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Abstract. By means of Riccati transformation techniques, we establish some new oscilla-
tion criteria for second-order nonlinear difference equation which are sharp.
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1. INTRODUCTION

In recent years, the asymptotic behavior of second order nonlinear difference equa-
tions has been the subject of investigation by many authors, see e.g. [1]-[19]. In
particular, oscillatory behavior of second order nonlinear difference equations of the
form

(1) A(pn(A.’,En)’y) +Qn+1f(xn+1) = 05 n= 071727"'

where 7 is a ratio of positive odd integers, {p,}>2 is a positive sequence and {g, } 22 ;
is a nonnegative sequence which has a positive subsequence, are obtained under

various additional conditions such as
(H1) 3 (1/pn)/7 = o0,
n=0

(H2) > (1/pa)"/7 < 00,

n=0

The paper was finished when the first author was in Faculty of Mathematics and Com-
puter Science, Adam Mickiewicz Univeristy, Matejki 48/49, 60-769 Poznan, Poland.
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(H3) f: R — R is such that xf(z) > 0 and f(x) > sz for x # 0 and some
k>0,
(H4) f: R — R is nondecreasing,
(H5) f: R — R satisfies f'(x) > 0 for « # 0,
(H6) f: R — R is such that f(u) — f(v) = g(u,v)(u—v)? and g is nonnegative.
Some of these results will be briefly stated below. Before doing so, let us first
recall that a solution of (1) is a nontrivial real sequence {x,,} satisfying equation (1)
for n > 0. A solution {x,} of (1) is said to be oscillatory if it is neither eventually
positive nor eventually negative, otherwise it is nonoscillatory. Equation (1) is said
to be oscillatory if all its solutions are oscillatory. In [16], the authors considered the

second order nonlinear difference equation
(2) A2y 4+ guir f(Tny1) =0, n=0,1,2,...

and proved that if (H4) holds and

3) Z gn+1 = 90,
n=0

then every solution oscillates. In [13], Thandapani et al. considered also (2) when
(H6) holds with ¢ = 1 and obtained some different oscillation criteria. In [4], the
authors considered the equation (1) when v = 1 and proved that if (H1), (H4) and
(3) hold then every solution of (1) oscillates. In [9], [14], the authors employed the
techniques similar to those in [13] to obtain oscillation criteria for (1), and proved
that every solution of (1) oscillates if (H1) and (3) hold. Unfortunately, the oscilla-
tion criteria impose assumptions on the unknown solutions, which diminishes their
applicability. Furthermore, the restrictive condition (H6) is required in [14], where
d = 1, and the condition (H5) is required in [9]. In [10], the authors studied the
existence of positive and negative solutions of (1) under the condition (H6) where
d = 1. In [6] the authors considered equation (1) and gave some oscillation criteria
when (H1), (H2) or (H6) hold, where g(u, v) satisfies g(u,v) > 7 >0

In this paper we intend to use the Riccati transformation technique for obtaining
several new oscillation criteria for (1) when (H1), (H2), (H3) or (H5) hold. However,
some of our results do not require the nonlinear function f to be nondecreasing, nor
condition (H6). Furthermore, when (H3) holds, we present some sufficient conditions
which guarantee that every solution of (1) oscillates or tends to zero. Our results
improve the results in [4], [6], [9], [13], [14], [15], [16] when (H1) is satisfied.

For oscillation and nonoscillation of different classes of second order difference
equations we refer the reader to the monographs of Agarwal [1] and Agarwal and
Wong [2].
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2. THE CASE WHEN (H1) HOLDS
In this section, we assume that (H1) holds.

Theorem 2.1. Assume that (H1) and (H3) hold. Furthermore, assume that there
exists a positive sequence {p,}>2 , such that for every positive constant M,

1
ng(AQZ)Q

(4) lim sup Z [HQIQI+1 - m =

n—oo
l:n()

Then every solution of equation (1) oscillates.

Proof. Suppose to the contrary that {x,} is a nonoscillatory solution of (1).
Without loss of generality, we may assume that x, > 0 for all large n. We shall
consider only this case, since the substitution y,, = —z,, transforms equation (1) into
an equation of the same form. In view of (1) we have

A(pn(Axn)V) = _qn-i-lf(wn-i-l) <0,

for all large n, and so {p,(Az,)7} is an eventually nonincreasing sequence. We
first show that {p,(Axz,)7} is eventually positive. Indeed, since {g,} has a positive
subsequence, the nondecreasing sequence {p, (Ax,)"} is either eventually positive or
eventually negative. Suppose there exists an integer n; > 0 such that p,(Az,)” <
Py (A, )Y = ¢ < 0 for n = nq, then

Al,n g cl/’)’(i)l/'y’
Dn
which implies that
n—1

1N\1/~
xngwm-i-ClMZ(;) — —00 as n — 0o,
1

i:n1

which contradicts the fact that x,, > 0 for all large n. Hence {p,,(Az, )"} is eventually
positive. Therefore, we see that there is ng such that

(5) Tn >0, Az, >0, A(pp(Az,)") <0, n=mno.

Define a sequence {w,} by

Az,)Y
(6) Wn = ann( xn) , N Z=ng.
Tn41
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Then w,, > 0 and

On }Jr 2nAPn(Az,)7)

Tn+1

(7) Awp = ppi1(Azni1) A {

Tn+1

In view of (1), (H3) and (7),

A Ax y+1
(8) Awp < —KOnQn+1 + n W1 — 0nPn+1(ATp1) .
On+1 Tn+1Tn+2
But from (5) we have
9) Pr(A2p)Y Z prp1(AZpi1)Y,  Tng2 = Tnta,
and thus from (8) and (9) we have
A Ax 7+l
(10) Awn < —KOnGn+1 + On Wyt — ann+1( n;—l) ’
On+1 (xn+2)
so that
Aoy, on 1
11 Aw, < =K + —w — w? .
( ) n X Ondn+1 Oni1 n+1 (Qn+1)2pn+1 n+1 (Awn-f-l)’y_l

Now, by virtue of the fact that {p,(Az,)"} is a positive and nonincreasing sequence,
there exists ng > n; sufficiently large such that p,(Ax,)Y < 1/M for some positive
constant M and n > ng, and hence by (9) we have p,,41(Ax,11)Y < 1/M, so that

1 _
- > (Mpn+1)(v /vy,

(12) a1

Substituting from (12) into (11) we obtain

A
(13) Aw, < —KOngnt1 + on W1 — M(ﬁ’fl)/wl/,yginwiH,
On+1 Pry(0n+1)?

so that
1/v 2 =1/ 1/~ A
P (Aon) VMO on, Py 1800
AMG=D/vg, ntl ™ =
0 Ons1 /p}/fl 2/ MO=D/vp,

1
pn/qjl(AQn)2
AMO=U/v9, |

Aw, < — KOnQn+1 +

< — |KOnQn+1 —
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Hence, we have

P 1(80,)? }

(14) Aw, < |:I€QnQn+1 m .

Summing (14) from ns to n, we obtain

n

(15) “Wny < Wnpyl — Wny < — Z {’QQZQZH

l:nz

p}z/ﬁ(AQl)Z
AMO=D/vg, |’

which yields

n

1
S [nows - LB,
o1qi+1 — 4M(7 1)/VQl ng s

l:ng

for all large n. This is contrary to (4). The proof is complete. O

Note that if o, =n+ 1, v =1 and p, = 1, then (4) reduces to

1

lim sup Z [ l + 1 q1+1 m

n—oo
1= no

This is an improvement of condition (3).
Note that when v = 1, equation (1) reduces to the nonlinear difference equation

(16) A(ppAzy) + gni1f(ns1) =0, n=0,1,2...

and then Theorem 2.1 reduces to the following corollary which improves Theorem 13
in [4].

Corollary 2.1. Assume that (H1) and (H3) hold and there exists a positive
sequence {0}, such that

n 2
(17) lim sup Z [F&QlQlﬂ _pn(Be)7) 00

n—oo 7 4Ql
=ng

Then every solution of (16) oscillates.

From Theorem 2.1 we can obtain different conditions for oscillation of all solutions
of (1) by different choices of {o,}. For instance, let g, = (n+1)*, n > ng and A >
By Theorem 2.1 we have the following result.
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Corollary 2.2. Assume that (H1) and (H3) hold. Furthermore, assume that
there is A\ > 1 such that for every positive constant M,

1/~ A A\ 2
pir((s+2)" = (s +1)Y)°]
(18) lim sup Z [ 5+ 1) qeq1 — AMO-D/ (s + 1) = oo

n—oo
S=ngo

Then every solution of (1) oscillates.

As an example, consider the discrete Euler equation

(19) A2In —+ ﬁxnﬂ = O, n = 1,

where p > 1/4. Then p,, = 1 and v = 1. If we take g, = n + 1, then we have

. (5+2) = (s+1)%) _ §~[pls+D 1

N (p-1)
EPI e T

s=1

S=ngo

as n — 0o. By Corollary 2.1, every solution of (19) oscillates. It is known from [18],
[19] that when p < 1/4, (19) has a nonoscillatory solution. Hence, Theorem 2.1 and
Corollary 2.1 are sharp. Note that the results in [4], [9], [14], [16] cannot be applied
o (19).

As another example, consider the nonlinear difference equation

where p > 1/4, f(u)/u > 1, and v = 1. If we take o, = n+ 1, then we have

n

pst1((s +2) = (s +1))
Z {(er 1)gs1 — — (s 1 1) }

]

S=ngo

I
M=

s=1

I
NE

" 4pu
L—i—l s—l—Q} Zs oo

1 s=1

@
Il

as n — 0o. Thus Corollary 2.2 asserts that every solution of (20) is oscillatory when
> 1/4. The results in [4], [9], [14], [15], however, are not applicable.

As a variant of the Riccati transformation technique used above, we will derive
a Kamenev type oscillation criteria which can be considered a discrete analogy of
Philos’ condition for oscillation of second order differential equations [11].
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Theorem 2.2. Assume that (H1) and (H3) hold. Let {0,}32, be a positive
sequence. Furthermore, assume that there exists a double sequence {H,n: m >
n > 0} such that

(i) Hm,m =0 form >0,

(i) Hpmon >0form>n>0,
(i) AoHpmpn = Hpnt1 — Hpn <0 form >=n > 0.
If

m—1

Z [KHm,nQnanLl

(21) lim sup

m— o0 m,0 n—0
/v 2
_ Ppp1On4a ( Aoy, )2 _
IO/, \tman = 572 Hin ) | = 00,
where
JAY 5 S
hm,n:—L m>n =0,

vV Hm,n ?

for every positive number M, then every solution of (1) oscillates.

Proof. We proceed as in the proof of Theorem 2.1. We may assume that (1) has
a nonoscﬂlatory solution {z,}22, such that z, > 0, Az, > 0, A(p,(Az,)?) <0 for
n > ny > 0. Define {w,} by (6) as before, then we have w,, > 0 and there is M > 0
such that (13) holds. For the sake of convenience, let us set

~ MO=D/7o,
o=
pn—i:yl
Then
Ao 0
(22) Awy, < —KOngn+1 + —nwn+1 - 2—nw721+17
On+1 n+1
or
Ag 0
(23) ROnqn+1 < _Awn + i Wn41 — _2n w721+1.
On+1 On+1
Therefore,
m—1
Z ’{Hm,nQnanLl X Z Hm nAwn + Z Hmn wn+1
n=ns n=mns n=mnsz On+
- Z Hmn 2 n+17
n=no n+1
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which yields, after summing by parts,

m—1
Z ’{Hm,nQnanLl
n=ns:
m—1 m—1 AQ
< Hm,ngwng + Z wn+1A2Hm,n + Z Hm,n—nwn+1
n=ns n=ng On+1
m—1 !__7
= > Hung—wiy
n=ns On+1
m—1 m—1 AQ
= Hm,’ﬂzw’ﬂz - Z hm,n V Hm,nwn+1 + Z Hm,n = Wn+1
n=nso n=no On+1
m—1 @
_ Z Hypop——w?2
n=ns n+
= Hm,ngwng
m—1 — 2
H,, .0 A
S {wwnﬂ b (g H - ﬂHmn)]
n—n On+1 2 Hm,ngn On+1
2
—1
1'% 2 A 2
+ Z (gnj_l) (hm,n - &n Hm,n)
n=ns o On+1
Then
m—1 2
0 Ao 2
Z [HHm,nQnanLl - 4n_+1 (hm,n - - Hm,n) :| < Hm,ngwng g Hm,Own2
n—n On On+1
2
which implies that
m—1 QQ Ao 2 ng—1
Z [KHm,nQnQn-H_ 4n_+1 (hm,n_ - \/ Hm,n) :| < KJHm,O Z Onqn+1 +Hm,0wn2'
n—0 On On+1 "0
Hence
m—1 2
, 0 Aon 2
lim sup Z |:’€Hm,nQnQn+1 - 4n_+1 (hm,n - = Hmn) < oo,
m— o0 m,0 7 On On+1
which is contrary to (21). The proof is complete. O

By choosing the sequence {H,, } in appropriate manners, we can derive several
oscillation criteria for (1). First, let us consider a double sequence {H,, ,} defined



Then Hy, ., =0 for m > 0, Hp, ,, > 0, AgHyp, p, < 0 for m > n and

(m—-—n—-1 = (m-n)  (m-n)*—-(m-n-1)>

(m —n)2 o (m —n)2

hm,n -

Using the inequality

Ty <y’ Hx—y) forall z#y and vy =1
we have

himn < A(m — n)>‘/271.
Hence from Theorem 2.2 we have the following result.
Corollary 2.3. Assume that all the assumptions of Theorem 2.2 hold, except

that the condition (21) is replaced by

m—1

. 1
(25) lim sup Y Z {Kz(m — n)/\QnQn-‘rl

m— 00
n=0

1/
— pn+71931+1 ()\(m _ n)/\/2—1 _ Aon (m — n)A>2 = 00
4M = 1)/7!_771 On+1 ,

for every positive number M and some A > 1. Then every solution of (1) oscillates.

Next, consider the double sequence {H,, } defined by

(26) Hopp = (ln

)

m—i—l))\

1 =21, m=>2n=>0.
n

Then H,, ,,, =0 for m > 0, Hp, ,, > 0, AgHypp, , <0 for m > n and

b (b g (nzg) - (m2)

m =P (1n 2™

Then we have

1\*z 1
hm_ng)\(lnm—i_ ) ’ ln(l—l— )
’ n+1 n+1

Using the inequality e > 1 4+ x for all x > 0 we obtain

A (1 m+1>¥'

h <
TS 41 nn—i—l

Hence from Theorem 2.2 we have the following result.
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Corollary 2.4. Assume that all the assumptions of Theorem 2.2 hold, except the
condition (2.21) is replaced by

m—1

m + 1\>
27 lim su ( )an —an] = 00,
(27) e 2)[ Gnt1 :

where

B o Pi/ﬁ@%ﬂ A (lnm-i- 1)% 7 Aon (lnm+ 1)/\ 2
T AM =D/, \n + 1 n+1 Oni1 n+1

for every positive number M and some A > 1. Then every solution of (1) oscillates.

Other H,, , may be chosen as

or
Hpyp = (m—n)()‘), A>2, m>=n=0,
where ¢: [0,00) — [0,00) is a continuously differentiable function which satisfies
©(0) = 0 and p(u) > 0, ¢'(u) > 0 for u > 0, and (m —n)M = (m —n)x
(m—n+1)...(m—n+A—1) and
Ag(m —n)N = (m—n—1)N = (m —n)N = —\(m —n) A=,

Corresponding corollaries can also be stated.

3. THE cASE WHEN (H2) HOLDS
Next, we consider the case when (H2) holds.

Theorem 3.1. Assume that (H2), (H3) and (H4) hold. Furthermore, assume
that there exist positive sequences {0n}>2, such that (4) holds for every positive
number M and

(28) z( z q) - 0.

Then every solution of (1) oscillates or converges to zero.

964



Proof. Suppose that {z,} is a nonoscillatory solution of (1). Without loss of
generality we may assume that {z,,} is eventually positive. From (1) we have

(29) Alpn(Azn)Y) = —qni1f(2nt1) <O,

and so {p, (Ax,)7} is an eventually nonincreasing sequence. Since {¢, } has a positive
subsequence, { Az, } is either eventually negative or eventually positive.

If {Az,} is eventually positive, we are then back to the case when (5) holds. Thus
the proof of Theorem 2.1 goes through, and we may conclude that {z,} cannot be
eventually positive, which is not possible.

If {Az,} is eventually negative, then hm xn = b > 0. We assert that b = 0. If

not, then f(zp+1) — f(b) > 0 as n — oc. “Since f(z) is nondecreasing, there exists
ng > 0 such that f(x,1) > f(b) for n > ny. Therefore from (2.29) we have

A(pn(Azn)") < —qni1f(b).

Define a sequence u,, = p,(Axz,)? for n > ny. Then we have

Aup < —f(b)gny1-

Summing the last inequality from ny to n — 1, we have

Unp, Un2 - Z ds+1 < —br Z ds+1,

S=nso S=nso

where u,,, is nonpositive. Summing the last inequality from ns to n we obtain

Tnt1 < @y — (FO)V7 Z ( Z Qz+1) /7-

S=no Zn2

Condition (28) implies that {z,} is eventually negative, which is a contradiction.
Thus {z,} converges to zero. The proof is complete. O

As an example, consider the linear difference equation
(30) A(n*Axy) 4 pxp1 =0, n>1

where ;1 > 1/4. Then p, = n?, v = 1. If we take 9, = n + 1 and 3, = 1, then one
can easily see that (28) holds and

" st1((s+2)— (s +1))2 "~ s+ 1)2
S;:,O[(‘Hl)qs—er (« I(SLS 1) ]: ;[u(wl)—ii(;r i)
:Z(4M4_1)(s+1)
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as n — 0o. Thus, Theorem 3.1 asserts that every solution of (30) oscillates or :,, — 0
as n — co. Note that none of the above mentioned papers can be applied to (30).

By choosing {0, }5° , in appropriate manners, we may obtain different oscillation
criteria. For instance, let g, = n* for n > 0 and A > 1. Then we have the following
result.

Corollary 3.1. Assume that all the assumptions of Theorem 3.1 hold, except
that the condition (4) is replaced by (18). Then every solution of (1) oscillates or

converges to zero.

Theorem 3.2. Assume that (H2), (H3), (H4) and (28) hold. Furthermore, let
{on}22, be a positive sequence and assume that there exists a double sequence
{Hpmn: m > n >0} as defined in Theorem 2.2 and (21) holds. Then every solution
of (1) oscillates or converges to zero.

Indeed, suppose that {z,} is an eventually positive solution of (1). Then as seen
in the proof of Theorem 2.1, either {Ax,} is eventually positive or it is eventually
negative. In the former case, we may follow the proof of Theorem 2.2 and obtain
a contradiction. If {Az,} is eventually negative, then we may follow the proof of
Theorem 3.1 to show that {z,} converges to zero.

By choosing {H,, »} in appropriate manners, we can derive several oscillation
criteria for (1) when (H2) holds. For instance, let us consider double sequences
{Hpmn} defined again by (24) or (26).

Corollary 3.2. Assume that all the assumptions of Theorem 3.2 hold, except
that the condition (21) is replaced by (25). Then every solution of (1) oscillates or

converges to zero.
Corollary 3.3. Assume that all the assumptions of Theorem 3.2 hold, except

that the condition (21) is replaced by (27). Then every solution of (1) oscillates or

converges to zero.
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