposition a of G there corresponds a
lexicographic product decomposition § of the cyclically ordered group G7; we say
that (8 is generated by a.

Let (1 be a lexicographic product decomposition of GT. In Section 5 we find a
necessary and sufficient condition for the existence of a lexicographic product de-
composition a; of G such that (; is generated by «;.

Fundamental results on lexicographic products of linearly ordered groups have
been proved by Malcev [13]. Further, lexicographic product decompositions of some
types of ordered algebraic structures were dealt with in the papers [1], [7], [10], [11].

1. PRELIMINARIES

For the sake of completeness, we start by recalling some notions which will be
systematically used below.

For the following definition cf. Novak and Novotny [14], [15] and Quilot [16]; cf. also
the author’s paper [6].

1.1. Definition. A nonempty set M endowed with a ternary relation C' is said
to be cyclically ordered if the following conditions are satisfied:
(1) If (z,y,%) € C, then (y,z,2) ¢ C.
(I) If (z,y,2) € C, then (z,z,y) € C.
(IIT) If (x,y,2) € C and (z,z,u) € C, then (z,y,u) € C.

The relation C' is called a cyclic order on M.

1.2. Definition. Suppose that C' is a cyclic order on M satisfying the condition
(IV) whenever z, y and z are mutually distinct elements of M,
then either (z,y,2) € C or (z,y,z) € C.

Then M is said to be ¢-cyclically ordered and C' is called an ¢-cyclic order on M.
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We remark that in some papers (cf., e.g., [3] and [17]) a different terminology
was applied; namely “cyclic order” was understood as the above term /-cyclic order.
Further, ¢-cyclic order is called “complete cyclic order” in [16].

If (M;C) is a cyclically ordered set and if M; is a nonempty subset of M, then
we consider M; as cyclically ordered under the induced cyclic order (i.e., under the
relation C N M3).

1.3. Definition. Let G be a group. Further, suppose that G is at the same
time a cyclically ordered set satisfying the condition
(V) if (z1,22,23) € C, a € G, y; = ax;, z; = xja (i = 1,2,3), then (y1,y2,y3) € C
and (z1, 29, 23) € C.

Then G is called a cyclically ordered group. In particular, if G is an f-cyclically
ordered set, then G is called an ¢c-group.

1.4. Definition. A cyclically ordered group G is said to be a dc-group if, when-
ever x and y are distinct elements of GG, then there exists z € G such that either
(z,y,2) € Cor (y,z,2) € C.

It is clear that each fc-group is a de-group. Lexicographic products of dc-groups
have been investigated in [1].

1.5. Example. Let (G; <) be a partially ordered group with a non-trivial partial
order. We denote by C' the set of all triples (x,y, z) of elements of G such that one
of the conditions

r<y<z y<z<z, z<zr<y

is valid. Then (G;C) is a cyclically ordered group. If, moreover, (G; <) is a linearly
ordered group, then (G; () is an lc-group.

Now suppose that (G, -) is a group and that, at the same time, (G; C) is a cyclically
ordered set.

We denote by G1 (and G|) the set of all z € G such that, whenever (y1,y2,y3) € C,
then (zy1,xyz2, zys) € C (or (zys, xy2, xy1) € C, respectively).

1.6. Definition. Let (G;-,C) be as above. G is said to be a half cyclically
ordered group, if the following conditions are satisfied:

1) the system C' is nonempty;

2) if x € G and (y1,y2,y3) € C, then (y1z, yaz, ysz) € C;

3) G=GIUG];

4) if (z,y,2) € C, then either {z,y,z} C G] or {z,y,z} C G|.
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If, moreover, G1 is a dc-group (or an fc-group), then G is called a half de-group (or
a half fc-group, respectively).

G7 (and G]) is called the increasing part (or the decreasing part, respectively)
of G.

If (G,-,C) is a half cyclically ordered group and if G; is a subgroup of G such
that the induced cyclic order C; = C' N G§ is nonempty, then we call (G1,-,C;) a
he-subgroup of (G-, C). We often write G; instead of (Gy, -, C1).

Each cyclically ordered group G is a half cyclically ordered group (we have G1 = G
and G| = ()). Hence in view of 1.5 and according to the definitions contained in [5]
we have

(i) the class of all half partially ordered groups is a subclass of the class of all half
cyclically ordered groups;
(ii) the class of all half linearly ordered groups is a subclass of all half ¢c-groups.

The notion of isomorphism of half cyclically ordered groups is defined in the usual
way.

From 1.6 we immediately obtain

1.7. Lemma. Let GG be a half cyclically ordered group and 1,22 € GT, y1,y2 €
Gl Then T1T2 € GT; Y1y2 € GT7 T1Y1 € Gl«? Y171 € Gl«

2. MONOTONE PERMUTATIONS ON AN /-CYCLICALLY ORDERED SET

Let (M; C) be an {-cyclically ordered set with card M > 3. We denote by P(M)(+)
the system of all permutations p on M such that
(z,,2) € C = (p(x),p(y), p(2)) € C;

further, let P(M)(—) be the set of all permutations ¢ on M with

(Jf,y,Z) €C= (Q(Z),Q(y),q(x» e C.

We put P(M) = P(M)(+) U P(M)(—). The elements of P(M) will be called
monotone permutations on (M;C).

For ¢1,p2 € P(M) let ¢ be the permutation on M with ¢(x) = ¢1(p2(z)) for
each x € M. Then ¢ € P(M). Also, ;' € P(M). Denote ¢ = p;p2. Then P(M)
turns out to be a group.

We define C' to be the set of all triples (o1, 2, ¢3) of elements of P(M) such that
for each x € M the relation

(p1(2), p2(2), p3(2)) € C

is valid.
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The following assertion is easy to verify; the proof will be omitted.

2.1. Lemma. (P(M);C) is a cyclically ordered set.

Under the notation as in Section 1 we have
GT:P(M)(—i_)’ Gi:P(M)(_% G:GTUG\L,

where G = P(M).
Let (01, 2,¢03) €C, ¢ € G and let t € M. Then

(p1(0(t)), p2(0(t)), p3(ep(t))) € C,

whence (19, P20, p30) € C.
Thus in view of 1.6 and 2.1 we have

2.2. Lemma. Let M be an {-cyclically ordered set. Suppose that
(i) the corresponding system C' is nonempty;
(ii) if (¢1,p2,p3) € O, then either {¢1, 2,03} C P(M)(+) or {¢1, 92,03} C
P(M)(-). -
Under these assumptions (P(M),-,C) is a half cyclically ordered group.

2.3. Proposition. Let M be a finite {-cyclically ordered set, card M > 3. Put

G = (P(M),-,C). Then G is a half cyclically ordered group.

Proof. Without loss of generality we can assume that M = {0,1,2,...,n—1},
n > 2 and that for x,y,z € M the relation (z,y, 2z) € C holds if and only if one of
the conditions
r<y<z yYy<z<z, z2z<x<Yy

is valid, where the symbol < for elements of M has the usual meaning.
Let the operations + and — on M be taken modn.
Let p be a permutation on M. Then p belongs to P(M)(+) if and only if there is
k1 € M such that
p(x) =ki+x for each x € M.

Similarly, p is an element of P(M)(—) if and only if there is ka € M such that
p(x) = ke —x for each z € M.

There are ki, ko, ks € M with k1 < k2 < ks. Put pj(x) = k; + « for each
i € {1,2,3} and each x € M. Then (p1,p2,p3) € C, whence C # ). Thus the
condition (i) from 2.2 holds.
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We have to verify that the condition (ii) from 2.2 is valid. By way of contradiction,
assume that this condition fails to hold.
Hence there are ¢; € P(M) (i = 1,2,3) such that

(¢17@27¢3) € 67 {@1,@27@3} mP(M)(—i—) 7é @ 7& {@17@2,@3} ﬂP(M)(—)

It is easy to verify that without loss of generality we can assume that
p1,02 € P(M)(+), 3 € P(M)(—).
Thus there are ki, ko, k3 € M such that
p1(x) =k +x, @) =ka+x, @3(v)=ks—=z

for each z € M.
Then we have (1(0), ©2(0), ¢3(0)) € C, hence one of the conditions

k1<k2<k3, k2<k3<k1, ks < k1 < ko

is satisfied.

a) First suppose that k1 < ky < ks. If ks — kq is even, then there exists t € M
such that ks — ¢t = ki + t, yielding that ¢3(t) = @1(t). Then (p1(t), 2(t), @s(t))
does not belong to C', which is impossible. Thus k3 — k1 is odd. In the same way we
obtain that k3 — ko is odd.

Therefore k1 + 1 < ko and k3 — (k1 + 1) is even. Hence there is 0 # ¢t € M with
2t = k3 — (k1 +1). Thus

e3(t) =ks —t =k1 + 14+t < ka+t = pa(t),
P1(t) < p3(t).

Then we cannot have (o1, @2, p3) € C, which is a contradiction.

b) Further, suppose that k3 < k1 < ko. Assume that k; — k3 is even. Hence there
is 0 # z € M with k; — k3 = 2z. Put z; = —z. (Recall that the operation — is taken
mod n, whence z; = n— z.) We have k1 — ks = —221, yielding that k1 + 21 = k3 — 21,
thus ¢1(21) = p3(z1), which is impossible. Therefore k1 — ko is odd.

Hence k1 — k3 + 1 is even and there exists ¢t; € M such that k1 — ks + 1 = 2¢;.
Thus

ki —ti1+1=Fkg+1t1.

Put ¢t = —t;. Hence k1 +t+ 1 = k3 — t, therefore

(1) P1(t) + 1 = p3(t).

280



From (g1, 2, ¢3) € C we conclude that (¢1(t), p2(t), p3(t)) € C is valid, hence one
of the relations

p1(t) < pa(t) <w3(t), @2(t) < @a(t) <er(t),  w3(t) <@i(t) < a(t)

must hold. In view of (1), all these relations fail to be satisfied. In this way we have
arrived at a contradiction.

¢) Finally, suppose that ka < k3 < k1. Similarly as in the previous cases we verify
that k3 — ko must be odd. Hence there is t € M, t # 0 such that

ko <ks—t<ky+t<ks,
(*) (ko +t) — (ks —t) = 1.

Hence p3(t) < pa(t).
Further, from the above relations we conclude that either

(Oé) ki+t>kt
or
(B) ki +t < ko +t.

If () is valid, then @o(t) < ¢1(t), whence (1, p2,93) ¢ C, which is impossible.
Suppose that () holds. We have ¢1(t) # ¢3(t), hence in view of (x) we obtain

k141t <ks—t,

thus (p1(2), @3(t), p2(t)) € C, yielding that the relation (¢1,¢2,¢3) € C cannot
hold. Therefore the relation ko < k3 < k1 cannot be valid. O

If M is an infinite ¢-cyclically ordered set, then we can ask whether the assertion
analogous to 2.3 is valid for M.

2.4. Example. Let Z be the set of all integers with the natural linear order. We
define the /-cyclic order on Z as in 1.5.

We can apply for 7 the same steps as in the proof of 2.3 with the distinctions that

o) the operations + and — are now not taken modn, but they have the usual
meaning;

aw) part c) of the proof of 2.3 is now to be modified in the sense that only the
condition («) is taken into account; the condition (3) cannot be valid in the present
case.

Therefore we have:

(xx) If G = (P(Z),-,C), then G is a half cyclically ordered group.
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2.5. Example. Let N be the set of all positive integers. The ¢-cyclic order
on N is defined similarly as in 2.4. Then the only element of P(N) is the identical
permutation. Hence C is the empty set. Thus we obtain:

If G = (P(N),-,C), then G fails to be a half cyclically ordered group.

The following question remains open: Let M be an infinite ¢-cyclically ordered set
such that (under the notation as above) the set C is nonempty. Must (P(M),-,C)
be a half cyclically ordered group? In other words: must the condition (ii) from 2.2
be satisfied?

3. ON HALF {c-GROUPS
In this section we assume that G is an fc-group such that G| # (0.

3.1. Lemma. Lety € G|. Then y* # e = y* =e.

Proof. Let y* # e. By way of contradiction, assume that y2 # e. Hence
—1 € G|. Moreover, the relation y* # e yields 3% # y~2.
We also have y~2 # e. Since G is an f-cyclically ordered set we get that either
() (y2,e,9%) € C, or (i) (y*,e,y77) € C.

Assume that (i) is valid. Then

y~! # y and clearly y

W2 yyy -y eC and (y > yy-y ?)eC,

ie., (y 719,43 € C and (y3,y,y~ ') € C, which is a contradiction.
If (ii) is valid, then we proceed analogously. O

In particular, if G7 is linearly ordered, then for each x € G with x # e we have
22 # e. Since y € G| implies that 2 € GT, in view of 3.1 we obtain

3.2. Corollary (cf. [5]). If G is a half linearly ordered group and y € G|, then
2
Yy’ =e.

3.3. Example. Let K be the set of all reals z with 0 < x < 1 with the natural
linear order. We define the ¢-cyclic order on K as in 1.5. We consider the group
operation on K which is defined to be addition mod 1. Then K turns out to be an
lc-group. For each subgroup K7 we take into account the induced ¢-cyclic order.

Let A be an fc-group with the ¢-cyclic order C;. Further, let B be a linearly
ordered group; the corresponding ¢-cyclic order on B (cf. 1.5) will be denoted by Ca.
Next, let A x B be the cartesian product of the sets A and B with the group operation
defined componentwise. For (a;,b;) € A x B (i =1,2,3) we put

((ala bl)a (a23 bg), (a?), bB)) ceC
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if some of the following conditions is valid:
(i) (@a1,a2,a3) € Cy;
(ii) a1 = a2 # ag and by < by;
(iii) a2 = a3 # a1 and by < bs;
(iv)
)

(v

Then A x B turns out to be an fc-group which will be denoted by A ® B.

a3 = aj # ag and bz < by;
a1 = as = a3 and (bl,bg,bg) € Cs.

3.4. Theorem (Swierczkowski [18]). Let H be an fc-group and let K be as
in 3.3. Then there exist an ¢c-subgroup A of K and a linearly ordered group B such
that the {c-group H is isomorphic to the {c-group A ® B.

3.5. Lemma. Let A and B be asin 3.4, H=A® B, e # h € H, where e is the
neutral element of A; the neutral elements of A and of B will be denoted by ey or
by ep, respectively. The following conditions are equivalent:

(i) There isb € B with b # ep such that h = (e, b).
(ii) Either

(ii1) (e, h™, k") € C for any ni,n2 € N with n; < ng,
or

(iiz) (h"™2,h™,e) € C for any ni,n2 € N with nq < ng.

Proof. Let (i) be valid. In view of the assumption, B is linearly ordered. If
ep < b, then (ii1) holds. If b < ep, then (iiz) is satisfied.

Suppose that (i) fails to hold. Then we have h = (a,b), a # e4 (since the group
operation in A is addition mod 1, we apply for this operation the additive notation).

a) Assume that there is n € N with na = e4. Hence n > 1.

Let b = eg. Then h™ = h?" = e, thus neither (e, h", h>") nor (h*",h",e) belong
to C. Thus (ii) does not hold.

Suppose that b > ep. Then we have

(e,h™,h) € C, (e,h",h*™) € C.

Thus neither (ii;) nor (i) are satisfied and hence (ii) fails to hold. Similarly, if
b < ep, then (ii) is not valid.

b) Assume that na # ey for each n € N. Then nja # nga whenever ny and ng
are distinct elements of N.

There exists the least n € N with

((n+1)a,ea,na) € Cy.
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Then we have
(ea,(n+1)a, (n+2)a) € Cy.
This yields
(R e,k € C, (e, A" R"F2) € C.
Therefore neither (ii;) nor (iiz) are valid. O

Now let G be a half fe-group. According to 3.4, without loss of generality we can
assume that GT = H, where H is as in 3.4. Denote

H, ={(a,b) € H: a=0}.

Then H; is a normal subgroup of H.

Let y € G|. If an element h of H satisfies the condition (ii;), then the element
yhy~! satisfies the condition (iiz); similarly, if A fulfils (iiz), then (ii;) holds for
yhy~'. Thus we have

3.6. Lemma. H; is a normal subgroup of G.

3.7. Lemma. Lety € G|, y> =e. Put T = H; U Hyy. Then T is a subgroup
of G.

Proof. It suffices to apply the same steps as in the proof of Lemma 2.4 in [12].
O

3.8. Lemma. Let y and T be as in 3.7 and let card H; > 1. Then H; is a half
Lc-subgroup of G; moreover, T is a half linearly ordered group.

Proof. From the relation card H; > 1 and from 3.7 we infer that T is a half
Lc-subgroup of G. We have T = H; and H; is linearly ordered; hence T is a half
linearly ordered group. (]

3.9. Lemma. Let the assumptions of 3.8 be valid. Let G| # (). Then the
group H; is abelian.

Proof. This is a consequence of 3.8 and of [5], Proposition 1.2.2. O

Proof of (A). (The statement (A) has been formulated in Introduction.)
Suppose that the assumptions of (A) are satisfied. Then we have y? = e for each
y € G|. Thus from 3.9 we conclude that the group H; is abelian. Hence H = A® B
is abelian, because B is isomorphic to Hy. Since H = G, the group G1 is abelian.
O

For a related result concerning half lattice ordered groups cf. [9].
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4. LEXICOGRAPHIC PRODUCTS

In this section we introduce the notion of the lexicographic product of half cycli-
cally ordered groups. The method is analogous to that of [11].

Let I be a linearly ordered set and for each ¢ € I let G; be a half cyclically ordered
group such that there exists (") € G;| with (y(?)? = e. We consider the element
y@ to be fixed. The relation of cyclic order on G; is denoted by C;.

Let G! be the cartesian product of the groups G; (i € I). For g € G* and i € [
we denote by g; the component of ¢ in G;. Next, let (1) be the element of G' such
that (y(1)); = y@ for each i € I.

If g and ¢’ are elements of G, then we put

I(g,9") ={iel: gi # gi}.

We denote by X the set of all ¢ € G' such that g; € G;1 for each i € I and the set
I(g,e) is either empty or well-ordered.

Further, let Y (yM) be the set of all g € G* such that (i) g; € G;] for each i € I,
and (ii) either g = y™) or the set I(g,y")) is well-ordered. Then both the sets X
and Y (y(!)) are nonempty. Put

Gy =xuyyW).
By a method analogous to that in the proof of 2.1 in [11] we can verify

4.1. Lemma. G°(y") is a subgroup of the group G*.

4.2. Notation. We denote by C the set of all triples (a,b,c) of elements of
Go(y(l)) such that there exists 71 € I which has the following properties:

<i> (ail ) bil ) Cil) € Ci1 ;
(ii) if i € I and @ < 41, then a; = b; = ¢;.

4.3. Lemma. The group Go(y(l)) with the relation C' is a half-cyclically ordered
group.

Proof. We have to verify that the conditions 1)-4) from 1.6 are valid.
1) Let i € I. There exist AV, k) and h®) in G;71 such that (h(V, 2 ) € C;.
For j € {1,2,3} let 7 be the element of GO(y(™) such that for each k € I,

) D if k=,
A if ke I\ {i}.
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Then E(j) € Go(y(l)) for each j = 1,2,3. Moreover, according to the definition of C|
the relation (E(l),ﬁw,ﬁ(?’)) € C is valid. Hence C # 0.

2) The validity of the condition 2) in 1.6 is an immediate consequence of the
definition of C.

3) We have G°(y™M)1 = X, G°(yM)| = Y (y(!)), whence the condition 3) of 1.6 is
satisfied.

4) From 4.2 we conclude that the condition 4) of 1.6 holds. O

Let y(® be an element of G such that ygz) € G;| and (ygz))2 = e for each i € I.
Then we can construct the half cyclically ordered group Go(y(z)) in the same way as
we did above for G°(y™).

For each b e Y(y(l)) there is a uniquely determined element a(*) € X such that

aMy@® = pM),
Let us put (b)) = a(My2). Further, for each a € X we set ¢(a) = a.
4.4. Proposition. The mapping ¢ is an isomorphism of the half cyclically

ordered group G°(y(1)) onto the half cyclically ordered group G°(y(?).

Proof. The same method as in the proof of 2.3 in [11] yields that ¢ is an
isomorphism of the group G°(y)) onto the group G°(y?).
Let C® be the corresponding cyclic order on Go(y(z)). The definitions of C' and
C® imply
(2,9,2) € C & (p(), 0(y), (2)) € CP.

O

In what follows we write G° and Y instead of GO(y™") or Y (y(M), respectively.
Under the assumptions as above we denote

G° =Tic1Gy;

GP is said to be the lexicographic product of half cyclically ordered groups G;, and
the structures G;’s are called lexicographic factors of G°.
If the role of yV) is to be emphasized, then we write also

G = (y")icsGs.
Let G be a half cyclically ordered group and let
(1) @ G — FiGIGi
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be an isomorphism of G onto G°. Then (1) is called a lexicographic product decom-
position of G. For g € G and i € I we denote g; = (©(9));.

5. ConbITION (Cy)

Again, let G be a half cyclically ordered group with G| # 0.

For the definition of the lexicographic product decomposition of a cyclically or-
dered group H cf. [10]. Below we will apply this definition to the case when H = G1.

We want to investigate the relations between the lexicographic product decompo-
sitions of the half cyclically ordered group G and the lexicographic product decom-
positions of the cyclically ordered group GT.

Let the element (V) be as in Section 4.

As an immediate consequence of the definition of the lexicographic product de-
composition of G we obtain

5.1. Lemma. Let the relation (1) from Section 4 be valid. For each g € G we
put ¢°(g) = ¢(g). Then the relation

() ' 61— [[an

icl
is a lexicographic product decomposition of the cyclically ordered group G7.

We say that the lexicographic product decomposition (1’) is generated by (1). In
such case we also say that the lexicographic product decomposition ¢° of G can be
extended onto G.

Under the assumption as in (1°) let I; be a nonempty subset of I and H = GT.
We put

H(L))={heH: hj=e foreachjeI\IL}.

Further, for i € I we set H; = H(I;), where I; = {i}.

Let i € I, and let h(!) be any element of H;. We put ¢;(h(V)) = E(l), where E(l)
is as in Section 4.

Then we obviously have

5.2. Lemma. H(I;) is a subgroup of the group H. The mapping ¢; is an
isomorphism of the cyclically ordered group H; onto G;7.

5.3. Lemma. Let () # I; C I. Assume that (1) holds. Then
yWH(L)yY = H(IL).
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Proof. Let z € yMWH(I)y®. There is t € H(I;) with z = yMWtyM), Let
j€I\I. Thent; =e. Thus

2=y ey = (y5")? =e.
Therefore
(%) yVH(I)yM C H(L).

The relation (x) yields

H(I) = (y)?H(I)(y™)* <y H(L)yW.

5.4. Corollary. For eachic I, yVHy" = H;,.

Now let us assume that the cyclically ordered group GT = H is represented as
(B1) p: H — TierH;.

For §) # I, C I let H(I;) be defined analogously as above. Consider the following
condition (Cp) concerning the lexicographic product decomposition (31) of H:
(Co) There exists y*) € G| such that (y))? = e and

yWH(I)y"Y = H(I)

whenever () £ I; C I.
According to 5.3 we have

5.5. Lemma. Assume that there exists a lexicographic product decomposition
oy of G such that (3, is generated by ay. Then (31 satisfies the condition (Cy).

5.6. Lemma. Let H; be a subgroup of the group G| and let y be an element
of G| such that y> = e and yH, = Hyy. Then H, U Hyy is a subgroup of G.

Proof. Let hy,ho € Hy. Then h1hy € H; and hl_1 € Hi. Further, there exists
h%, € Hy such that yhy = hbhy. Thus

(h1y)he = hihby € Hyy, ha(hiy) = (hah1)y € Huy,
(h1y)(hay) = hihhy* = hihly, € Hy.

Also, (hyy)~! = yhy' = by for some y" € Hj. O

288



Suppose that the condition (Cp) is valid for (51). We need some auxiliary results.
For each ¢ € I we put

where y() is as in (Cop).
In view of (Cp) and according to 5.6 we conclude that K; is a subgroup of G.
Moreover, under the induced cyclic order, K; is a half cyclically ordered group with

K1 =H; K|=Hy".

We define a mapping ; of G into K; as follows.
a) Let g € G1. There exists h; € H; (under consideration of (3;)) such that

(Ei)i = Y-

We put ¢;(g) = h.
In fact, if we take (1 instead of (1°), then under the notation as above we have

b) Further, let ¢’ € G|. There exists a uniquely defined element g € GT with
g = gy, Then (under the notation as in a)) we set 1;(gy™™) = =y,

5.7. Lemma. For each g € G, 1;(gy™) = 1;(g)y™.

Proof. For g € GT, this is a consequence of the definition of ;. Let g € G|.
There is g; € G1 with g = g1y"). Then

Pi(gy™) = vi(g1(y™M)?) = vi(g1),
Vi(g)y™ = i(gry)yP = (1) y™M)? = pi(gr).

5.8. Lemma. Let g € GT, yM gy = 2. Then ¢;(z) = yMp; (g)y™M.

Proof. In view of (Cy) we have
yWi(g)y™ € Hi.

There exists ¢t € G1 such that

e ifj=i,
tj = e ‘
g; ifjel\{i}
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Hence g = h;t, where h; = ¢;(g). We have
2 = yWhity® = (yOhy W) (yWey ™).
From the definition of ¢ and from (Cy) we conclude that
(y Mty =e,

whence
zi = (M hiy™M)i = (¥ ei(g)y™).
Therefore ¥;(z) = yM;(g)y™M. O
5.9. Lemma. ; is a mapping of G onto K;. Moreover, v; is a homomorphism
with respect to the group operation and ;(K;) = K; for each i € I.
Proof. Let h? be any element of H;. Then

—0 —0 —0
Wi(hy) = h;y  i(RyM) =Ry,

Thus v; is surjective. Also ¥;(K;) = K; for each i € I.
Let g1,92 € G, g1g2 = g. We distinguish the following cases.
aj) Let g1,92 € G7. Then under notation analogous to a) we have

Vi(g) = hi = hiiha; = 1i(91)Yi(g2).

ag) Let g1 € GT, g2 € G|. There is g3 € G1 with go = g3y!). Then in view of 5.7
and a) we get

¥i(9) = Yi(9195y V) = ¥i(9193)y™Y = vi(g1)vi(g3)y™
= ¥i(91)vi(g93yY) = ¥i(91)i(g2).

a3) Let g1 € G|, g2 € GT1. There is g3 € G1 with g; = g3y"). Further, there is
z € G7 such that y(V gy = 2y, Then yM 2y = g5, whence according to 5.8,

y D (2)y™ = i (g2).

By applying 5.7 and a) we obtain

¥i(g) = ¥i(gsyMg2) = vi(gszy™M) = vi(gs)i(z)y™
= (i (g3)yM) (D (2)y™M) = i(gsy™M)bi(g2) = vi(g1)vi(g2)-
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as) Let g1 € G|, go € G|. There is g3 € GT with go = g3y"). Then a3) and 2.7
yield

¥i(g9) = ¥i(g195y™) = ¥i(9193)y™Y = vi(g1)i(g3)y™
= ¥i(91)%i(g3y V) = ¥i(g91)1i(g2)-

O

We denote by K the cartesian product of the groups K; (i € I). For each g € G
we put

¥(g) = (Wi(9))ier-
Thus 9 is a mapping of G into K°; moreover, in view of 5.9, 9 is a homomorphism
with respect to the group operation.
Denote (y™1)) = (O,
5.10. Lemma. (y(®V)% =
Proof. We have to verify that ¢;((y(1))?) = e for each i € I. Lemma 5.7 yields

Pi(yM) = vi(ey™) = vi(e)y™ =y,
)2

)) =
(( (01) ) Vi ( (1) (1)) wz(y(l))y(l) — y(l)y(l) =e

O

According to 5.10 and in view of the definition of the lexicographic product of half
cyclically ordered groups we can construct the lexicographic product

(2) K = (yONe/ K;.

Then K is a subgroup of K°.

The relation of cyclic order in K will be denoted by Ck.

We have already remarked above that K;7 = H;, K;| = H;y"") for each i € I.
From these relations and from the construction of K we conclude

5.11. Lemma.
(i) K7 is the set of all elements k of K such that k; € H; for eachi € I.
(ii) K| is the set of all elements k' of K such that ki € Hyy™") for eachi € I.

5.12. Lemma. ¥(G1) = K1 and ¥(G|) = K |.
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Proof. Let g € G1. If i € I, then in view of the definition of 1; we have
¥i(g) = hi, (h;); = g; (under the notation as above). Moreover, according to (1°)
the set

I(g,e) ={icl: gi #e}
is either empty or well-ordered. Since

(*) gz#eéﬁz#e

we infer that ¥(g) belongs to K and then, clearly, ¥(g) € K. By analogous steps
we verify that if ¥(g) is an element of KT, then g must belong to G7. Hence

Y(GT) = KT.
From this relation and from
Gl=GyY, K| =KW

we obtain (by applying 5.9 and 5.10) the relation ¥(G|) = K|. O

From 5.12 and from the relation (%) we conclude
5.13. Lemma. Let g1, 92,93 € GT. Then

(+) (91,92,93) € C & (¥(g1),¥(g2),¢(g3)) € Ck.

5.14. Lemma. Let g1, g2,93 € G|. Then the relation (+) is valid.
Proof. We have
(91,92:93) € C = (919", g2y, ga3y™M) € C.
In view of 5.13,
(919, 929D, g3y V) € C & (W(g19™), (g29™), Y93y ™)) € Ck.

According to 5.7
Yigiy™) = v(g)y®) (i=1,2,3).
Therefore

(V(g1y™), 9 (g2y™"), v (gsy™)) € Ck
& (Vg v (g2)y Y 9 (g5)y ) € Ck & (¥(91), ¥(g2), ¥(g3)) € Ck.
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5.15. Lemma. 1 is an isomorphism with respect to the group operation.

Proof. We have already remarked above that i is a homomorphism with
respect to the group operation. Let g € G, 1(g) = e. Then in view of 5.12, g € GT.
We have v;(g) = e for each i € I, whence g; = e for each ¢ € I, yielding that
g=e. O

From 5.11-5.15 we conclude

5.16. Lemma. v is an isomorphism of the half cyclically ordered group G onto
the half cyclically ordered group K.

From (2) we obtain
(2) KT =TierK;.

The lexicographic product decomposition (2’) is generated by (2). Thus (2’) can be
extended onto K.

Then in view of 5.15 and of the fact that ¢ is constructed by means of the mappings
i (i € I) (cf. also 5.12 and 5.9) we conclude

5.17. Lemma. The lexicographic product (3, of G can be extended onto G.

5.18. Theorem. Let G be a half cyclically ordered group with G| # () and let
(1 be a lexicographic product decomposition of GT. Then the following conditions
are equivalent:

(i) There exists a lexicographic product decomposition oy of G such that [y is
generated by a;.
(ii) By satisfies the condition (Cp).

Proof. This is a consequence of 5.5 and 5.17. O
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