Czechoslovak Mathematical Journal

Salar Y. Alsardary; Ali A. Ali
The basis number of some special non-planar graphs

Czechoslovak Mathematical Journal, Vol. 53 (2003), No. 2, 225-240

Persistent URL: http://dml.cz/dmlcz/127795

Terms of use:

© Institute of Mathematics AS CR, 2003

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127795
http://dml.cz

Czechoslovak Mathematical Journal, 53 (128) (2003), 225—-240

THE BASIS NUMBER OF SOME SPECIAL NON-PLANAR GRAPHS

SALAR Y. ALSARDARY, Philadelphia, and ALl A. ALI, Mosul

(Received January 17, 1995)

Abstract. The basis number of a graph G was defined by Schmeichel to be the least
integer h such that G has an h-fold basis for its cycle space. He proved that for m,n > 5,
the basis number b(Kpm,n) of the complete bipartite graph K, is equal to 4 except for
K¢ 10, K5, and K¢, with n = 5,6,7,8. We determine the basis number of some particular
non-planar graphs such as K5, and K¢, n = 5,6,7,8, and r-cages for r = 5,6,7,8, and
the Robertson graph.
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1. INTRODUCTION

Throughout this paper, we assume that graphs are finite, undirected, and simple.
Our terminology and notation will be standard except as indicated. For undefined
terms, see [3] and [4].

Let G be a graph, and let eq,es,...,e, be an ordering of its edges. Then any
subset S of E(G) corresponds to a (0,1)-vector (ai,as,...,aq) in the usual way,
with a; =1 ife; € S and a; = 0if e; ¢ S. These vectors form a g-dimensional vector
space over Z5 denoted by (Z2)7.

Let C(G), called the cycle space of G, be the subspace of (Z3)? generated by the
vectors corresponding to the cycles in G. We shall say, however, that the cycles
themselves, rather than the vectors corresponding to the cycles, generate C(G). It is
well known that if G is a (p, ¢) connected graph, then the dimension of C(G) is

dim(C(G)) =~(G) =q—p+Kk,
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where p is the number of vertices, g is the number of edges, k is the number of
connected components and (G) is the cyclomatic number of G. In fact, given any
spanning tree T in G, every graph T + e, e ¢ T, contains exactly one cycle C,, and
the collection of cycles {C.: e ¢ T} forms a basis of C(G), called the fundamental
basis corresponding to T. While each edge outside of T' occurs in exactly one cycle of
this basis, an edge of T itself may occur in many cycles of the basis. This observation
suggests the following definition.

Definition. Let h be a positive integer. A basis of C(G) is called h-fold if each
edge of G occurs in at most h of the cycles in the basis. The basis number of G
(denoted by b(G)) is the smallest integer h such that C(G) has an h-fold basis, and
such a basis is called the required basis of G and denoted by B,(G). If B is a basis
for C(G) and e is an edge of G then the the fold of e in B (denoted by fp(e)) is
defined to be the number of cycles in B containing e.

The ring sum of two graphs (subgraphs) G; and G (written G; @ G3) is the graph
consisting of the vertex-set V(G1) UV (G2) and of the edges which are either in Gy
or G but not in both.

The girth of a graph is the length of its shortest cycle. An r-cage, r > 3, is a cubic
graph of girth » with the minimum possible number of vertices. Tutte [8] proved the
existence of r-cages for r > 3, and for r = 3,4, ..., 8 there is a unige r-cage.

The Robertson graph is the smallest graph of girth 5 and valency 4 (i.e., each
vertex is of degree 4). Robertson [6] established that, up to an isomorphism, the
Robertson graph is the only smallest graph of girth 5 and valency 4.

The first important result concerning the basis number was given by MacLane [5].
He proved the following theorem:

Theorem 1.1. A graph G is planar if and only if b(G) < 2.

Schmeichel [7] proved that for every integer n > 5, b(K,) = 3. Also he proved
that for m,n > 5, the basis number b(K,, ) of the complete bipartite graph K, ,
is equal to 4 except for K¢ 10, K5, and K¢, with n = 5,6,7,8. Moreover, Banks
and Schmeichel [2] proved that for n > 7, b(Q,) = 4, where @, is the n-cube.

A lower bound for the basis number of a graph is given in the following theorem
which is due to Banks and Schmeichel [2].

Theorem 1.2. For any connected graph G,
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where d(v) denotes the degree of the vertex v, g(G) the girth of G, and v(G) the
cyclomatic number of G.

Ali and Alsardary [1] investigated the relation between b(G) and b(G') where G’ is
the graph obtained from a graph G by either adding or deleting an edge in certain
ways, or by contracting some edges.

In this note we first investigate the basis number of K5, and K¢, n =5,6,7,8.
We prove that b(K5s ,,) = b(Ks,,) = 3 for n = 5,6, 7,8. Next, we investigate the basis
number of r-cages for r = 5,6,7,8. We prove that b(r-cage) = 3 for r = 5,6, 7 and
b(8-cage) = 4. Finally, we prove that the basis number of the Robertson graph is 4.

2. THE BASIS NUMBER OF K5, AND K¢ ,, n=15,6,7,8

Schmeichel [7] determined the basis number for all complete bipartite graphs ex-
cept K5, Kon, n =05,6,7,8, and Kg19. We shall prove the basis number of these
graphs is 3, except K 10, for which it seems likely that the basis number is 3.

It is clear that each K, ,, m,n > 3, is a non-planar graph; therefore, by Theo-
rem 1.1, we need to find a 3-fold basis for each of the complete bipartite graphs K ,,
and K¢, n = 5,6,7,8. For each of these graphs, we choose a set B of cycles such
that |B| equals the cyclomatic number of the graph and the fold of each edge in B
is not more than 3. Then, we show that B is independent.

Let X = {z1,22,...,2m} and Y = {y1,92,...,yn} be a partition of the vertices of
the complete bipartite graph K,, , into independent sets. Then the set of the edges
of Ky, n will be

E(Kmn) ={lziy]: i=1,2,....m; j=1,2,...,n}.
Denoting [2;,y;] by €i4m(j—1), we have

E(Kmn) ={itm@G-1: 1 =1,2,...,m; j=1,2,...,n}
={e1,e2,...,emn}
For simplicity, the cycles of K,,, will be represented by the sequences of their

vertices. To obtain the vector of a cycle C in K,, ,, we find the edge representation
of C' using the above notation.

2.1. A 3-fold basis for C(K55).
It is clear that the number of edges of K5 5 is 25 and the number of vertices is 10.
Therefore, v(K5,5) = 16.
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Schmeichel [7] proved that
{riyjziz1yjr: 1=1,2,....om—1; j=1,2,...,n—1}
is a 4-fold basis for K,, ,. Starting from the 4-fold basis
{ziyjziv1yj: 1=1,2,3,4; j=1,2,3,4}

of K55, we form the cycle matrix M whose rows are the vectors of this basis. Ap-
plying some elementary row operations on M, we obtain a cycle matrix M’ in which
each column contains not more than three non-zero entries. The set of the cycles
whose vectors are the rows of M’ is found to be

B(K575) = {x1y1w2y2,xlylxgyg,w1y3x2y4,x1y4x2y5,x2y4x3y5,x3y1x4y2,
LAY1T5Y2, L4Y4T5Y5, L1Y1XL3Y2, L1Y4T5Y5, L2Y3T3Y5, L3Y2XL4Y4,

L3Y3L4Ys5, L4Y1T5Y3, L4Y3T5Ys, x1y2$2y1x3y3}'

It is clear that B(K55) is a 3-fold basis for C(K55), and we can check that by
writing B(K5 5) in terms of the edges, we obtain

B(K55) = {e1ezereq, e1€2€12€11, €11€12€17€16, €16€17€22€21, €17€18€23€22, €3€4€9€5,
€4€5€10€9, €19€20€25€24, €1€3€8€6, €16€20€25€21, €12€13€23€22, €8€9€19€18,

€13€14€24€23, €4€5€15€14, €14€15€25€24, 66676263613611}-

Moreover, we can easily check that if
16

(1) Z aiC’i = 6,
i=1

then a; =0 foralli =1,2,...,16, where C1,Cs>, ..., Cig are the vectors of the cycles
given in B(K55). This can be done by representing the system of homogeneous
equations (1) as

(2) AB =10,

where A is a row matrix (ajas ... ag), 0is a1 x 25 zero matrix, and B is a 16 x 25
matrix which is the cycle matrix [4] of K5 5 corresponding to the set of cycles B(K5 5).
It is clear that B = [by;], b;; = 1 if the edge e; is in the cycle C; and zero otherwise.
By an algebraic method, or by computer, we show that B has rank 16 (= 7). Thus
A = 0 is the only solution for (2). This implies that B(K3s5) is an independent set
of 16 (= v(K55)) cycles.
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Remark. This procedure is used also in Sections 2.2-2.7, 3.1-3.4 and 4, to show
that B() are independent sets of cycles.

2.2. A 3-fold basis for C(K5 ).
Schmeichel [7] proved that

T1YiZ2Yit1 for 1 =1,2,...,n—1,
T3YiTaYit+1 for i=1,2,...,n—1,
B(Kyn) = , .
T1Y2i—1w3y2s for i =1,2,...,[%],
TaY2iTalyaivr for i=1,2,.. . |25

is a 3-fold basis for C(K4,,).

We want to choose a subset S of B(K4) such that it is possible to find a set T
of v(Ks,6) — |S] cycles each of length 4 constructed from the edges incident at x5
together with the edges of K4 ¢ which are of fold less than 3 in S, and such that the
fold in SUT of each edge of K56 does not exceed 3. Then, we test the set SUT for
independence. If SUT is independent, then it is a 3-fold basis for C(K’5 ), otherwise
we consider another S and T', and so on.

The procedure that may be followed to obtain a suitable S is: start taking S =
B(K4g), if it does not lead to the required T, take S to be a subset obtained from
B(K4) by omitting one cycle, then by omitting two cycles, and so on, until a
suitable S which leads to the required 7T is obtained.

Following this procedure, we obtain

S = B(Ky46) — {1y202Y3, ©3YaT4Yys, T2YaTays}
= {T1y122Y2, T1Y3%2Y4, T1Y4T2Y5, T1Y5T2Y6, T3Y1T4Y2, T3Y2T4Y3,

T3Y3T4Y4, T3Y5XL4Y6, L1Y1X3Y2, L1Y3L3Y4, L1Y5T3Y6, w2y2w4y3},

T = {$1y6$2y1, T3YeT4Y1, T5Y122Y2, T5Y2X1Y3,

T5Y3T2Y6, L5YaT3Ys, T5Y5L4Y6, !E5y1$€4y4}-

Now, we take B(K56) = SUT.
To show that the cycles of B(Kj5 ) are independent, we write them in terms of
the edges,

B(K56) = {e1e2e7€6, €11€12€17€16, €16€17€22€21, €21€22€27€26, E3E4€9€ES, EIEYE14E13,
€13€14€19€18, €23€24€29€28, €1€3€8€6, €11€13€18€16, €21€23€28€26,
€7€9€14€12, €26€27€2€1, €28€29€4€3, €E5€2€7€10, €10€6€11€15,

€15€12€27€30, €20€18€23€25, €25€24€29€30, €5€4€19€20 }a
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and prove that the vectors of these 20 cycles are linearly independent by an algebraic
method. Since v(K5 ) = 20, it follows that B(Kj5 ) is indeed a basis for C(K56). It
is a simple matter to verify that it is a 3-fold basis.

2.3. A 3-fold basis for C(K5 7).

To find a 3-fold basis B(K35,7) we follow the procedure mentioned in 2.2, i.e., we
find a subset S of B(K4,7) and a set T of cycles constructed from the edges incident
at vertex x5 together with the edges of K4 7 whose fold in S is less than 3 and such
that

IS| +|T'| = ~v(Ks7),

and the fold in S UT of each edge of K57 does not exceed 3.
It is found that

S = B(Ky7) — {x1y2%2Y3, X3Y3T4Y4, T2YaTaYs, T1Y5T3Y6 |
= {$1y1xzy2, L1Y3X2Y4, T1Y4T2Y5, L1Ys5T2Y6, L1Y6L2Y7, L3Y1T4Y2, L3Y2T4Y3,

w3y4w4y5,w3y5$4ys,w3y6x4y7,w1y1x3yz,$1y3$3y4,x2y2x4y3,$2y6x4y7},

T = {z1y123Y7, T2Y124Y7, T5Y1T2Y2, T5Y2L1Y3, T5Y3T3Y6,

T5Y6T1Y7, TEYTT3Y4, T5YT2Y5, TY5T4Y1, T5Y3TAY4 }-
Writing the cycles of S UT in terms of their edges, we arrive at

SuT = {61626766761161261761& €16€17€22€21, €21€22€27€26,
€26€27€32€31, €3€4€9€8, €8€9€14€13, €18€19€24€23,
€23€24€29€28, €28€29€34€33, €1€3€8€6,€11€13€18€16,
€7€9€14€12, €27€29€34€32, €1€3€33€31, €2€4€34€32,
€5€2€7€10, €10€6€11€15, €15€13€28€30, €30€26€31€35,

€35€33€18€20, €20€17€22€25, €25€24€4€5, 615614619620}-
We can easily show that the cycles of S UT are independent. Since
|S U Tl =24 = ’)/(K577),

it follows that B(K57) = S UT is indeed a 3-fold basis for C(K5 7).
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2.4. A 3-fold basis for C(K5g).
To find a 3-fold basis for C(K5 ), we choose S from the basis B(Kj5 7) which was
obtained in 2.3. Following the procedure given in 2.2, we obtain

S = B(Ks,7) — {z1y122Y2, X3Y6Tay7, T1Y3T3Y4 }
= {w1y3wzy4,w1y4x2y5,w1y5:ﬂ2ys,w1ys$2y7,x3y1x4yz,$3y2$4y3,$3y4$4y5,
T3Ys5L4Y6, L1Y1T3Y2, T2Y2X4Y3, L2YeLaY7, L1Y1T3Y7, L2Y1X4Y7, T5Y1X2Y2,

T5Y2L1Y3, L5Y3L3Y6, L5Y6L1Y7, T5Y7L3Y4, L5Y4L2Y5X5Y5L4Y1, x5y3:1:4y4},

T= {$1y1x2y87 T2Y2T5Y8, L5Y5L1Y8, L3YT7LAYS, L4YAL3YS, T1Y3L3YS, $5y6$4ys}-

Notice that the cycles of T' are constructed from the edges incident at the vertex ys
together with the edges of K5 7 which are of fold less than 3 in S.
We can show that

B(Ksg)=SUT
= {611612617616, €16€17€22€21, €21€22€27€26, €26€27€32€31,
€3€4€9€8, €3€9€14€13, €18€19€24€23, €23€24€29€28, €1€3€8€¢,
€7€9€14€12, €27€29€34€32, €1€3€33€31, €2€4€34€32, E5€2€7€10,
€10€6€11€15, €15€13€28€30, €30€26€31€35, €35€33€18€20, €20€17€22€25,
€25€24€4€5, €15€14€19€20, €1€2€37€36, €7€10€40€37, €25€21€36€40,

€33€34€39€38, €19€18€38€39, €11€13€38€36, 630629639640}

is a 3-fold basis for C(K5 g) by proving that these 28 (= (K35 g)) cycles are indepen-
dent.

2.5. A 3-fold basis for C(Ks).

To find a 3-fold basis for C(Kg ), we choose a suitable subset S from the basis
B(K356) which is obtained in 2.3. Following the procedure mentioned in 2.2, we
obtain

S = B(K5,6) — {T1y3T2y4, T3Y104Y2, T1Y5T3Y6, T2Y2T4Y3 )
= {T1Y172Y2, T1YaT2Y5, T1Y5T2Y6, T3Y2T4Y3, T3Y3T4Y4, T3Y5T4Y6,
T1Y1T3Y2, 1Y3L3Y4, T1Y6L2Y1, L3Y6T4Y1, T5Y1T2Y2, T5Y2T1Y3,
T5Y3T2Y6, T5YAT3Y5, T5Y5T4Y6, T5Y1T4Y4 )
T= {x6y1w5y2, TeY2T2Y4, TeY4T4Y3, TeY3T2Ys5, LeY5L5Y6,

TeY224Ys5, L1Y3TeY6, L2Y3L5Y4, $3y1$6y6}-
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Notice that the cycles of T are constructed from the edges incident at x4 together
with the edges of K5 ¢ which are of fold less than 3 in S.
We can show that

B(Kgg)=SUT
= {61626867» €19€20€26€25, €25€26€32€31, €9€10€16€15, €15€16€22€21,
€27€28€34€33, €1€3€9€7, €13€15€21€19, €31€32€2€1, €33€34€4€3,
€5€2€8€11, €11€7€13€17, €17€14€32€35, €23€21€27€29, €29€28€34€35,
€5€4€22€23, €6€5€11€12, €12€8€20€24, €24€22€16€18, €18€14€26€30,

€30€29€35€36, €12€10€28€30, €13€18€36€31, €14€17€23€20, e366636633}

is a 3-fold basis for C(K¢,6) by proving that these 25 (= v(Ks)) cycles are indepen-
dent.

2.6. A 3-fold basis for C(Ks 7).
As for Kg g, we obtain B(Kg 7) by choosing

S = B(Kes6) — {T1Y3T6Y6, T2Y3T5Y4, T3Y1T6Y6
= {T1Y122Y2, T1YaT2Y5, T1Y5T2Y6, T3Y2T4Y3, T3Y3T4Y4, T3Y5T4Y6, T1Y123Y2,
T1Y3T3Y4, T1Y6L2Y1, L3Y6LaY1, TsY1T2Y2, TsY2T1Y3, T5Y3T2Y6, L5Y4T3Y5,
T5Y5T4Y6, T5Y1T4Y4, TeY1T5Y2, TeY2T2Y4, TeY4L4Y3, TeY3T2Ys5,
T6YsT5Y6, T6Y2T4Y5 )
T = {@1yaT6Ys, T6Y1T3Y7, T5Y3T1Y7, TaY1T6Y7, T3Y2T4YT,

ToY3TGYT, T1Y5T3Y7T, T2YaT5Y7 ),

where the cycles of T are constructed from the edges incident at y7 together with
the edges of K¢ whose fold in S is less than 3. Then it is shown that

B(Kg7)=S8SUT
= {61626867, €19€20€26€25, €25€26€32€31, €9€10€16€15, €15€16€22€21,
€27€28€34€33, €1€3€9€7, €13€15€21€19, €31€32€2€1, €33€34€4€3,
€5€2€8€11, €11€7€13€17, €17€14€32€35, €23€21€27€29, €29€28€34€35,
€5€4€22€23, €6€5€11€12, €12€8€20€24, €24€22€16€18,
€18€14€26€30, €30€29€35€36, €12€10€28€30, €19€24€36€31,
€6€3€39€32, €17€13€37€41, €4€6€42€40, €9€10€40€39,

€14€18€42€38, €25€27€39€37, €20€23€41 638}
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is a 3-fold basis for C(Kg,7) by proving that the 30 (= v(Kg,7)) cycles of B(Kg 7) are
independent.

2.7. A 3-fold basis for C(Kss).
To find a 3-fold basis for C(Kg,), we start from B(Kg 7) and follow the procedure
given in 2.2 to obtain

S = B(K6,7) - {$1y11172y2,1173y35174y4,$6y5$5y6}
= {$1y4x2y5,x1y5x2y6,:Esyzmyg,x3y5w4ys,x1y1w3y2,
T1Y3T3Y4, T1YeT2Y1, L3Y6LaY1, T5Y1X2Y2, T5Y2T1Y3,
T5Y3L2Y6, L5Y4L3Y5, L5Y5L4Y6, L5Y1X4Y4, TeY1T5Y2,
TeY2X2Y4, L6Y4L4Y3, L6Y3T2Y5, LeY2L4Y5, L1Y4L6Y6,
TeY1X3Y7, T5Y3T1Y7, LaY1TeY7, L3Y2X4Y7, L2Y3T6Y7,

T1Ys5T3Y7, x2y4x5y7},

T= {fﬁsysfﬂsys, T5Y5T6Y8, LaY4L3Y8, TaY3T3YS, L2Y2X1YS,

T2Y121Y8, TsY7T1Ys, $696$3y8}»

B(Kgg) = SUT
= {6196206266257 €25€26€32€31, €9€10€16€15,
€27€28€34€33, €1€3€9€7, €13€15€21€19, €31€32€2€1,
€33€34€4€3, €5€2€8€11, €11€7€13€17, €17€14€32€35,
€23€21€27€29, €29€28€34€35, €5€4€22€23, €6€5€11€12,
€12€8€20€24, €24€22€16€18, €18€14€26€30, €12€10€28€30,
€19€24€36€31, €6€3€39€42, €17€13€37€41, €4€6€42€40,
€9€10€40€39, €14€18€42€38, €25€27€39€37, €20€23€41€38,
€35€36€48€47, €29€30€48€47, €22€21€45€46, €16€15€45€46,
€8€7€43€44,€2€1€43€44, €41€37€43€47, 636633645648}
where the cycles of T are constructed from the edges incident at yg together with
the edges of K¢ 7 which are of fold less than 3 in S. Then it is shown that B(Ks ) is

a 3-fold basis for C(Kg s) by proving that the 35 (= y(Kgs)) cycles are independent.
Now the proof of the following statement has been completed.

Theorem 2.1. The basis number of K5 ,, and K¢, forn=15,6,7,8 is 3.
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3. THE BASIS NUMBER OF SOME 7-CAGES

We start this section with a simple result concerning the basis number of cubic
graphs.
Let G. be a cubic graph with n vertices and m edges. Then m = 3n/2 and

3n n
G)=2"—n+1=—+1
v(Ge) 5 n+ 2+

From Theorem 1.2 we have

o[22 560- (5 +1).

where ¢g(G.) is the girth of G.. We consider two cases:
Case (I). If b(G.) is even, then

3) b(Ge) >

Thus we have the following statement.

Corollary 3.1. Each cubic graph of girth more than 5 is non-planar.
If b(G.) = 3, then (2) implies

8n
n+2

Q(GC) <

Since the girth is an integer, then g(G.) < 7 when b(G,.) = 3. Therefore, if g(G.) > 8,
then b(G.) > 4.
Hence, the proof of the following theorem is completed:

Theorem 3.1. If G, is a cubic graph of girth not less than 8, then b(G.) > 4.

It is mentioned in Section 1 that, for r = 3,4, ..., 8, there is a unique r-cage. Since
the 3-cage is K4 and the 4-cage is K3 3, we have b(3-cage) = 2 and b(4-cage) = 3.
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To determine the basis number of the r-cage for r = 5,6,7,8, we divide the
remaining part of this section into four subsections.

3.1. The basis number of Petersen graph.
The 5-cage is the graph shown in Fig. 1. It is called Petersen graph, and will be
denoted by Gp.

Figure 1. Petersen graph

It is clear that Gp is a non-planar graph, therefore, by Theorem 1.1, b(Gp) > 3.
To find a 3-fold basis for C(Gp), consider the set of cycles of Gp:

B(GP) = {6166615614610, €2€7€12€11€6, €3€8€14€13€7,

€4€9€11€15€8, €5€10€13€12€9, 616267613610}~

We can easily show that the vectors representing the cycles of B(Gp) are linearly
independent in C(Gp). Since

|B(Gp)| = 6 =v(Gp) = dim(C(Gp)),

B(Gp) is a basis for C(Gp). Moreover, one can easily check that the fold of each
edge of Gp in the basis B(Gp) is not more than 3. Thus b(Gp) < 3, and so the
basis number of the Petersen graph is 3.

3.2. The basis number of Heawood graph.

The 6-cage is the graph shown in Fig. 2. It is called the Heawood graph, and will
be denoted by G .

Since G is a cubic graph of girth 6, Gy is non-planar by Corollary 3.1 and so
b(Gp) = 3.
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Figure 2. Heawood graph

To find a 3-fold basis for C(G ), consider the set of cycles of G:

B(GH) = {616166768696157 €3€18€9€10€11€17, €5€20€11€12€13€19,
€7€21€13€14€1€16, €9€15€1€2€3€18, €11€17€3€4€5€20,

€13€19€5€6€7€21, 61461964618686216126176261666620610615}~

We can easily show that the vectors representing the cycles of B(G ) are linearly
independent in C(Gg). Since

|B(GH)| =8 =7(Gp) = dim(C(Gn)),

then B(Gy) is a basis for C(Gg). Moreover, one can easily check that the fold of
each edge of Gy in the basis B(G) is not more than 3. Thus b(Gx) < 3, and so
the basis number of the Heawood graph is 3.

3.3. The basis number of McGee graph.

The 7-cage is the graph shown in Fig. 3. It is called the McGee graph, and will
be denoted by Gjy.
By Corollary 3.1, G is a non-planar graph, and so b(G ) > 3.
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Figure 3. McGee graph

To find a 3-fold basis for C(G ), consider the set of cycles of Gy;:

lg(cyhl):::{63369626364656137634610636465666147635611636261686157
€36€12€5€6€7€8€16, €9€1€16€24€29€21€33, €16€8€15€23€26€20€36,
€15€7€14€22€31€19€35, €14€6€13€21€28€18€34, €9€2€10€18€27€26€25€17,
€33€17€32€31€30€29€21, €34€18€27€26€25€32€22, €4€11€19€31€32€25€20€12,

635619630629628627623}-

One can easily show that the vectors which represent the cycles of B(Gy) are
linearly independent in the vector space C(G ). Since

[B(Gum)| =13 =~(Gur) = dim(C(Gwr)),

B(Gar) is a basis for C(Gpr). Moreover, one can easily check that this basis is a
3-fold basis. Thus b(Gar) < 3.
Hence the basis number of the McGee graph is 3.

3.4. The basis number of Levi graph.

The Levi graph is the 8-cage which is shown in Fig. 4. It will be denoted by G .
From Theorem 3.1, b(Gp) > 4.

Thus, to prove that b(G) = 4, we shall give a 4-fold basis for C(Gp,).
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Figure 4. Levi graph

Consider the set of cycles of Gf:

B(GL) = {61611621637636635622612, €2€12€22€34€33€32€23€13,
€3€13€23€31€40€39€24€14, €4€14€24€38€37€36€25€15,
€5€15€25€35€34€33€26€16, €6€16€26€32€31€40€27€17,
€7€17€27€39€38€37€28€18, €8€18€28€36€35€34€29€19,
€9€19€29€33€32€31€30€20, €10€20€30€40€39€38€21€11,
€44€16€6€7€8€9€10€11, €45€22€35€36€28€18€7€17,
€41€28€37€38€24€14€3€13, €42€29€33€32€23€13€3€14,

€43€15€5€6€7€8€9€20, 6446116162636465616}-

Using a simple algebraic method, we prove that the vectors of the cycles of B(Gp)
are linearly independent in the vector space C(Gr). Since

[B(GL)| =16 = v(G) = dim(C(GL)),

B(G}) is a basis for C(Gp). Moreover, one can easily check that the fold of each
edge of G, in this basis B(GL) is not more than 4. Therefore, b(G1) < 4.

Hence the basis number of the Levi graph is 4.

Now, we summarize the results of the three subsections in the following theorem.
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Theorem 3.2. The basis number of an r-cage for r = 4,5,6,7 is 3. The basis
number of the 8-cage is 4.

4. THE BASIS NUMBER OF ROBERTSON GRAPH

It is mentioned in Section 1 that the Robertson graph, which is shown in Fig. 5
and denoted by Gp, is the only smallest graph of girth 5 and valency 4.

Figure 5. Robertson graph

It is clear that Gg has 19 vertices and 38 edges. Thus v(Gg) = 20.
By Theorem 1.2,

b(GRr) -4

10| 2982 > (5)20),

that is,

50
> —.
b(GRr) = 1

This means that b(Gr) > 3.
To prove that the basis number of Gp is 3, we form a 3-fold basis for C(Gr).
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Consider the set of cycles of Gg:

B(GRr) = {e3searesesesq, 31€19€9€14€33, €20€21€22€37€36,
€37€23€7€16€13€3, €37€11€6€26€3, €35€12€5€21€2,
€1€4€10€22€23€32, €31€6€17€5€30, €29€18€8€17€15,
€24€23€11€17€12, €20€21€10€16€9, €26€27€14€16€13,
€25€13€10€2€35, €28€14€9€36€38, €24€25€26€31€32,
€1€18€19€20€30, €29€18€19€36€38, €12€15€28€33€35,

€8€11€22€2€34, €1€29€28€27€31 }

We can easily show that the vectors of the cycles of B(Gg) are linearly independent
in the vector space C(GRr). Since

|B(GR)| = 20 = 7(Gr) = dim(C(GRr)),

B(GR) is a basis for C(Ggr). Moreover, one can easily check that the fold of each
edge of G in the basis B(GR) is not more than 3. Thus b(Gr) < 3. This completes
the proof of the following theorem.

Theorem 4.1. The basis number of the Robertson graph is 3.
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