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Abstract. In the paper, we obtain the existence of symmetric or monotone positive solu-
tions and establish a corresponding iterative scheme for the equation (pp(u’)) +q(t) f(u) =
0, 0 <t < 1, where pp(s) := |s|‘972s7 p > 1, subject to nonlinear boundary condition. The
main tool is the monotone iterative technique. Here, the coefficient ¢(¢) may be singular at
t=0,1.

Keywords: iteration, symmetric and monotone positive solution, nonlinear boundary
value problem, p-Laplacian

MSC 2000: 34B10, 34B15

1. INTRODUCTION

The purpose of this paper is to consider the existence of symmetric or monotone
positive solutions and establish a corresponding iterative scheme for the nonlinear
two-point singular boundary value problem (BVP) with a p-Laplacian operator

(1) (op(@)) +q(t)f(u) =0, 0<t<1,

The second author was supported by National Natural Sciences Foundation of China
No. 10371006.
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subject to

(a) u(0) = Bo(u'(0)) =0, wu(l)+ Bi(u'(1)) =0,
(BO) (b) w(0) = B(u'(0)) =0, wu(l)+ B(u'(1)) =0,

() w(0)—B(u'(0))=0, (1)=0,

(d) w/(0) =0, u(1) + B(u'(1)) =0,

where ¢,(s) = |s|P72s, p > 1, By, By and B are both continuous functions defined
on (—oo,+00), and the coefficient ¢(t) may be singular at ¢t =0, 1.

Several papers have been devoted in the recent years to the study of (1) subject
to different linear or nonlinear boundary conditions, see [1], [2], [4], [6], [7] and
their references. Here, only positive solutions are meaningful. By using the fixed
point theorem in cones due to Krasnoselskii [3], Wang [1] and Kong and Wang [2]
established the existence of one positive solution for (1) subject to one of the following

nonlinear boundary conditions:

(wl) u(0) = g1(v/(0)) =0, u(l) +ga(u'(1)) =0,
(w2) u(0) = g1(w'(0)) = 0, u'(1) =0,
(w3) u'(0)=0,  u(l)+g2(u'(1)) =0

By applying a new twin fixed point theorem due to Avery and Henderson [5], He
and Ge [4] obtained the existence of two positive solutions for (1) subject to (wl),
(w2), (w3). By using the fixed point theorem in cones due to Krasnoselskii [3],
R.P. Agarwal, Haishen Lii and D. O’Regan [6] studied the problem of eigenvalues
of (1) subject to (BCa) when By = B; = 0, they also obtained the existence of two
positive solutions. By using an extension of the Leggett-Williams theorem, i.e., the
fixed point theorem of five functionals, Guo and Ge [7] got the existence of three
positive solutions for (1) subject to (wl), (w2), (w3), and

(g1) u(0) =0, u(l) = 0.

We can see easily that all the results obtained in [1], [2], [4], [6], [7] are the existence
of positive solutions. Seeing such a fact, we cannot but ask “how can we find the
solutions since the solutions exist definitely?” Motivated by the above-mentioned
results, in this paper, by improving the classical monotone iterative technique of
Amann [8], we obtain not only the existence of positive solutions, but also give an
iterative scheme for approximating the solutions. It is worth stating that the first

term of our iterative scheme is a constant function or a simple function. Therefore,
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the iterative scheme is significant and feasible. At the same time, we give a way to
find the solution which will be useful from an application viewpoint.

We consider the Banach space E = C[0, 1] equipped with norm ||w]|| = [max [w(t)].
\t\

In this paper, a positive solution w* of (1) and (BC) means a solution w* of (1),
(BC) satisfying w*(t) > 0, 0 < t < 1. A symmetric solution w* of (1), (BC) means a
solution w* of (1), (BC) satisfying w*(t) = w*(1 —t), 0 < t < 1. A monotone solu-
tion w* of (1), (BC) means a solution w* of (1), (BC) such that w(t) is nondecreasing
or w(t) is nonincreasing.
We list the following conditions for convenience:
(H1) f € C([0,+00),[0,+00));
(H2) q(t) is a nonnegative measurable function defined on (0,1), and ¢(t) is
not identically zero on any compact subinterval of (0,1). Furthermore,
q(t) satisfies

1
0< / q(t) dt < 4o0;
0

(H3a) By(v) and By (v) are both nondecreasing, continuous, odd functions defined
on (—o0,+00) and at least one of them satisfies the condition that there
exists m > 0 such that

0< B;(v) <mv forall v>0, i=0 or 1;

(H3b) B(v) is a nondecreasing, continuous, odd function defined on (—o0, +00)
and there exists m > 0 such that

0< B(v) <mv forall v>0.

2. SOME BACKGROUND DEFINITIONS AND TWO LEMMAS

In this section, we suppose that (H1), (H2) and (H3a) hold.
If P C E is a cone, we denote the order induced by P on E by <, i.e.,

r<y ifandonlyif y—xz¢€P.

Definition 2.1. Given a cone P in F, a functional v: P — R is said to be
nondecreasing on P, provided ¥ (z) < ¥(y), for all x,y € P with z < y.

Definition 2.2. A functional ¢: [0,1] — R is said to be concave on [0, 1], pro-
vided Y(tz + (1 — t)y) = t(x) + (1 — £)(y), for all z,y € [0,1] and ¢ € [0, 1].
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Lemma 2.1. For any fixed k1 > 0, k2 > 0, if w;(t) € E, i = 1,2 satisfy

(op(ws(8)) + (pp(wi (1)) 20, 0<E<1,
k’lwg(O) Bowé(O) = 0, ]{32102(1) + Blwé(l) = 0,
k1w1 (O) — B()U)/I(O) = 0, ]{3211)1(1) + Blw’l(l) = 0,

then wy(t) > wy(t), 0 <

-
N
—_

Proof. Suppose not, then there exists ty € [0, 1] such that (wy — wi)(to) =

Ogltiill(wg — w1)(t) < 0. We now show that (we — w1)'(to) = 0. In fact, if to = 0,

then from the definition of minimum, (we — wy)’(0) > 0, that is w5(0) > w}(0). On
the other hand, By (w4(0)) — Bo(w}(0)) = k1(w=2(0) — w1(0)) < 0, so wh(0) < w)(0)
since By(v) is nondecreasing. Thus, (wy —w1)’(0) = 0. If ¢g = 1, similarly to to = 0,
we can also prove that (wy —wip)(1) = 0. If {5 € (0,1), then (wy —wi1) (to) = 0
certainly.

Since (1) — ()’ > 0 and g, (w} (o) — @p(uh(to)) = 0, we have

ep(wy(t)) — @p(wy(t)) 2 0, t € [to,1] and pp(wi(t)) —pp(ws(t)) <O, t € [0,t]
So
wi(t) —wh(t) =0, t € [to,1] and wi(t) —wh(t) <0, te€[0,t0].

Thus, when ¢ € [to, 1], k2(w1 — w2)(t) < k2(w1 —w2)(1) = By (wh(1)) — Br(wi(1)) <
0, ie., wi(t) < wa(t) and when t € [0,0], k1(w1 — w2)(t) < ki(wy — w9)(0) =
—Bo(w)(0))+Bo(wy(0)) < 0,i.e., wi(t) < wa(t). So, forany t € [0, 1], wa(t)—wq (t)
0, which is a contradiction to the assumption. Therefore, wa(t) > wi(t), 0 < ¢

IN
O — WV

and the Lemma is proved.

3. EXISTENCE AND ITERATION OF SOLUTION OF (1), (BCa)

In this section, we suppose that (H1), (H2) and (H3a) hold.
Define
P, ={u € E: u(t) is a nonnegative, concave function}.

Then P, is an cone in E. For each u € P,, we define an operator T: P, — E by

Bog, (fo ds) + fo (f q(r )dT) ds,
. B Ogtgm

& Talt:= Big, (f, als)f(uls)) ds) + [, 0, L (f2 a(r) f(u(r)) dr) ds,
agtgL
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where o = 0 if (Tw)’(0) =0, and o = 1 if (Tw)’(1) = 0; otherwise, ¢ is a solution of
the equation

(3) 2(2) = 01 (x) — va(x) =0,
where
v1(#) = Bogy ( / "5 (uls)) ds) - ot ( [ st dr) s,
0<e <1,
and
0s(x) = Brgy? ( / g (u(s)) ds) +f o ( | qu(u(r))dr) ds,
0<z <.

Note that z(z) is a strictly increasing continuous function defined on [0, 1] with
2(0) < 0 and z(1) > 0, and hence there exists a unique o € (0, 1) which satisfies (3).
The operator T, is thus well defined.

Just as proved in [1] or [6], a standard argument shows the following result.

Lemma 3.1. T: P, — P, is continuous and compact. Furthermore, each fixed
point of T, is a nonnegative, concave solution of (1) and (BCa).

Lemma 3.2 ([6]). For any 0 <4 < 3, u € P, has the following properties:
(a) u(t) = ||u||t(1 —1¢) for all t € [0,1].
(b) u(t) = 6%||u| for all t € [§,1 — 6].

For any 0 < § < %, define

y(x)z/;gp;(/jq(f)df) ds+/:5<p;1(/:q<7)df) ds, we[o1-4]

Then y(z) is continuous and positive on [4,1 — §].

Theorem 3.1. Assume (H1), (H2) and (H3a) hold. If there exist § € (0, 1) and
two positive numbers b < a such that
(C1) f: [0,a] — [0,+00) is nondecreasing;

(C2) f(6%b) = (bB)P7L, f(a) < (aA)P~!, where B = 2/T and ' = 6r[gnln 5]y(:13) >

0; A=1/(m+1) fo
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then (1), (BCa) has one positive solution w* € P, with b < |w*|| < a and
lim T"wy = w*, where wy(t) = a, t € [0,1].

n——+oo

Proof. We denote P,[b,a] = {w € P,: b < |w|| < a}. In what follows, we first
prove that T, P,[b,a] C P.[b, al.

Let w € Pghlb,al, then 0 < w(t) < m[ax]w(t) = |lw|] € a. By Lemma 3.2,
te[0,1

1[r(rslin 5]w(t) > 6%||w|| = §%b. So, by the assumptions (C'1) and (C2), we have
te[s,1—

(4) 0< f(w(t) < fla) < (ad)P™, tel0,1],
(5) flw()) = £(5%b) > bB)P~F,  te[5,1-4).

Therefore, for w(t) € P,[b, a], on the one hand, by (5) we have, when o € [§,1— ],

2||Tywl|| = 2T, w(o)

— gy ([ @ senas) + [Copt ([ amstuimyar) as
w3y ([ awsaenas) + [ ot [Lamsainar)as

> [ ([ awraenar)as+ [ ([ asaemnar) as

> [t ([ amsaepar)ass [T ([ amsuenar) as

o] [ ([ awar)as e [ ot ([ aeroe) s

= bBy(o) = bBT = 2b,
thus, || Tow| = b; when o € [0, 4],

[Taw|| = (Taw)(5)

*B“”’P [ s )+ /éw( /:qu(u(f))dT) s
( aosenar)as> [ o ([ awstatar)as

— bBy(5) > b 2 > b;

-1
=
6
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and when o € [1 — 4, 1],

[Taw|| = (Taw)(1 —0)

~ oy ([ o)t )+ [ ( / o) (u(r)) dr )
> /01_6%;1 (/0 dr) ds > -1 (/51_6q(7)f(u(7’))d7') ds

= bBy(1 — 8) > bBT = 2b >

On the other hand, by (H3a) and (4) we see that at least one of the following
holds,

Tl = | Taw(o)]
=gy ([ atosanas) + [Tt ([T e ar ) as

< B ( [ " s)fu(s)) as) ot ([ ) () ar)

< (m+1adp,’ (/01 q(7) dT) =a

or

[Tawl]| = [[Taw(o)]|

=i ([ aorwenas) + [ o7 ([ atmstuirar) as
<8y ([ awswenas) +ot ([ amsuinar)

< (m+1)adp,’ (/01 q(7) dT) =a.

Altogether, we get b < ||[T,w|| < a for w € P,[b,a], which means that T, P,[b,a] C
P,[b,a).

Let wo(t) = a, t € [0,1], then wo(t) € Py[b,a]. Let wy; = T,wy, then wy € Py[b, al;
we denote

(6) Wpi1 = Tw, =T Mwy (n=1,2,...).

Since T, P, [b,a] C P,[b,a], we have w,, € P,[b,a], (n =0,1,2,...). From Lemma 3.1,
T, is compact, so {wy }52; has a convergent subsequence {ws, }?°, and there exists
w* € Py,lb,al, such that w,, — w*.
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Now, since w1 € P,[b, a], we have
0 < wi(t) < fJwi]| < a=wo(?);

by the definition of w; and ws, we have

@ {le)) A fwo() =0, 0<t<1
wi(0) = Bo(w(0)) =0, wi(1)+ Bi(w}(1)) =0,
®) {%(wz)) aOfm) =0 o<t
w2(0) — Bo(wy(0)) =0, wa(1)+ By(wh(1)) =0.

Combining (7), (8), the fact that f: [0,a] — [0, +00) is nondecreasing, and w; < wo,
we get

t<1
w2(0) - Bo’wé(O) =0, ’wg(l) + Blwé(l) =0,
wl(O) — Bo’w/l(O) =0, wl(l) + Blw’l( ) 0
0

By Lemma 2.1 (let k1 = k2 = 1), wy(t) = wa(t),

By induction, then wy,(t) > wy41(t), 0 <t <1 (n=0,1,2,...). Hence, we see
that w, — w*. Letting n — oo in (6), we obtain T,w* = w* since T, is continuous.
Since ||lw*|| = b > 0 and w* is a nonnegative concave function on [0, 1], we conclude
that w*(¢) > 0, t € (0,1). Therefore, w* is a positive solution of (1) and (BCa). O

Corollary 3.1. Assume (H1), (H2) and (H3a) hold. If there exists a § € (0, 3)
such that
(C1") f: [0,400) — [0,+00) is nondecreasing;
(C2) Ef(l)/l‘”*1 > (B/§%)P~1 and l_l}_+moof(l)/lp71 < APl (in particular,
lhi% f)/1P~1 = 00 and lligloo f()/1P=1 = 0), where A, B are defined
as in Theorem 3.1,
then there exist two constants a > 0 and b > 0 such that (1) and (BCa) has one
positive solution w* € P, with b < ||w*|| < a and HETW(TG)"wO = w*, where

wo(t) = a, t € [0,1].

If By = By in (BCa), then we have an even better result, which we will give in
the next section.
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4. EXISTENCE AND ITERATION OF SYMMETRIC SOLUTION OF (1), (BCb)

In this section, we suppose that (H1), (H2), (H3b) hold, and h(1 —t) = h(t),

te(0,1).
Define

P, ={u € E: u(t) is nonnegative, symmetric and concave on [0, 1]}.

Then P, is a cone in F.

Lemma 4.1. For any 0 < < %, u € P, has the following properties:

(a) wu(t) > 2||u|| min{t,1 — ¢} for all t € [0, 1].
(b) u(t) = 26]|ju|| for all t € [§,1 — 4].

Proof. By the concavity and symmetry of u, (a) is very easy to prove. (b) fol-

lows easily from (a).

When ¢(t) = q(1 — t), Bo = By = B, for any u € P, if we choose z =

then

o) ()2

(10) (Tyu)(t) := 1

5o ( [ A as))

and we have

+/Ot<,0p1(/Sl/zq(T)f(u(r))dT) ds, 0<t

- Lo (/ ;q<r>f<u<r>> ar)as,
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Lemma 4.2. T,: P, — P, is continuous and compact. Furthermore, each fixed
point of Ty, in P, is a nonnegative, symmetric and concave solution of (1) and (BCb).

Proof. By Lemma 3.1, we only need to prove that Tpu is symmetric for any
u € Py.
Indeed, for any u € P, since ¢(t) and u(t) are symmetric, when ¢ € [0, 3],

=0 = 5 ([ atosenas))+ [ ot ([ astutnar) as
(e ([ 7 o) i) as)) + | ot (/ " () ar) s

= Tyu(t),

and when ¢ € [3,1],

Tt -0 = 5(" | 7 o) i) as)) + ([ " (ot ar) s
(e ([ / (o)) as) ) + [ o (/ / () (u(r)dr) ds
— Tyu(t).

Therefore T}, leaves invariant the cone P. O

On the other hand, (H2) implies that 0 < f01/2
0<d<i,

1/2 1/2
/ gpzjl (/ q(7) dT) ds > 0.
§ s

Theorem 4.1. Assume that (H1), (H2), (H3b) hold, and h(1 —t) = h(t),
€ (0,1). If there exist 6 € (0, 3) and two positive numbers b < a such that
(C3) f:[0,a] — [0,+00) is nondecreasing;
(C4) 7(20) > BB, f(a) < (ady,
where B =1/ [}% o, ([1/% q(r) dr)ds, A=1/(m+ $)e;* (Jy " a(r) dr),
then (1), (BCb) has at least two positive, concave and symmetric solutions w*,v* €
Pb with

q(r)dr < 4oco and for any

b < ||lw*|| € a and hrf (Tp)"wo = w*,
where wy(t) = a, t € [0,1],

b< ||[v*]| <a and lim (T3)"ve = 0",
n

— 400
where vy (t) = 2bmin{t, 1 —t}, ¢t € [0,1].
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Proof. We denote Py[b,a] = {w € Pp: b < |lw|| < a}. We first prove that
Tbe[b,a] C Pb[b, a].

Let w € Py[b,a], then 0 < w(t) < m[ax]w(t) = |lw|| € a. By Lemma 4.1,
te[0,1

gliln . w(t) = 20||w|| = 26b. So, by the assumptions (C3) and (C4), we have
te[s,1—

(11) 0< f(w(t) < fla) < (ad)P™, te0,1],
(12) flw(t)) = f(26b) = (bB)P™, te[s,1—94)].

Thus, for any w(t) € Py[b, a],

1
Tyl = Ty (5)

2
)+ // ([ " o) () ar) as
)

e, ([ 7 (o) fw(s)) s
> | s ( / " o) i) ar) as
> bB [/:/2 oo (/:/qu dr) ds} _p,

1
Tyl = Tow(5)

= (w; 1( /0 1/2qz(s)f(w(s))ds» + /0 v go;( / v g(7) f(w(f))dT) ds

<y ([ atwnas) + ket ([ amstwmyar)
= (m+3)e ([ g ar)
< (m+ %)amp;l (/01/2 o(7) des) —a

Altogether, we get b < | Thw| < a for w € Py[b, a], which means that T, Py[b, a] C
Pb [b, a].

Let wo(t) = a, t € [0, 1], then wo(t) € Pu[b,a]. Let wy = Tpwy, then wy € Pylb, al;
we denote

(13) wyt1 = Tyw, = TP wy  (n=1,2,...).

Since T, P, [b, a] C P,[b, a], we have w,, € P,[b,a], (n =0,1,2,...). From Lemma 4.1,
Ty is compact, so {w, }22; has a convergent subsequence {wy,, }7°; and there exists
w* € Bylb, al, such that w,, — w*.
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Now, since wy € Py[b, a], we have
0 <wi(t) < [[w]| < a=wo(t);

by the definition of w; and ws, we have

» {(wp(wi))”rq(t)f(wo(t))=0, 0<t<1
wa(0) = Bwi (0) =0, wi(1) + B(wj(1)) =0,

) {(wp(wé))’+q(t)f( () =0, 0<t<l
ws(0) = Bup(0)) =0, wa(1) + Blwh(1) =0.

Combining (14), (15), the fact that f: [0,a] — [0,400) is nondecreasing, and w; <

wo, we get
—(pp(wi (1)) + (pp(wy (t)
wa(0) — Bwh(0) =0,  ws
w1(0) — Bw}(0) =0, wl(l) + Bw] (1)

By Lemma 2.1 (let ky = k2 =1, By = B), w ()/wQ(t),Ogtgl.

By induction, then w,(t) > wn+1(t), 0 <t<1(n=0,12,...). Hence, we see
that w, — w*. Letting n — oo in (13), we obtain T,w* = w* since T} is continuous.
Since ||lw*|| = b > 0 and w* is a nonnegative concave function on [0, 1], we conclude
that w*(t) > 0, t € (0,1). Therefore, w* is a positive, symmetric solution of (1) and
(BCh).

Let vo(t) = 2bmin{¢,1 — ¢}, t € [0,1], then |lvg|]| = b, and vy(t) € Py[b,a]. Let
vy = (Tp)vo, then vy € P,[b, a]; we denote

Un+1 = Tbvn = (Tb)n+11}0 (Tl = 1, 2, .. )

Similarly to {w,}5%,, we see that {v,}>2, has a convergent subsequence {v,, }72,
and there exists v* € By[b, a] such that v,, — v*.

Now, since v; € By[b, a], we have by Lemma 4.1,
v1(t) = 2||vy||min{¢, 1 — ¢} > 2b min{t, 1 — t} = vo(t).

Similarly to {w,}>2,, we can show easily that v,(t) < v,41(t), 0 <t <1 (n =
0,1,2,...). Hence, we see that v, — v*, Tyv* = v* and v*(t) > 0, t € (0,1).
Therefore, v* is a positive, symmetric solution of (1) and (BCb). O

Remark 4.1. We can easily get that w, and v* are the maximal and the minimal
solution of (1) and (BCb) in Py[b, a].
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Corollary 4.1. Assume that (H1), (H2) and (H3b) hold, and h(1 — t) = h(t),
€ (0,1). If there exists § € (0, 3) such that
(C3") f: [0,400) — [0,+00) is nondecreasing;
(C4) %f(l)/lp_1 > (3B/s)r~! amdlliTmOO f()/1P=t < (aA)P~1 (in particular,
lhi% f()/1P~1 = +00 and zliﬂof(l)/lp_l = 0), where A, B are defined as
in Theorem 4.1,
then there exist two constants a > 0 and b > 0 such that (1) and (BCb) has two
positive, concave and symmetric solutions w*,v* € P, with

b < ||lw*]] € a and hrf (Tp)"wo = w*, where wy(t) =a, te€][0,1],

b< ||v*|| € a and hIE (Ty)"vo = v*, where wvo(t) =2bmin{t,1—t}, t € [0,1].

5. EXISTENCE AND ITERATION OF MONOTONE SOLUTION
oF (1), (BCc) anD (1), (BCd)

In this section, we need (H1), (H2) and (H3b) to hold.
Define

(16) P.={u € E: u(t) is nonnegative, nondecreasing and concave on [0,1]},

(17) Py ={u € E: u(t) is nonnegative, nonincreasing and concave on [0, 1]}.
Then P, and P, are two cones in E.

Lemma 5.1. Ifu € P,, then u(t) > t|ju|| for all t € [0,1].

For any u € F, define
(18) @) =5 (e ([ " (s)Fu(s)) 1s))

+/Ot sﬂpl(/:q(f)f(u(r))dT) ds, telo,1].

Lemma 5.2. T.: P. — P, is continuous and compact. Furthermore, each fixed
point of T, in P. is a nonnegative, nondecreasing and concave solution of (1) and
(BCc).

Proof. By Lemma 3.2, we only need to prove that T.u is nondecreasing for
any u € P, which is obvious by the definition of (T.u)(¢). O
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Theorem 5.1. Assume (H1), (H2) and (H3b) hold. If there exist § € (0,1) and
two positive numbers b < a such that

(C5) f: [0,a] — [0,+00) is nondecreasing;
(C6) f(éb) (bB)p_1 f(a) < (aA)p_l, where B = 1/ f51<p f q(t)dr)ds,
=1/(m+1 fo , then (1), (BCc) has at least two positive
and nondecreasmg solumons w*,v* € P. with

b< |lw*|<a and lim (T.)"wo =w*, where wo(t)=a, t€[0,1],

n——+oo

b<||v*]|<a and lim (T.)"wvo =v*, where wvy(t) =bt, t€[0,1].

n—-+o0o

Proof. We denote P.[b,a] = {w € P.: b < ||jw|]| < a}. We first prove that
T.P.[b,a] C P.[b,a).

Let w € P.[b,a], then 0 < w(t) < m[%)i]w(t = |lw|] € a. By Lemma 5.1,
te

n%(isn]w( ) = d||w|| = 6b. So, by the assumptions (C5) and (C6), we have
te[s,1

(19) 0< fw(t) < fla) < (ad)P™!, tel0,1],
(20) flw(t) = f(0b) = 0B)P™, te (5 1].

Thus, for any w(t) € P.[b,al,

[Tewl]| = Tew(1)

=5 ([ aorwenas) + [ o[ amitwar)as
> [Le ([ amstwmar) as

| Tew]| = Tew(1)

- (e 01 o) wsas) ) + [ ot (/ 4P () ar) as
<mey' ([ " (s) Fw(s)) as) et ([ 4P () ar)

~m+0g( [ 4 () ar)
< (m+1)adyp,’ (/01 q(1) dT) =a.
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Altogether, we get b < ||T.w|| < a for w € P.[b,a], which means that T.P.[b,a] C
P.[b,al.

Let wo(t) = a, t € [0,1], then wo(t) € P.[b,a]. Let wy = (T,.)wp, then wy € P.[b, al;
we denote

21 W, 1:Tcwn:Tn+1w0, n:1,2,... .
+ c

Since T.P.[b,a] C P.[b,a] we have w,, € P.[b,a], (n =0,1,2,...). From Lemma 5.1,
T, is compact, so {w, }>2, has a convergent subsequence {wy, }7°; and there exists
w* € P[b,a] such that w,, — w*.

Now, since wy € P.[b, a], we have
0 <wi(t) < [[w] < a=wo(t);

by the definition of w; and ws, we have

(22) { (pp(w1)) +q(t)f(wo(t)) =0, 0<t<1
w1(0) = B(w1(0)) =0, wi(1) =0,

(23) { (ep(w3))" +q(t) f(wi(t)) =0, 0<t<1
w3(0) — B(ws(0)) =0,  ws(1) =

Combining (22), (23), the fact that f: [0,a] — [0,400) is nondecreasing, and wy <
wo, we get

—(pp(wi (1)) + (pp(ws(1)) >0, 0<t <1,
w3(0) — Buy(0) =0,  wh(1) =0,
wi(0) = Bwi(0) =0, wi(1) =0

By Lemma 2.1 (let ky = 1, ks = 0, Bo(v) = B(v), Bi(v) = v), wi(t) = wa(t),
0<t< 1.

By induction, then wy,(t) > wn41(t), 0 <t <1 (n=0,1,2,...). Hence, we see
that w, — w*. Letting n — oo in (21), we obtain Tw* = w* since T, is continuous.
Since ||lw*|| = b > 0 and w* is a nonnegative concave function on [0, 1], we conclude
that w*(t) > 0, t € (0,1). Therefore, w* is a positive, nondecreasing solution of (1),
(BCc).

Let vo(t) = bt, t € [0, 1], then ||vg|| = b, and vy (¢t) € Pe.[b, a]. Let vy = (T¢)vp, then
vy € P.[b, a]; we denote

Un+1 = chn = (Tc)n+1U0 (n = 1, 2, .. )

Similarly to {w,}52, we see that {v,}>2, has a convergent subsequence {v,, }72,
and there exists v* € P.[b, al, such that v,, — v*.
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Now, since vy € By[b, a], we have by Lemma 5.1,

v () > tol > bt = voft).

Similarly to {w,}32,, we can show easily that v,(t) < v,11(t), 0 <t <1 (n =
0,1,2,...). Hence, we see that v, — v*, T,v* = v* and v*(t) > 0, t € (0,1).
Therefore, v* is a positive, nondecreasing solution of (1), (BCc). O

Remark 5.1. We can easily get that w, and v* are the maximal and the minimal
solution of (1), (BCc) in P.[b, a].

Corollary 5.1. Assume that (H1), (H2) and (H3Db) hold. If there exists a
d € (0,1) such that
(C5) f:]0,4+00) — [0,+00) is nondecreasing;
(C¢') % f()/1P=t > (B/§)P~! and lliTmoo f()/1P~* < (aA)P~! (in particular,
lh_I,% f()/IP~r = +00 and ZETmf(l)/lp_l = 0), where A, B are defined as
in Theorem 5.1,
then there exist two constants a > 0 and b > 0 such that (1) and (BCc) has two
positive, nondecreasing solutions w*,v* € P, with

b< ||lw*|<a and lim (T.)"wg =w*, where wo(t)=a, tel0,1],

n—-+o0o

b< |[v*|<a and lim (T.)"wvg =v*

n—-+o0o

,  where vo(t) =bt, t€[0,1].

As for (1), (BCd), we have the following results.

Theorem 5.2. Assume that (H1), (H2) and (H3b) hold. If there exists a § €

(0,1) and two positive numbers b < a such that

(C7) f: [0,a] — [0,+00) is nondecreasing;

(€8) F((L=a8) > 6B, f(a) < (ad)

Wherele/f(fcp (fya(r)dr)ds, A=1/(m+1)p fo
then (1), (BCd) has at least two posmve and nonincreasing solutlons w*,v* € Py
such that
b< ||lw*]|<a and lim (Ty)"wo=w*, where wy(t) =a, t€[0,1],

n—-+oo

b< |[v*||<a and hm (Td) vg =v", where vo(t) =b(1—1t), tel0,1],

@) = 5o ( [ " s)fu(s)) as))

+/t1 80;1</05q(7')f(u(7'))d7-) ds. teol

where
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Proof. The proof of Theorem 5.2 is similar to Theorem 5.1, and we omit it. [

Corollary 5.2. Assume that (H1), (H2) and (H3b) hold. If
(C7) f: [0,4+00) — [0,400) is nondecreasing;
(C8') Ef(l)/l‘”*1 > (B/(1—4))P~! and iiTmoo f()/1P=1 < (aA)P~! (in particu-
lar, llgI(l) f()/1P~! = 400 and lligloo f()/1P~1 =0), where A, B are defined
as in Theorem 5.2,
then there exist two constants a > 0 and b > 0, such that (1), (BCd) has two positive,

concave and nonincreasing solutions w*, v* with
b< ||lw*]| <a and hl—? (Ty)"wo = w*, where wy(t) =a, t€0,1],
n—-+0oo

b< |[v*|| <a and liI}_l (Ty)"vo =v*, where vg(t) =b(1 —1t), te€[0,1].

Example 5.1. Suppose 0 < n, m < 3, and consider

(24)  (|u'PPu)(t) + [(u(®)™ +In((u(t)" +1)] =0, te(0,1),

TR

subject to

(Ea) u(0) = 300 =0, u(l)+ @(1)° =0,
(Eb) u(0) ~ 30(0) =0, u(1) + 3u/(1) =0,
(Ec) u(0) ~ 3/(0) =0, /(1) =0,
(Ed) W) =0, u(l)+ 3w (1) =0

By Corollary 3.1, Corollary 4.1, Corollary 5.1, and Corollary 5.2, we can get not
only the existence but also the iteration of positive solutions for the BVP (24) subject
o (Ea), (Eb), (Ec) and (Ed). But the results in [1] can only guarantee the existence
of their positive solutions.
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