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Abstract. Let Int A be the lattice of all intervals of an MV-algebra A. In the present
paper we investigate the relations between direct product decompositions of A and (i) the
lattice Int A, or (ii) 2-periodic isometries on .4, respectively.
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1. INTRODUCTION

The system Int L of intervals of a lattice L has been investigated in several papers;
for detailed references cf. [11].

Let A be an MV-algebra with the underlying set A. In view of [13], A can
be constructed by means of an abelian lattice ordered group having a strong unit.
This yields that without loss of generality we can suppose that on the set A lattice
operations V and A (implying a partial order < on A) are defined and that for each
z,y € A with = < y the difference y — = is defined in A.

Let ¢(.A) be the lattice (A;V, A); we put Int £(A) = Int A.

We denote by A%l the MV -algebra dual to A (for the terminology, cf. Section 2
below).

Further, we denote by Mj(A), Ma(A) and M5(A) the systems of all MV -algebras
Aj such that

Int Al = Int A, €<A1) = E(A% or E(Al) — E(Adual)’

respectively.
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We always have

MQ(A) U M3(.A) - Ml(A)

In the present paper we prove:
(¥) Let A be an MV-algebra. The following conditions are equivalent:
(i) Ma(A) U Ma(A) = My (A).
(ii) The MV-algebra A is directly indecomposable.

The basic papers on isometries in autometrized lattice ordered groups are the
articles [16] and [17]; cf. also [6], [7], [14], [15]. For more detailed references concerning
isometries in some other types of autometrized partially ordered algebraic structures
cf. [10].

Let A and A be as above. For a,b € A we put

o(a,b) = (aVb) — (aAD).

The mapping o: A x A — A will be called the autometrization of A.
A bijection f: A — A is said to be an isometry of A if the relation

o(f(a), (b)) = e(a, b)

identically holds.

An isometry f is called 2-periodic if f(f(a)) = a for each a € A. Let F be the set
of all 2-periodic isometries on A.

We show that a 2-periodic isometry f is uniquely determined by the element f(0).

Namely, let us denote f(0) = b. Then b has a (uniquely determined) complement ¢
in £(A). We prove that for each t € A the following formula is valid:

f@&)=0B-(FAD)V(AC).
For f1, fa € F we put f1 < fo if f1(0) < f2(0). We show that the structure (F'; <)

is a Boolean algebra.

When dealing with isometries on A we shall apply direct product decompositions

of A.
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2. PRELIMINARIES

For defining MV -algebras several equivalent systems of axioms have been applied.

Let us recall the system from [3] (cf. also [2]); this system will be useful for defining
the dual of an MV -algebra.

Suppose that A is a nonempty set, @ and © are binary operations, — is a unary
operation, and 0, 1 are nullary operations (i.e., constants) on A. By means of these
operations we define binary operations V and A on A by putting

zVy=(x0w) dy, zAy= (@Y Oy.

2.1. Definition. The algebraic structure A = (4;®,®,-,0,1) is an MV-
algebra if it satisfies the following axioms:

Ax. 1. z20y=ydx Ax. 1. 20y=y0Ouz,

Ax. 2. 20 (YD 2)=(xDy) D 2, Ax. 2. 20 (yo2)=(20y) Oz
Ax. 3. z®—x =1, Ax. 3. z®-x =0,

Ax. 4. 21 =1, Ax. 4. 2©0=0,

Ax. 5. z® 0=z, Ax. 5. 201 =z,

Ax. 6. ~(z @ y) = 2Oy, Ax. 6. ~(xzOy) = x Dy,

Ax. 7.z =-(—x), Ax. 8. —-0=1,

Ax. 9. zVy=yVa, Ax. 9. zAy=yAux,

Ax.10. zV (yVz)=(zVy)Vz, Ax. 10 zA(yAz)=(zAy) Az,

Ax.1l. z® (yA2)=(2Dy) A(z®z), Ax.1l. 20 (yVz)=(x0y)V (O 2).

Further, let us consider the following system of axioms for an algebraic structure
A=(a,®,®,7,0,1) (cf. [5]):

zd0=r,

2.2. Proposition (cf. [12]).  Assume that the algebraic structure A =
(4;8,0,-,0,1) satisfies the axioms (M1)—(M9). Then A is an MV -algebra.
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In some papers (cf., e.g., [5], [8]) the axioms (M1)—-(M9) are applied under a slightly
modified notation (instead of ® the symbol * is used).

A simplified system of axioms for an MV-algebra was given in [2]; moreover, it
was shown that the axioms of this system are independent.

If A; is another M V-algebra then we sometimes use the notation

(1) A = (A1; @1, 01, 71,01, 11)

(e.g., in the case when A; = A and when the operations from A; need not coincide
with those of A).

2.3. Lemma. Let A be as in 2.1 and let
A=A &1=0, 01=@, —=-, 00=1, 1;=0.

Then the algebraic structure A; from (1) is an MV -algebra. Moreover, if V1 and N\
are defined analogously as V and N above, then

Vi=A, A1 =V.
Proof. This is an immediate consequence of Definition 2.1. O
We say that the MV-algebra A; from 2.3 is dual to the MV-algebra A and write

Al _ Adual.

3. THE LATTICE {(A)

For lattice ordered groups we apply the notation and the terminology as in [1]
and [4].
For the following results (*1) and (%) cf. [13].
(¥1) Let G be an abelian lattice ordered group with a strong unit u. Let A be the
interval [0, u] of G. For a,b € A we put

a®b=(a+b)Au, -a=u-—a,
l=u, a®b=-(-a®-d).

Then the algebraic system A = (4;®, ®,—,0,1) is an MV-algebra.
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The MV-algebra from (%) will be denoted by I'(G,u) (in [14], the notation
Go(G, u) was applied).

(%) For each MV-algebra A there exists an abelian lattice ordered group G with a
strong unit u such that A =T'(G,u).

In what follows we assume that A is an MV-algebra and that G is as in (¥%).
Then the operation V on the set A (induced from G) coincides with the operation V
from 2.1; the situation for the operation A is analogous. The partial order < on A
is defined by means of the operations V and A. We have 0 < x < u for each x € A.
Further, if  and y are elements of A with x < y, then y — x € A; hence we can
consider—to be a partial binary operation on A. We denote

(A;V,N) =L(A).
We remark that if A and A’ are MV -algebras such that
U(A) = L(A),

then neither A = A’ nor A9 = A’ need be valid.

Let L be a lattice. The corresponding dual lattice will be denoted by L¢.

The direct product of lattices L1 and Ls is defined in the usual way and we denote
it by Ly x Lo.

A lattice L is called directly indecomposable if, whenever L is isomorphic to a
direct product L1 X Lo, then either L, or Ly is a one-element set.

An analogous notation and terminology will be applied for direct products of
MYV -algebras.

The meaning of Int L is as in Section 1. Further, let Csub L be the set of all convex
sublattices of L. We obviously have

3.1. Lemma. Let L be a lattice. Then Int L* = Int L.

As a corollary we obtain
3.1.1. Corollary. Let L, and Lo be lattices. Then

Int(L; x Ly) = Int(L¢ x Ly).

The proof of the following lemma is simple; it will be omitted.

3.2. Lemma. Let L and L' be lattices defined on the same underlying set M.
Then the following conditions are equivalent:
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(i) It L =Int L';
(ii) CsubL = Csub L.

3.3. Lemma. Let L and L' be distributive lattices defined on the same under-
lying set M. Then the following conditions are equivalent:
(i) It L =Int L';

(ii) There exist lattices L1, Lo and a bijection
@Y: M — L1 X Lg

such that ¢ is an isomorphism of L onto Ly X Ly and, at the same time, @ is
an isomorphism of L' onto L x Lo.

Proof. Thisis a consequence of 3.2 and of the results of [9]. O

3.4. Lemma. Let A be an MV -algebra. Then

Ma(A) U M3(A) € My (A).

Proof. In view of the definition of the MV -algebra 49"2! we have
(1) (AT = (6(A)%

Now it suffices to apply 3.1. O

Now suppose that L, and Ly are lattices with card L1 # 1 # card Ly. Put L =
Ly x Ly and L' = LY x Ly. The partial orders on L, L¢ and L’ will be denoted by
<1, <9 or <3, respectively.

3.5. Lemma. The partial order <3 coincides neither with <y nor with <s.

Proof. There exist uy,v; € L1 and us,v9 € Lo such that the relation u; < v;
is valid in L; (i = 1,2). Then we have

(v1,u2) <3 (u1,v2),

but the analogous relation fails to hold for both <; and <. O
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If A, A; and A are MV-algebras such that A is isomorphic to A; x As, then
£(A) is isomorphic to £(A;) x £(Asz). Thus 3.5 and (1) yield

3.6. Lemma. Assume that A is a directly decomposable MV -algebra. Then
M3 (A) U Ms(A) # Mi(A).

Now suppose that A and A’ are MV -algebras such that
(i) A and A’ have the same underlying set A;
(ii) Int A =Int A’.
Denote
A =L, (A)=1L".
Then both L and L’ have the same underlying set A and

IntL=IntL .

Hence the condition (ii) from 3.3 is satisfied. We denote by 4; and A, the underlying
sets of the lattices L1 and Lo, respectively.

In view of [8] there exist M V-algebras A; and Az such that

a) U(A;) =L, fori=1,2;

b) the mapping ¢ is an isomorphism of A onto A; x As.

Similarly we obtain that there exist MV-algebras A} and A} such that

a) £(AL) = L, 6(A5) = L

b) the mapping ¢ is an isomorphism of .4’ onto A} x Aj.

Summarizing, we conclude

3.7. Proposition. Let A and A" be MV -algebras such that A" € M;(A). Then
there exist direct product decompositions

A=A; x Ay, A" = A} x A}

such that
.All c Mg(Al), .A/2 S MQ(AQ).

Proof of (x) from Section 1. Let the condition (i) from (%) be valid. Then in
view of 3.6 the MV -algebra A is directly indecomposable.

Conversely, assume that the condition (ii) from (x) holds. Let A" € M;(A). We
apply 3.7. Since A is directly indecomposable we infer that either 4; or As has a
one-element underlying set. Hence either A = A; or A = A,. Therefore (i) holds.

O
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4. AUTOMETRIZATION AND ISOMETRIES

Assume that A and G are as above.
Let a,b € A. From the definition of o(a,b) in Section 1 we get

o(a,b) = |a — b|.
Since the autometrization g on G considered in [16] was given by

QG(xvy) = ‘.’13 - y‘

for each z,y € G, we conclude that the autometrization g on A is induced from that
studied in [6] on the whole G.

This immediately yields

1) o(a,b) =0 if and only if a = b.

2) Q(aa b) = Q(b7 a)'

Further, we have:

3) For any a,b,c € A,

o(a,b) < o(a, c) & o(c, b).

Proof. It is well-known that
la —b| <la—c|+]|c—10|
Since |a — b] € A we get |a — b| < u and then
la—bl < (Ja —¢c|+|c—b)Au=|a—c|®|c—b|

O

By checking the proofs of Lemmas 1.1-1.7" in [7] we can verify that all assertions
of these lemmas remain valid if instead of the lattice ordered group G we take the
MV -algebra A. Moreover, the duals of 1.7 and 1.7’ also hold.

Since A = [0, u], we have

4.1. Lemma. Letty,to € A, to —t; =u. Then t; =0 and t5 = u.

Let f be an isometry on .A. Denote

We have
u=|u—0=[f(u) = fO)=[b—c][=(bVc)=(bAC).
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Hence in view of 4.1,
bAc=0, bVc=u.

Thus we obtain

4.2. Lemma. The element c is a complement of b.

Now suppose that f is an element of F'. Then

Let us apply the terminology of Section 1, [7]. Hence we have

(1) [0,0] € M3,
(2) [b,u] € Mj.

In view of 1.7" from [7] and according to (1) we obtain
(3) [e,u] € Ma.
Further, in view of the dual of 1.7 from [7] and according to (2), we get
(4) [0,c] € M.
Remark. The assertion of 4.2 is implied also by (1)—(4) and by Lemma 1.6 of [7].

4.3. Lemma. Letz € [0,b]. Then f(z) =b—x.

Proof. In view of (1) we have

Further,
[z — 0] = [f(x) = F(0)],

thus ¢ = b — f(z), yielding f(x) =0 — x. O
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Let t € A. Denote
tAb=t1, tAc=ts.

Then we easily obtain
ti Nt =0, t1Viy=t.

In view of (4) and according to 1.3 from [7] we have [0,t5] € M, hence according
to 1.7 of [7] we get

(5) [t1,t] € M;.
Further, t — t; = t5. Thus
|f(8) = f(t)] = [t — ta] = ta.

In view of (5),

Hence

Then according to 4.3,

Since b — t; < b and t3 < ¢, we have
(t—t1) ANta =0,
thus (b —t1) +ta = (b—t1) V ta. Therefore
f(t) = (b — tl) V to.

Summarizing, we have

4.4. Proposition. Let f be a 2-periodic isometry on A, f(0) = b. Then there
exists a uniquely determined element ¢ € A such that c is a complement of b in {(A).
For each t € A the formula

F) = G- BAD)V (EA0)

is valid.
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5. DIRECT PRODUCT DECOMPOSITIONS

Again, let A and G be as above.

In this section we prove that for each element b € A having a complement in ¢(.A)
there exists f € F with f(0) = b.

The main tool in this investigation are direct product decompositions (of lattices,
MYV -algebras and lattice ordered groups, respectively). We apply the results of [14].
Suppose that b, ¢ are elements of A such that

bAc=0, bVc=u.
Put B =10,b], C =[0,¢]. For each t € A we set
ti=bAt, ta=cAt, (t)=(t,t2).
Since the lattice L = ¢(A) is distributive we obtain

5.1. Lemma. ¢ is an isomorphism of L onto the direct product B x C.

From 5.1 and in view of the results of [8] we infer

5.2. Lemma. There exist MV -algebras B and C such that

(i) €(B) = B, () =C,
(ii) the mapping ¢ is an isomorphism of A onto the direct product B x C.

Recall that if ¢t € A and () = (t1,t2), then t = t1 V to.

Again, let G be as above (i.e., A =T'(G,u), where u is a strong unit of G).

In view of 5.2 and according to [8] we obtain that there exist abelian lattice ordered
groups G1 and G5 having strong units b and c, respectively, such that

(i) B=T(G1,b), C =T'(Gy,c),
(ii) there exists an isomorphism ¢° of G' onto G; x Gz such that ©%(t) = ¢(t) for

eacht € A.
This yields that for each ¢,# € A we have

[t =t =1t; =t} (i=1,2).
For each t € A we put
(1) f&y=bB-=(bAt)V(tAC).

Since
bi1=0b, ba=0, bAt=t;, tAhc=1ts
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we get
(f®)1=b—t1, (f(t))2=ta.

We want to verify that f is an isometry on A. It suffices to verify that the relation

ti — ti] = [(f ()i — (f(t))i]
is valid for ¢ = 1, 2.
The case i = 2 is obvious. Consider the case i = 1. We have
[t =ty = (L1 V) — (L ALY)
[(fE)1 = (FE)1] = (b —t1) — (b—1))]
)

= ((b=t) v (b—=11)) = ((b—t1) A (b—11)).

In view of the relation between A and G, and since A C G, the last expressions can
be calculated in G and we obtain

(b—t) Vv (b—t1) =b+ ((—t1) V(=t1)) =b— (L Aty),
(b—t1) A(b—t1) = b+ ((—t2) A (—t1)) =b— (L1 V1)),
[(FO)1 = (FED1l = (b= (tr A1) = (b= (12 V 1))

= (tl \Y tl) — (tl /\tl),

as desired. Therefore f is an isometry.
Now let us verify that f is 2-periodic. Put f(¢) =p. Then

(f)1=b—(b—t1)1=b—(b—1t1) =t1,
(f(p)2 = (f(f(#)2 = ta,
f@)=frV fpa=t1Via=t, f(f(t) =t

2

Hence we obtain

5.3. Proposition. Let b and ¢ be complementary elements of the lattice L =
L(A). Let f be defined by (1). Then f is a 2-periodic isometry on A.

Let us now write f, instead of f (where f is as in 5.3). Let By be the set of all
elements b € L which have a complement. Since the lattice L is distributive, By is a
Boolean algebra.

Consider the mapping x: By — F' defined by

x(b) = fo

for each b € By. In view of 4.4 and 5.3, x is a bijection. Hence under the relation <
from Section 1, F' is a Boolean algebra.
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