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Abstract. In this paper we study the notions of finite turn of a curve and finite turn
of tangents of a curve. We generalize the theory (previously developed by Alexandrov,
Pogorelov, and Reshetnyak) of angular turn in Euclidean spaces to curves with values in
arbitrary Banach spaces. In particular, we manage to prove the equality of angular turn and
angular turn of tangents in Hilbert spaces. One of the implications was only proved in the
finite dimensional context previously, and equivalence of finiteness of turn with finiteness
of turn of tangents in arbitrary Banach spaces. We also develop an auxiliary theory of one-
sidedly smooth curves with values in Banach spaces. We use analytic language and methods
to provide analogues of angular theorems. In some cases our approach yields stronger results
(for example Corollary 5.12 concerning the permanent properties of curves with finite turn)
than those that were proved previously with geometric methods in Euclidean spaces.

Keywords: curve with finite turn, tangent of a curve, curve with finite convexity, delta-
convex curve, d.c. curve

MSC 2000: 14H50, 46T20

1. INTRODUCTION

This paper is concerned with a generalization of the notion of curves with finite
angular turn with values in Euclidean spaces to the notion of curves with finite turn
with values in arbitrary Banach spaces. The theory of curves with finite angular turn
was developed by several authors; see e.g. [1], [4], [6]. Theorem 4.11 that shows that
finite turn is equivalent to finite turn of tangents was proved by Pogorelov (see [6])
in R® and by Alexandrov and Reshetnyak [1] in R™. Gronychova [4] proved the
(easier) implication that finite angular turn implies finite angular turn of tangents in
the case of an arbitrary Hilbert space. We managed to prove the converse implication.
We do not know whether the turn equals the turn of tangents in an arbitrary Banach
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space; we prove that they are equivalent with constant 2. Our notions of curves
with finite turn and with finite turn of tangents generalize the angular notions. We
also develop an auxiliary theory of one-sidedly smooth curves, which generalizes the
theory of such curves with values in Euclidean spaces from [1]. We extend some
results from [1], [4], [6]. Theorem 4.10 shows that the notions of curves with finite
turn and curves with finite turn of tangents coincide. The last part of the paper
deals with the relation between delta-convex (d.c.) curves and curves with finite
turn (of tangents). We prove that under some natural assumptions, delta-convexity
and finiteness of turn are equivalent. We use this equivalence to prove a stability
theorem for curves with finite turn; see Theorem 5.11 and Corollaries 5.12 and 5.14.

Curves with finite turn were investigated by several authors; see [1], [4], [6] and
others. Let X be a Banach space. By Sx we denote the set unit sphere of X. A
path is a continuous function ¢: [a,b] — X, where a < b. A curve ® (corresponding
to the path @) is a set

® = {¢: [e,d] — X: there exists a continuous, strictly monotone,

and onto w: [¢,d] — [a,b] such that ¢ = pow}.

We call any u € ® a parametrization of ®. A curve ® is uniquely determined by
any ¥ € ®, so we can without any confusion refer to a curve ¢ (where ¥: [¢,d] — X
and 1 € ®) when in fact we mean the curve ®. In the sequel, we shall assume that
all curves are locally non-constant; i.e. one of the parametrizations (equivalently all
parametrizations) are not constant on any open interval contained in the domain.
In the proofs, we can always assume that X is separable (we can always work with
span{¢([a,b])} instead of X). Let us define the length of ¢ as

b
s(0) = s(p,[a,8]) = \/ ¢,

b
where \/ ¢ is the variation of ¢ on the interval [a,b]. We will say that a curve ¢ is

rectiﬁagle provided s(¢) < co. It is well known (see e.g. Theorem 2.1.4 of [1]) that a
(locally non-constant) rectifiable curve £ has a unique arc-length parametrization v,
which is characterized by (1.1) (i.e. there exists a continuous monotone function
w: [0,8(§)] — la,b] such that ¢ := £ o w satisfies (1.1)). We say that a curve
i [0,8(1)] — X is parametrized by the arc-length provided

(1.1) s(,[rt]) =t—r for r<t, rtel0,s(y).
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Let D be a finite partition of [a,b] (i.e. D ={a=12¢ <21 < ... <z, = b}). For

a partition D, denote v(D) = [ Jnax 1(;1:Z-+1 — x;). Define
<i<n—

n—1

P(p, D)=

i=1

(xiv1) —plx)  p(z) — p(i-1)
lo(iv1) — (@)l lle(@:) —p(zi-i)l

)

if the quantity on the right-hand side makes sense, otherwise take P(p, D) = 0. This

quantity corresponds to the turn of a polygon inscribed to ¢. We shall say that a

curve ¢ has finite turn provided P2y = sup P(p, D) < oo, where the supremum is
D

taken over all partitions D of [a,b]. We call the quantity Py turn of ¢ (on [a,b]).
Let H be a Hilbert space. Then we can define the angle between two non-zero

{z,y)

llllyll

Note that /(z,y) = 2arcsin(%||z — y||) for all z,y € Si. Suppose that ¢: [a,b] — H
is a curve. For a partition D = {z;}7_, of [a, b] define

& elmin) (@) () — plwio)
PlpD) =3 ( Tol) — o Tot@s) — el )

vectors x,y € H as

/(z,y) = arccos

if the quantity on the right-hand side makes sense, otherwise take /P (¢, D) = 0. This

quantity corresponds to the variation of angles of lines of a polygon inscribed to (.

We shall say that a curve ¢ has finite angular turn provided /P ¢ = sup /P(p, D) <
D

00, where the supremum is taken over all partitions D of [a,b]. We call the quantity
/Pbp the angular turn of ¢ (on [a,b]).
We define the right tangent 71 of ¢ at x € [a,b) as

(1.2) () = 7o (p,2) = lim o

)

oz +1) — p(x)
(z+1) — o)
and the left tangent 7_ as
o ele) — w1
(3 G Y Er T

provided the limits exist. We shall say that a curve ¢ has a finite turn of tangents,

)

if the tangent 7, (z) exists for all # € [a,b), the tangent 7_(b) exists, and Tlp =
sup T(p, D) < oo, where the supremum is taken over all partitions of [a,b], and for
D

a partition D = {x;}7_, we define

(1.4) T(p, D) = i 74 (it1) = T (@) | + 74 (2n-1) — 7 (D).
=0
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The quantity T%¢ is called the turn of tangents of ¢ (on [a,b]). Tt is easy to see (see
proof of Lemma 4.4) that for one-sidedly smooth curves we have Ty = TZ(p, where
TZgo is defined as T, but instead of T (¢, D) we take

(15) T(6,0) = 3 I i) = 74 )l

We can also define L2 = sup L(y, D), where the supremum is taken over all parti-
tions of [a, ], and for a partition D = {z;}7_, we define

n—1

L(g, D) =Y I (wis1) = 7 (@]l + 7 (@1) = 74 (a)]|

i=1

Let H be a Hilbert space and ¢: [a,b] — H a curve. We shall say that the curve ¢

has finite angular turn of tangents, if the tangent 74 (z) exists for all z € [a,b), the
b

a

tangent 7_ (b) exists, and £T%¢ = sup ZT(p, D) < oo, where the supremum is taken
D

over all partitions of [a, b], and for a partition D = {z;}_, we define

|
N

n

LT(p, D) = ) (1 (xir1), 74 (20)) + L(T4 (@n—1), 7-(D))-

%

I
<

The quantity /T8¢ is called the angular turn of tangents of ¢ (on [a,b]).
Remark 1.1. Note that for any ||a|]| = ||b]| = 1, a # b we have that

la =l < Z(a,b) < xlla — bl

1
2
Thus we have the following inequalities: Tl < /Tlp < %nTZ(p.

For a function f: [a,b] — X, we shall denote by f| (and f’ respectively) the
right and left directional derivative, i.e.

o fat) — f(@)
i (a) = lim S

and f! (z) = th\r})(f(x) — f(z —t))/t provided the limit exists.

2. PRELIMINARIES

For integration of Banach space-valued functions we shall use the Bochner integral
(for the definition and some facts about this integral see [2]). We shall need the
following version of the Fundamental Theorem of Calculus:
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Lemma 2.1. Let X be a Banach space, and let ¢: [a,b] — X be an ab-
solutely continuous function such that ¢’ exists almost everywhere in (a,b) and
fab l¢'(z)|| dz < oo. Then

2.) o) = () = [ ) do

foralla <c<d<hb.

Proof. Define g(x) = ¢'(z) for x, where ¢'(x) exists, and g(x) = 0 elsewhere.
For any z* € X* and for all x € (a,b), where ¢'(x) exists, we see that

(@, 9(x)) = ((z",0()) (z) = (27, ¢ (2)).

Because ¢ is absolutely continuous, we get that (x*,g) is a measurable function.
Application of Proposition 5.1 from [2] (we can assume that X is separable, as it can
be replaced by span{y([a, b])} if necessary) yields that g is measurable. Because

/ o) dz = / @)l dz < oo,

Proposition 5.2 from [2] implies that g is Bochner integrable. Now for any z* € X*
we see that

d
(2, o (d)) — (2", p(c)) = / (2 ¢/ (1)) dy

= /cd<$*7g(y)>dy= <w*7/cdg(y) dy>7

where the first equality is an application of the Fundamental Theorem of Calculus to
absolutely continuous functions. As g = ¢’ a.e., we see that equality (2.1) holds. O

We want to generalize the angle in the Hilbert space to an arbitrary Banach
space X. We shall use the following quantity instead of an angle: If =,y € X are
two non-zero vectors, then we shall take ||z/||z| — y/l|y||||. This quantity has the
following remarkable property (which also holds for the angle in a Hilbert space):

Lemma 2.2. Let X be a Banach space and 0 # u,v € X. If u ¢ span({v}), then

U u—+v

lull - flu+ o

u v
[all ol
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Proof. The following proof is due to N. Kalton [5]. The statement also follows
from Lemma 4F from [8]. Suppose ||u|| = ||v]| =1 and z = to+(1—t)u; let £ = z/||z]].
Then

1€ —ull <11E = 2]+ ]z —ul.

Now

Iz = ull = tllv — ul]

On the other hand,
1€ = 2ll =1 —=]|.

But
1211 = [loll = |1 = t)(v —w)| = 1= (1 = ) [lv —u].
Thus
1€ =2l < (1 =#)llv—ull
and so

1€ — ull < [lv — ul].

O

Lemma 2.3. Let X be a Banach space. Suppose that ||z — y|| = ¢ < § for some
x,y € Sx. Then |[Az — y| > 3¢ for any A € R (i.e. dist(y,span{z}) > 1¢).

Proof. Take z* € X* with 2*(y) = ||*|| = 1. Then z*(z) > % and so for any
A< 0weget [Az—yl| > 2*(y) —Az*(z) 21— 3A > 1. For 0 < A <1— e we get
that [Az —y|| > 1— A > e and for A > 1 + e we get that Az —y|| > A — 1 > e.
Now for A € [1 — 3&,1 + 4¢] we obtain |[Az —y[| = |z —yl| — |1 — A| > fe. O

We will need the following lemma:

Lemma 2.4. Let X be a Banach space and ¢: [a,b] — X a curve. Then the
following holds:
(i) Suppose that there exists a countable M C [a,b] such that the right tangent
T+ (¢, x) exists for all € [a,b] \ M. If (s) = ¢(t), and s < t, then there exist
u,& € [s,t) such that ||74(§) — 74 (u)] > 1.
(ii) Suppose that the right tangent 71 (¢, x) exists for all x € [a,b), T—(p,b) exists,
and w: [c,d] — [a,b] is continuous, onto, and strictly monotone. Then for
1 = ¢ ow we have that Tl = Td).

Proof. Ad (i): Without any loss of generality, assume that ¢(s) = ¢(t) = 0.
Because M is at most countable, choose £ € [s,t) \ M and z* € Sx» such that
x*(74(€)) = 1. There are two cases: either z*(¢(£)) > 0 or z*(p(£)) < 0.
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In the first case it easily follows that m := sup{z*(o(r)): r € [¢,t]} > 0. Find
0 < h < m such that h & z*(¢(M)) and define u := sup{v € [¢,t]: z*(¢(v)) = h}.
Then ¢ < u < t and 2*(¢p(u)) = h (and thus u &€ M). For any v € (u,t], we see that
h = z*(¢(v)) and so 2* (74 (u)) < 0. Thus

(2.2) [74(&) = T ()] = 27 (74 (§) — 74 (u)) = 1.

In the case when z*(¢(§)) < 0, find h € (x*(¢(€)),0) such that h & z*(p(M)) and
take u := sup{v € [s,€]: z*(p(v)) = h}. Then s < u < &, z*(74(u)) < 0, and we
obtain (2.2).

Ad (ii): Without any loss of generality suppose that w is increasing. Observe that
T+ (o, ) = 74 (P, t) (or 7— (@, x) = 7— (¢, 1)), where x = w(t). The rest follows easily
from the definition of the turn of tangents. g

We have the following generalized “mean-value theorem” for tangents:

Proposition 2.5. Let X be a Banach space (or a Hilbert space) and ¢: [a,b] — X
a curve. Suppose that there exists w € Sx, a countable M C [a,b] and 0 < ¢ < i
such that

(2.3) |74 (z) —w|| <e for z € [a,b)\ M.

Then for any a < ¢ < d < b we have

- fizazse <=
(or
|2t o] <-

if X is the Hilbert space).

Proof. Let us first treat the case when X is a Banach space. Take x* € X*
with 2*(w) = ||«*|| = 1. Note that ¢ is one-to-one on [a,b]. To see this, suppose
that ¢(c) = ¢(d) for a < ¢ < d < b. Lemma 2.4 (i) yields that ||74(¢) — w|| > % or
|74 (u) — w|| > 3, and this is a contradiction with (2.3).

Suppose that there exist ¢, d such that a < ¢ < d < b and

w(d) — ¢(c)
25) H To(d) — o)l

By continuity, we can assume that ¢,d ¢ M. We can also assume that the left-

hand expression in (2.5) is less than % (otherwise shift d toward c¢). By adding

— wH > 2’ > 2.
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a suitable vector to ¢, we can assume that ¢(d) + ¢(c) = 0. Using Lemma 2.3
with = = (p(d) — 9(e)/(I¢(d) — 9(@)) = @(d)/lp(d)] and y = w we obtain
dist(w, span{z}) > ¢’. By the Hahn-Banach theorem we obtain 2* € X*, ||2*| < 1
with z*(z) = 0 and x*(w) > €. For any &1 > 0 there exists z* € X* with
llz*]| < &1, z*(w) = 0 and 2*(z) < 0. Now take w* = a* + z*. Then ||w*| <1+ ey,
w*(w) > ¢’ and w*(p(d)) < 0. Take h € (w*(¢(d)),0) such that h & w*(p(M)). Let
to = sup{t € [¢,d]: w*(p(t)) = h}. Then ¢ < tg < d, w*(74(tp)) < 0 and to &€ M
(because h = w*(¢(tg))). Thus

lw =74 ()| = (1 + 1) w* (w — 71 (to)) > (1 +e1) "¢,

and this is a contradiction with our assumptions for small €1, as the right-hand
expression is strictly bigger than €.

Now suppose that X is a Hilbert space. By the first part of the proof we see that
 is one-to-one. Let w € Sx and define

Co=qxeX: L w <egp.
]

Then C%, is a convex cone and C¢ U {0} is a closed convex set. Suppose that (2.4)
is not true for some ¢ < d, thus

H ¢(d) = p(c)
lp(d) — ()l

wH>5’>5.

Without any loss of generality we can assume that ¢(c) = 0. By the Hahn-
Banach theorem there exists #* € X* such that z*(z) < z*(¢(d))/||¢(d)|| for any
z e 02 U{0}. We easily see that z*(p(d)) > 0, z*(z) < 0 for z € C% (because C<,
is a cone), and

x*(y) <0 for ye Sx NC.

Take 0 < &1 < z*(¢(d)) such that e; & z*(o(M)). Define ty := sup{t € [¢,d]:
x*(p(t)) < e1}. Then x*(p(to)) = &1 (thus to & M), and x*(p(t)) > €3 for t € [to, d].
From this we obtain that z*(74(¢9)) = 0, and we have contradicted (2.6). O
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3. ONE-SIDEDLY SMOOTH CURVES

Following [1], Chapter 3, we shall consider the notion of a one-sidedly smooth
curve. We shall say that a curve ¢: [a,b] — X has a right tangent in the strong
sense at x provided there exists a right tangent 71 (z) at « and for any € > 0 there
is a 6 > 0 such that for any z < s <t < x + § we have

(3.1) () -

o) = ¢ls) || _
Hﬂﬂ—ﬂﬂ“<'

In an analogous way we can define the notion of a left tangent in the strong sense.
We say that a curve : [a,b] — X is one-sidedly smooth provided there exist left
tangents in the strong sense at all € (a, b], and right tangents in the strong sense
at all x € [a,b).

Here are some basic properties of one-sidedly smooth curves (part (ii) is a gener-
alization of Theorem 3.3.2 from [1]):

Lemma 3.1. Let ¢: [a,b] — X be a one-sidedly smooth curve. Then
(i) ifw: [e,d] — [a,b] is continuous and strictly monotone, then g = pow: [c,d] —
X is a one-sidedly smooth curve;
(ii) for any € > 0 the set {z € (a,b): |74 (x) — 7—(z)|| > e} is finite (i.e. we have
74 (x) = 7_(x) except for a countable set S C (a,b)).

Proof. For part (i), we can suppose without any loss of generality that w is
increasing. Note that 74 (9, s) = 74 (p,w(s)) for any s € (¢,d) and the rest follows
easily.

For part (ii), suppose that the set A := {z € (a,b): ||7:(z) — 7—(z)|| > €} is
infinite for some € > 0. Then A has a limit point x in [a,b]. Without any loss of
generality suppose that there exists a sequence (z,)nen C A with x, \, z. Select
6 > 0 such that (3.1) holds for # < s < t < x4 § with Je. Take n € N such that
T, < x+ 6. We obtain that for some u,v > Owithz <z, —u <z, <z, +v<2+06

e b | st st gt stz | 1,
Tolm +0)—plan)] ~ Tolen) —plan —w]

Thus either

Ty +v) — @(Tn) i (r l
mwmn+wwumn +@) > 3¢
o () — o(zn) — p(a, —u
@) o)~ %—UM

One of these possibilities must occur and thus we obtain a contradiction with (3.1).
O
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We have the following generalization of Lemma 3.11 from [1]:

Lemma 3.2. Suppose that ¢: [a,b] — X has a right tangent in the strong sense
at x € [a,b). Then ¢l 54 is rectifiable for some 6 > 0 and

s(ep, [z, 9])
lo(y) — @)

— 1

when y \ x.

Remark 3.3. An analogous statement holds if we replace the right tangent in
the strong sense with the notion of the left tangent in the strong sense, and make
obvious modifications of the statement.

Proof. Denote 7 = 74 (z) and select z* € X* with 2*(7) = ||z*|| = 1. For any
0 <e < 1take d > 0 such that for x < s <t <z + 0 we get

—T| <E.

H p(t) — o(s)
le(t) = o(

t) —o(s)ll

Select y € (z,z + 0] and let D = {x;}}_, be a partition of [z,y]. Now estimate

1
1—c¢

*(p(zit1) — p(xi) < |lp(@iv1) — )| < T (p(zit1) — p(zi))

for z;,z;+1 € D. Adding these inequalities up, we obtain by a telescoping argument
that (the first inequality is trivial):

s, [2,9]) 1
S Te) —e@)] ST-¢

1

Complete the proof by sending ¢ — 0. O

Corollary 3.4. Any one-sidedly smooth curve is rectifiable.

We can prove the following generalization of Theorem 3.3.1 from [1]:

Theorem 3.5. Let ¢: [a,b] — X be a curve.
(i) Suppose that there exists a countable set M C [a, b] such that

lim 7 = w
I +(y)
ygM

exists. Then 7 (z) = w exists as a right tangent in the strong sense.
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(ii) Suppose that there exists a countable set N C [a, b] such that

exists. Then 7_(x) = w exists as a left tangent in the strong sense.

Proof. We shall only prove (i) as (ii) is analogous. Take 0 < ¢ < 1/4. Then
there exists a ¢ > 0 such that for y € [z,z 4+ §] \ M we have ||w — 74 ()| < e.
Proposition 2.5 now implies that for any z < ¢ < d < x + ¢ we have

d) —
HM ~uf| <2
le(d) — ()
and thus w = 74 () is a right tangent in the strong sense. O

The next lemma shows some properties of the arc-length parametrization of a
curve that is one-sidedly smooth. It is a generalization of Theorem 3.3.3 from [1].

Proposition 3.6. Let X be a Banach space, and let ¢: [a,b] — X be a one-
sidedly smooth curve. Let F: [0,l]] — X (where | = s(y)) be the arc-length
parametrization of ¢. Then

(i) Fi(z) =14 (F,z) forx € [0,1), and F' (x) = 7_(F,x) for x € (0,1],

(ii) F' exists except for a countable set of points in [0,1],
(iii) F is right continuous at all x € [0,1) (F" is left continuous at all x € (0,1]),
(iv) ThF =Tb.

Proof. Corollary 3.4 implies that ¢ is rectifiable, and thus we obtain the
existence of the arc-length parametrization of ¢; call it F'. Note that I(t) = s(¢p, [a, t])
is an increasing function on [a,b] and ¢(I~1(r)) = F(r) for r € [0,{]. Thus by
Lemma 2.4 (ii) our condition (iv) holds. Note that 74 (F,t) = 7+ (¢, 1(t)) for t €
(0,1), and 74 (F,t) is a right (left) tangent in the strong sense (and similarly for
t = 0,! considering the corresponding unilateral tangents). By Lemma 3.1 (i) and by
Lemma 3.2 we see that for all x € [0,1) we have

(x+1) - Fz)

(3.2) lim LE

=1.
N0 t
Thus
;o . Fle4t) - F(x)
(3:3) Fy(z) = }{% ;
. F+t)=F(z) ||[Fz+t)—F(z)|| _
= O Fa ) F@] t = (Fa),
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where the last equality follows by (3.2). Similarly for F’ (z) and = € (0,!]. This
concludes the proof of condition (i). Condition (iii) follows from our condition (i)
and from the definition of a strict unilateral tangent.

To prove (ii), note that because F' is one-sidedly smooth, Lemma 3.1 (ii) implies
the equality 7 (F,2) = 7—(F, x) except for a countable set S C [0,1], and thus (3.3)
implies that F’(z) exists for all z € [0,1] \ S. O

4. FINITE TURN

We shall need the following lemma:

Lemma 4.1. Suppose that X is a normed linear space with two norms || - || and
| - | such that
(4.1) Cillz|| € |z] < Collz|| forall x € X

and for some Cy,Cy > 0. Then for z,y € X with ||z|| = ||y|| = 1 we have that

x y _
= T <207 Gl — -

Proof. Take z,y € X with |z|| = |ly|| = 1. Then

x Yy _ _ _
L= Ll ol = ] + bl — ] < 267 Callo - 1.
O
Remark 4.2. It is well known that for any two norms || - || and | - | on a finite-
dimensional space X there exist some C7,Cs > 0 such that (4.1) holds.
Now we can prove
Proposition 4.3. Let X be a Banach space, let || - || and |- | be two norms on X

satisfying (4.1), and let ¢: [a,b] — (X, || - ||) be a curve with finite turn of tangents.
Then ¢ also has finite turn of tangents if we consider ¢: [a,b] — (X,]|-|); more
precisely, | - | — Tbo < 2C7'CyTb g, where | - | — Ty is defined as Thy, but we

replace || - || by | - | (also in (1.2) and in (1.3)).
Proof. Suppose that 7y(z) = tl{n o(t) — p(@)/|let) — e(x)||. Then by
Lemma 4.1 applied to

le(®) — e@)I () — o)
() — @) |7 (t) = o ()]
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and 7y (2) /|74 (z)| for t > x we see that

7l (z) = lim o) — o) _ 7(@)
+ e |p(t) — ()| ()]

and similarly for 7/ (b). Now an application of Lemma 4.1 to the definition of |-|-T% ¢
yields the conclusion of the proposition. O

As a corollary, we get that finiteness of the turn of tangents of a curve does not
depend on the equivalent norm.

Let us summarize the basic properties of curves with finite turn of tangents. A
similar lemma holds for curves with finite angular turn of tangents and is presented
in [4].

Lemma 4.4. Let X be a Banach space, ¢: [a,b] — X, and let ¢ have finite turn
of tangents. Then
(I) for each x € (a,b] the left tangent T_(x) exists as a left tangent in the strong
sense, and L2y = T%p < co (and thus ¢ has right tangents in the strong sense
at all z € [a,b));
(ii) ¢ is one-sidedly smooth;
(iii) T2ty — 0 ast \, 0 and T%p — 0 as s < ¢, s / x for any x € [a,b) (and
z € (a,b], respectively);
(iv) for each x € [a,b) there exists € > 0 such that ¢ is one-to-one on [z, x + €);
(v) for any e > 0 there are only finitely many x € (a,b) such that |74 (z) —7— (z)|| >
€.

Proof. Ad (i): We can assume that z = 0. We claim that for any 1 > 0
there is a 6; > 0 such that if for any 0 < ¢’ < 6” < &; we consider a partition
D={-§"=xzp<...<ax,=-0}of [-0",—0"], then

n—1

(4.2) D ol (@iga) — 7 (@) < e

=0
If not, then we easily obtain a contradiction with the fact that ¢ has finite turn of
tangents. If we define W,, = {74 (y): —1/n < y < 0}, then W,, = {w} for some

w € Sx. By Theorem 3.5 (ii) we see that w is the left tange?lt in the strong sense
at x.

The fact that L2y = Ty follows by an easy approximation argument.

Ad (ii): This follows immediately from part (i).

Ad (iii): If this is not true, we easily get a contradiction with the fact that ¢ has
finite turn of tangents. To see this, note that by part (i) of our lemma, we have that
T4+ (z) = Z}I{I; 7+ (y) and that T¢p — 0 as d — z for any z < ¢ < d.
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Ad (iv): For z € [a,b) take ¢ > 0 such that T2"¢p < 1. Then ¢ is one-to-one on
[z, + €), otherwise we get a contradiction by Lemma 2.4 (i).

Ad (v): This follows by part (ii) of Lemma 3.1 and by part (ii) of the current
lemma. O

Lemma 4.5. Let ¢: [a,b] — X be a curve with finite turn of tangents. Then
there exists an arc-length parametrization F': [0,1] — X of ¢ and it satisfies:

(i) F'.(s) =14 (F,s) for any s € [0,1), and F’ (s) = 7_(F, s) for any s € (0,],
(ii) F'(zx) exists except for a countable set of points x € (0,1),
(iii) TLF =Ty
(iv) for any 0 < p < ¢ < | we have

1£(q) = F)|
(4.3) ————— - 1| <T}F
q—p
Proof. By part (ii) of Lemma 4.4 we see that a curve with finite turn of

tangents is one-sidedly smooth. Thus by Proposition 3.6 there exists the arc-length
parametrization ' of ¢. Part (iv) of Lemma 3.6 implies that T{F = T2p. It is
easy to see that F' is 1-Lipschitz (because of being an arc-length parametrization).
A simple computation now yields (using Lemma 2.1) that

0<qg—p—|F(g)—Fp)l

- [ (1ron- = [Tienas) a
g/q _—/ ds‘dt

= [ [[#a - e

dt

1 q9 rq
— [ [ 1P - Pe)lasa < - pirgr
—PJpJp

This implies the condition (4.3). All the other properties are consequences of the
fact that F' is one-sidedly smooth and follow from Proposition 3.6. O

Definition 4.6. Let X be a normed linear space. We say that A: X \ {0} x X'\
{0} — (0,00) is an angular form provided it satisfies for u,v,w € X \ {0}:
(1) A(u, 0) = 0, A, v) = A(v, ),
(i) A(u,v) < A, w) + Aw,v),
(iii) A(u,u +v) < A(u,v) provided u 4+ v # 0.
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It is easily seen that the angle /(,-) in a Hilbert space is an angular form.
Lemma 2.2 together with the triangle inequality imply that in any normed linear
space the quantity Ai(u,v) = ||u/|lul| — v/|v[||]| is also an angular form. For a
normed linear space X with an angular form A and a curve ¢: [a,b] — X we can
define the general angular turn (or A-turn) as A-Pby := sup A-P(yp, D), where the

D

supremum is taken over all partitions D = {x;} of [a,b] and

(4.4) ZA p(it1) — p(xi), p(z:) — o(Ti-1))

provided the right hand side is defined, and A-P(p, D) = 0 otherwise.

Lemma 4.7. Let X be a normed linear space with an angular form A, ¢: [a,b] —
X a curve, and D, D' partitions of [a,b] such that D C D'. Then

A-P(¢,D) < A-P(p, D)

provided A-P(yp, D’) is defined by (4.4).

Proof. We use the proof of Lemma 3.17 from [4]. Let D = {a =29 < ... <
xn = n}. It is enough to prove the statement for D' = D U {t} and ¢t ¢ D; the
rest follows by induction. Suppose that t € (zo,21). Apply the property (ii) from
Definition 4.6 with u = @(z2) — ¢(z1), v = (e(x1) — ©(t) + @(t) — p(x0)), w =
o(x1) — ¢(t), and the property (iii) with u = ¢(z1) — ¢(t), v = ©(t) — p(z0), to
obtain

Alp(w2) = p(21), (1) = p(20)) < Alp(22) = (1), (1) = (1))
T Ap(an) — olt), o(t) — plz0)).
Thus A_PZ(L)Q D) < A'PZ(L)Q D,)
For t € (zy_1,%,), the proof is analogous. Thus suppose that ¢ € (z;,z;y1),

where 1 < i < n— 2. From the properties of A (see Definition 4.6) we obtain for
u,v, 2z, Wy, w2 S X \ {O}

(4.5) Au,v) + A(v, z) < A(u,wr) + A(wr, v) + A(v, we) + A(wa, 2).

Apply (4.5) with u = @(zit2) — @(@ir1), v = (P(zit1) — (1) + @) — (1)),
z=p(x;) — p(xim1), w1 = p(zis1) — (1), and wa = p(t) — (i) to get

A(p(zir2) — @(wiv1), p(Tit1) — p(:)) + Alp(zit1) — (@), (xi) — p(Ti-1))
< A(p(zir2) — o(@iv1), p(Tit1) — @(t) + Alp(wiv1) — (1), p(t) — @(x:))
+ A(p(t) — @(xi), p(x:) — p(wi-1))-

Thus A-P(¢, D) < A-P(p, D'). O

37



An analogue of the next lemma, which holds for curves with finite angular turn in
a Hilbert space, is given in [4].

Lemma 4.8. Let X be a Banach space, ¢: [a,b] — X, and let ¢ have a finite
turn. Then

(i) P2ttp — 0 ast \, 0 for any x € [a,b), and the function ¢ is one-to-one on
[x,x + €) for each x € [a,b) and some ¢ > 0 (and also on (z — ¢, x| for all
z € (a,b] and some € > 0);

(ii) for each = € [a,b) the right tangent T4 (z) exists as the right tangent in the
strong sense, and for each x € (a,b] the left tangent T_(z) exists as the left
tangent in the strong sense;

(i) ifw: [¢,d] — [a,b] is continuous, onto, and strictly monotone, then for £ = pow
we have P%p = Pd¢.

Proof. The proof of this lemma for the case of angular turn in a Hilbert space
is found in [4].

To prove (i), assume that P2t > § > 0 for some § > 0 and all 0 < ¢ < b — .
We claim that if this is the case, then there exist sequences «;, 3; \, z with 3,11 <
a;j < B35 such that Pﬁ w > 16. To see this, fix 0 <t < b—z, and find D = {x;}},
a partition of [z, z + ] such that P(¢, D) > 6. Then (by Lemma 4.7) either

H 2) —p(@1)  e(@1) — p(xo)
lp(@z) = ezl lle(@n) = e(@o)ll

1
> =)
or Pilp > 15 In the former case, by continuity of ¢, there is y € (z,x1) such that

‘“w@ﬁ—zgSH Hw HH

Thus Py > ié. Choose a1 = y, /1 = x2, and proceed with ¢t = %(x +ap). In
the latter case, take a; = xo, 1 = z,, and proceed with ¢t = %(l‘ + a1). Now
continue in the obvious fashion. However, the existence of the sequence («;, 3;)ien
with ng > %5 easily contradicts the assumption that ¢ has a finite turn.

To prove (ii), without any loss of generality assume that x = 0 and ¢(z) = 0.
By (i), take ¢ > 0 and find § > 0 such that Py < e. Forany 0 <y < z < w < § we
get

Hnigi ||<Pi||H Hnwz)n ||i8%||”
H ©(2) = o(y) w@ﬁ—w@)”
To() =@l Totw) — oG]
Hllwgz iﬁiiu ||£8||H<2Pg*"<2€
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Thus 7 (x) exists by completeness of X. To show that 7 (x) is the tangent in the
strong sense, notice that for 0 < t < s < § we have

pls) =) e(s) et  »()
(4.6) Huw(s)—w(t)u +@)]| < Hllw(S)—w(t)ll ||so<t>||H
+ H% — 7y (z)|| <3PS < 3e.

The proof for left tangents is analogous.
Finally, part (iii) is an easy consequence of the fact that w is a homeomorphism
of [¢, d] onto [a, b)]. O

Let us compare the finite turn (of tangents) and the finite angular turn (of tan-
gents) in the case of Hilbert space-valued curves.

Proposition 4.9. Let H be a Hilbert space and ¢: [a,b] — H a curve.
(i) If 4 (x) exists for all x € [a,b), T (z) exists for all x € (a,b], and 74 (z) = 7—(x)
for all x € (a,b), then Ty = /T%p, and Pby = /Pl .
(ii) If 7 (x) exists for all z € [a,b), 7_(b) exists, and TC¢p < oo, then
@7 Top— D lm(@) -

z€(a,b):
Ty (@)% (2)

=(Tho— Y 2arcsin(w>.

2
z€(a,b):
74 (@) ()

(iii) If 7, () exists for all x € [a,b), T_(b) exists, and Py < oo, then
Pip— D lme(z) - ()]

z€(a,b):
T4 (2)# 7 ()

= /Pho— Y 2arcsin<w>.

2
z€(a,b):
74 (2) 7 (2)

Proof. By Remark 1.1, we easily see that Py < oo if and only if /P%¢ < oo,
and Ty < oo if and only if /T ¢ < cc.

To prove (i), note that by Remark 1.1 we always have T¢¢ < /T%p. To see the
other inequality, suppose that T2y < oo, take a partition D of [a,b], and define
T4+(b) == 7_(b). Pick ¢ > 0 and find a refinement D’ = {z;}_, of D such that
|7+ (x) — 7+ (y)|| < € for z,y € [®;,xi+1], and z;,xi41 € D’. To see that such a
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refinement exists, we use a simple compactness argument based on Lemma 4.4 (v)
and take a minimal (with respect to inclusion) finite subcover.

Because £(z,y) = 2arcsin(3 ||z —yl|) for ||z = [|y|| = 1, we obtain that there exists
a non-decreasing function f: [0,2] — R with }{% f(t) = 1 such that if z,y € Sy,

then /(z,y) < f(llz = yl})[l — y||. Thus

LT(p, D) < LT(p, D) < f(e)T(p, D) < f(e) Top.
To complete the proof, send ¢ — 0. Because D was arbitrary, we are done. The
equality P%y = /P%¢ is proved similarly.

We shall only prove (ii), as (iii) is analogous. Suppose that D is a partition of
[a,b] and € > 0. Find a finite M C {z € (a,b): 74(z) # 7—_(x)} such that

(4.8) Z Ly (x), 7—(2)) < Z L(r(x), 7—(x)) + &.
o @ e

Find a partition D’ D D such that M C D" = {z;}}', and for x;11 € M we have

€

(4.9) 7 (@) = 7 @ar )l = I (i) = - (@a)ll| < —
and
(4.10) |24 @), o (@i1)) = £ (4 @i )s 7 (i) < =,

where m = #(M). This can be achieved by a simple compactness argument which
uses Lemma 4.4. Now we are ready to estimate (using (4.8), (4.9), and (4.10)):

T, D)~ > lre(z) -7 ()|
z€(a,b):
T4 (@) (2)

<T(p, D)= |lrp(2) — 7 ()

zeM

ST D) = D lrel@i) = mo(win)l +e

Tir1EM
< Y @), e(min) +e
zi1€D'\M
SLT(p, D)= > Llrp(wa), o (wign)) +e
Tit1EM
<T@, D) = S Lry (@), 7 (2)) + 2
xeM
< ZTZ(,D — G(Zb)' 2 arcsin(—||T+(m) ;T_ (q:)||) + 3e.

T (@)#T_ (2)
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To obtain the desired inequality in (4.7), send € — 0, and then take supremum over
all partitions D of [a,b]. The proof of the reverse inequality follows similar lines. O

Now we can prove the main theorem:

Theorem 4.10. Let X be a Banach space, and let ¢: [a,b] — X be a curve.
Then ¢ has finite turn if and only if ¢ has finite turn of tangents.
If X is a Hilbert space, then Py = Tt .

Proof. Suppose that ¢ has finite turn. We shall follow the proof of Theo-
rem 3.32 from [4]. Lemma 4.8 (ii) implies the existence of 7 (x) for z € [a,b) and
of 7_(b). Choose an arbitrary partition D = {x;}}_, of [a,b]. Take § > 0 such that
0<d< %O<ririi£71(zi+1 — ;). Then we have z; < 2; + 0 < x;y1 for i =0,...,n — 2,

and z,,_1 < Tp_1+d <z, —§ < z,. Denote

n—2

B O(Tip1 +0) — p(zit1) o(z; +0) — p(x;)
T®) = R e B e
— (r, —0) O(Xp—1+98) — o(xp_1) H
— (@ =) (-1 +0) — e(zn_1)]|
Then
n—2
P(Tiy1 +06) —p(@ir1)  p(wipr) — p(i +0)
TO) < Z le(@it: +6) —p(@ir)ll le(@iv1) — @z + )|l H
+ ¢($z+1) (zz + 5) ‘P(zz + 5 1’1 H
le(@ir1) — el + O llel@: +6) — (i)l
L[ n) = elen =)  plan = 9) = pwn_1 +9) H
le(zn) —o(@n =0 llo(@n —9) — (T + 9l
N P(n) = p(zn —0) P(xn —0) — p(Tn-1) H
le(@n) —o(@n =)l lle(@n —6) — p(zn-1)|
Thus also
n—2
T(p, D) = Z |74 (@it1) = T (@) | + |7 (b) — 74 (2n—1) || = ;i{%T(@ < Pho.
1=0

As we have chosen an arbitrary partition D of [a, b], we obtain T2 < P2y < cc.
Suppose that ¢ has finite turn of tangents. First note that for any a,b € X with
lla]l = 1 and b # 0 we get that

(4.11) —b).

=l <
a——| < —|la

BIF} [1o]
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If X is a Hilbert space, then if 2,y € X are such that ||z|| = |ly|| = 1, € € [0,1),
1—e<&,n<1, then

(4.12) lz =yl < 7= lI§z = nyll.

Take the parametrization F' of ¢ from Lemma 4.5. Define [ = s(F'), so F is defined
on [0,!]. Take a partition Dy = {y;}I" of [0,!] such that ¢ is one-to-one on [y;, y;+1]
for ¢ = 0,...,m — 1. This can be achieved by compactness, Lemma 4.4 (iv), and
symmetrical réles of right and left tangents.

To prove our theorem, take any partition D of [0,1]. If P(F, D) = 0, then there
is nothing to prove, otherwise pick ¢ > 0. Define D’ = D U Dgy. Further, find
a refinement D" = {z;}* , of D’ such that v(D"”) < ¢ and Ty:"'F < ¢ for any

t = 0,...,n — 1. This can be achieved by a simple compactness argument using
Lemma 4.4 and taking the (minimal with respect to inclusion) finite subcover. Now
for any i = 1,...,n — 1, estimate
i+1) — (2 F i
(4.13) H (:17 +1) (.T ) . (l‘ l‘ 1
[F(zig1) = F(z)ll  [|F(z:) = Fzia ||
9 i — Ti—1 F(:L‘Z_;,_l) -Tz . F(LL‘Z) — F(l‘i_l) ‘
SN = Flricll ] @i — @ Ti — Ti—1
<2(1+ 9 ) F(:EiJrl)*F(:Ei)7F(,I7;)7F(I7;,1) ’
1—¢ Tipl — T Tp — Ti1

where we use (4.11) with a = (F(x;41) — F(x;))/[|F(xi+1) — F(x3)|,

F(x;) — F(zi-1) Tit1 — T
Ti— Ti1 | F(@iy1) — F(aq)|”

b:

and (4.3) with Tz F < e.

The last term from (4.13) can be estimated in the following way (using Lemma 2.1):
F(xip1) = F(z)  F(xi) — F(wi-1)
Ti+1 — T4 Tj — Ti—1

Tiq1 T
(zip1 —x;) " / Ti(2)dz — (2 — zi_1) 7" / T (2)dz
Tq Ti—1

i) |

/01(T+(>\(Ii+1 ) i) — e (M@ — i) + 25m1)) dAH'
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To complete the proof, note that

n—1

(4.15) >

i=1

/01 (T M @ig1 — i) + ;) — 7o (Mg — x4m1) + 24-1)) d/\H

n—1

< /01 S e M@igr — ) + ) = 7 (M@i — 2im1) + 23-1)[| dA

i=1

TLF,

where the last inequality follows from the fact that for any A € [0,1) we have that
D(N\) = {\x1 —xo) + 0, .-, AM(Tp, — Tp1) + Tp—1}

is a partition of the interval [A(x1 — xo) + 2o, A(Tn, — Tn-1) + Tn—1] C [0,1]. Thus
(summing over ¢ = 1,...,n — 1 in (4.13) and putting the estimates (4.13), (4.14)
and (4.15) together) we get that

P(F.D) <P(F,D") <2(14 ——

TLF
1 5) 0%

where the first inequality follows from Lemma 4.7 with A(u,v) = Hu/||u|| —v/|v|l H
We have obtained (send ¢ — 0) that P4F < 2TLF and thus PyF < co. Finally, if
X is a Hilbert space, then we use (4.12) instead of (4.11), and we obtain T{F = P{F
and thus T2 = Plo. 0

Using similar ideas as in the proof of Theorem 4.10 we can prove the following
theorem, which generalizes Theorem 5.2.1 from [1] and Theorem III.1.10 from [6].
We shall take an alternative approach and use Proposition 4.9 instead.

Theorem 4.11. Let H be a Hilbert space, and let ¢: [a,b] — H be a curve.
Then ¢ has finite angular turn if and only if ¢ has finite angular turn of tangents,
and /Thp = /Pbo.

Proof. First, note that Theorem 4.10 implies that T2 = P%p. From this
equality it follows that

Top— Y @ -m@l=Pip— Y (@) ().
z€(a,b): z€(a,b):
Ty (@)% (2) T4 (@) (2)

Thus an application of Proposition 4.9 (parts (ii) and (iii)) implies the equality
LTYp = (Pbo. 0
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5. DELTA-CONVEXITY AND FINITE TURN

The following definition comes from [10]:

Definition 5.1 ([10, Definition 1.1]). Let X, Y be normed linear spaces, let
A C X be an open convex set. A mapping F': A — Y is called d.c. (on A), if there
exists a continuous function f: A — R such that y* o F + f is a continuous convex
function on A for each y* € Y, ||y*|| = 1. If this is the case, we say that f is a control
function of F.

We need to extend the definition from [10] to functions defined on closed intervals.

Definition 5.2. We say that a curve ¢: [a,b] — X is d.c. (on [a,b]), provided
there exists ¢ > 0 and a d.c. map ¥: (@ —¢,b+¢) — X such that 9|, 5 = ¢.

The notion of turn is closely related to the notion of “convexity”, which goes back
to de la Vallée Poussin (1908; cf. [7]).

Definition 5.3. Let X be a normed linear space and f: [a,b] — X a mapping.
For every partition D = {a =29 < 21 < ... < x, = b} of [a, ] we put

n—1

K. (f,D) =)

i=1

f@ivr) — fl@i)  fl@i) — f@ioa)

Tit1 — T4 Tj — Ti—1

We define the convezity of f on [a,b] as
Ki.f = supK;(f, D),

where the supremum is taken over all partitions D of [a, b].

The following theorem of L. Vesely and L. Zajicek relates the notion of convexity
with d.c. curves.

Theorem 5.4 ([10, Theorem 2.3]). Let X be a Banach space and let f: (a,b) —
X be a continuous mapping. Then the following conditions are equivalent.
(i) f isd.c. on (a,b).
(ii) fi(x) exists for each x € (a,b) and f' has locally finite variation on I.
(iii) K¢f < oo for each interval [c,d] C (a,b).

Let us note the consequences of the previous theorem for our definition of delta-

convexity.
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Lemma 5.5. Let ¢: [a,b] — X be continuous. Then the following statements
are equivalent:
(a) ¢ is d.c. (according to Definition 5.2);
(b) Kip < o00;

b
(c) ¢ (x) exists for all x € [a,b), ¢’ (b) exists, and \/ ¢/, < oo, where we take
@'y (b) := (D).

Proof. (a) = (b). There exists ¢ > 0 and a d.c. ¢: (¢ —&,b+¢) — X such
that |(q,5) = . Thus by Theorem 5.4 we obtain that Kby < .
(b) = (c). Take € > 0 and extend ¢ to ¥ on (a —e,b+¢) as

(p(q;) for x € [a,b],
(5.1) P(x) =< pla) + (x —a)¢ (a) for x € (a—ce,a),
o(b) 4+ (x = b)p’_(b) for z € (b,b+¢).

Note that K¢y < Klp < oo for a — e < ¢ < d < b+ ¢ (this follows from Lemma 2.2
by L. Vesely [9]). Now apply Theorem 5.4.

(c) :> (a). Take ¢ > 0 and extend ¢ to ¢ on (a —e,b+¢) as in (5.1). Now note
b
that \/wJr \/w+<oo(wherewehavew+() e (b)) fora—e<c<d<b+e,

and thus by Theorem 5.4 we obtain that ¢ is d.c. on (a —e,b +¢). 0

It is well known that if f: (a,b) — X is locally d.c. (in the sense of [10]) then it
is d.c. (in the sense of [10]); see Theorem 1.20 in [10]. We shall use this fact without
explicitly mentioning it.

Remark 5.6. Theorems 4.2 and 5.2 from [10] imply the following:
(i) If ¢: [a,b] — [c,d] is d.c. and bilipschitz, then ¢ ~! is also d.c.
(ii) If X is a Banach space and f: [a,b] — [¢,d], g: [¢,d] — X are d.c., then go f
is also d.c.
(iii) Let X, Y be Banach spaces, U C X open. If F: [a,b] — X is d.c. with
F([a,b]) CU and G: U — Y is d.c., then G o F is also d.c.

Proof. To prove (i), take ¢ > 0 and extend ¢ to ¥: (a —e,b+¢) — R as
n (5.1). Then 4 is bilipschitz, d.c., and onto some open interval containing [c, d].
Apply Theorem 5.2 from [10] to ¢, and note that ¢~ 4 = ¢~

The parts (ii) and (iii) follow easily by Theorem 4.2 from [10]. O

Using the proof of Theorem 4.10, we can prove
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Proposition 5.7. Let X be a Banach space and ¢: [a,b] — X a curve.
(i) If ¢ has finite turn, then the arc-length parametrization F of ¢ satisfies K\ F =
Tb¢ < oo, and F is d.c.
(ii) If  is parametrized by the arc-length and Kl < oo, then ¢ has finite turn (of
tangents) and K\ = Ty < oo, where | = s(ip).

Proof. Note that TS = TLF. Thus the inequality KL F < T%¢ in part (i)
follows from (4.14) and (4.15) in the proof of Theorem 4.10. The inequality K{F >
T4 can be established in a similar way as the inequality T¢ < Pby in the first
part of the proof of Theorem 4.10.

Part (ii) follows from the fact that ¢/, (z) = 74 (z, ¢) for all z € [0,1). O

The previous proposition has the following

Corollary 5.8. Let ¢: [0,l]] — X be a curve parametrized by the arc-length.
Then Kk = Thp.

Delta-convexity is not equivalent (without any further assumptions) with finiteness
of the turn as is shown by the following example.

Example 5.9. Finiteness of the turn (of tangents) of a curve ¢: [a,b] — X does
not necessarily imply that K% < oo. To see this, take any ¢: [0,1] — R such that
© is continuous, strictly increasing, and ¢ is not d.c. Then ¢ has finite turn (of
tangents), but ¢ is not d.c.

Take f: [0,1] — R such that f is C? (meaning that there is a C? function g: R —
R such that g[j1 = f), there exist sequences (a;);, (d;); such that f|,—s,a,) is

increasing, f|(q;,q,+5,) is decreasing for all i € N, and

(ai — 65, ai +6;) N (aj — 65,a; +05) =0

for i # j. Then f is d.c. (by Proposition 1.11 from [10]), but f does not have a
finite turn of tangents (as 7_(a;, f) = 1, 74 (a;, f) = —1, and thus T} f = o). Thus
delta-convexity does not in general imply finite turn.

Proposition 5.10. Let us suppose that ¢: [0,1] — X is absolutely continuous,
ll¢’(x)|| =1 for almost all =, and ¢ has finite turn (of tangents). Then ¢ is d.c.

Proof. We shall prove first that ¢ is parametrized by the arc-length. By
Lemma 2.1, we see that ¢ is Lipschitz. Thus f(t) := s(p,[0,t]) is Lipschitz for
t € [0,]]. By Lemma 4.5, ¢ has the right tangent in the strong sense at each
x € [0,1), and thus by Lemma 3.2 we obtain that f’(z) = 1 for almost all = € [0,1],
as

e slefradd) o+ - e@)]
L) = I o+ 0 — o] i !

)
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provided |¢'(x)|| = 1, and similarly (by an argument for left tangents) f’ (x) = 1
for all such . Thus f(t) =t for all t € [0,]], and thus ¢ is parametrized by the
arc-length.

By Lemma 4.5 we have that ¢/ () = 74 (z) for all z, and Lemma 5.5 implies the
delta-convexity of ¢. O

We can now generalize Theorem 5.4.2 from [1]:

Theorem 5.11. Let ¢: X — R be a curve such that ¢: [a,b] — X is d.c., such
that ||/ (x)|| > 0 for all x € (a,b), and such that

min([¢', (a)ll, [l (B)[1) > 0.

Then the arc-length parametrization of ¢ is d.c. and thus ¢ has finite turn (of
tangents).

Proof. By Proposition 1.10 from [10] we see that ¢ is Lipschitz. From Propo-
sition 3.9 from [10] it follows that ¢’'(z) exists except for a countable set of z’s. By
compactness and Note 3.2 from [10] there is an £ > 0 such that

(5.2) ¢/ (z)]| >e>0 forall x€ [a,b).

Now for ¢ € [a,b] define I(t) = fat ll¢'(x)]| dz. This function is obviously strictly
monotone (by (5.2)). Thereis a § > 0 and ¢: (a — d,b+ ) — X which is d.c. and
such that @|jq,;) = ¢. Thus by Proposition 1.10 from [10] there is L > 0 such that
Plla—15b+14) is L-Lipschitz. This implies that ||¢’, (z)[| < L for € [a,) and thus
it follows that [ is Lipschitz. Note that [~! is also Lipschitz by (5.2). By Note 3.2
from [10] we see that [’ exists everywhere in [a,b), and that I, (x) = ||¢/ (z)||. Take
a partition D = {x;}}' of [a, ] and estimate

n—1 n—1
o @) = V@)l = DIk (@iva) | = 14 (@a)ll]
i=0 =0
n—1 b
<D e (@in) = ¢ (@)l <\ ¢ < oo,
=0 a

where the last inequality follows from the fact that ¢ is d.c. Thus by Lemma 5.5
we obtain that [ is d.c. (as \/I/. < 00). Remark 5.6 (i) implies ( is bilipschitz)
that [~! is d.c. Define F(s) = ¢ ol7!(s). Then F is d.c. (as a composition of two
delta-convex mappings) by Remark 5.6 (ii). Put [ = [(b). By Lemma 5.5 we obtain
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l
that \/ F/(z) < co. It is easy to see that F (z) = 7 (F,z) for all z € [0,1()) as
0

/ T F(z+t)— F(x)
Fy(z) = th\% ;
_ oy Fa ) - F@) |[Flatt) - F@)l _
T O |[Fz+t) - F(a)] . =74 (F, @) FL(1)]]-

On the other hand, ||F}(¢)|| = [[¢/.(I7*(¢))(I"1)’.(¢)|| = 1. Thus we obtain T)F =

l
V F! (x) < oc.
0
Let us only remark that F is the arc-length parametrization of ¢ (see e.g. the first

part of the proof of Proposition 5.10). O

The previous theorem has the following corollary, which generalizes! Theorem 5.4.3
from [1].

Corollary 5.12. Let X, Y be Banach spaces. Let ¢: [a,b] — X be a curve with
finite turn, U C X open, ¢([a,b]) C U, and let G: U — 'Y be a locally d.c. mapping
such that

1D+ Gp(2), 7+ (0, 2)) > 0
for x € [a,b) and

I1D-G(p(x), 7 (p; )| > 0
for all z € (a,b]. Then G o ¢ has finite turn.

Remark 5.13. By D G(z,y) we denote the one-sided y-directional derivative
of G at z, i.e. Dy G(z,y) = f.(0), where f(t) = G(z + ty).

Proof. Let F' be the arc-length parametrization of ¢. Note that by Re-
mark 5.6 (iii) we obtain that G o F' is d.c. To apply Theorem 5.11, it is enough to
prove that ||(G o F')!, (x)| > 0 for all z € [a,b) (and ||(G o F)"_(x)|| > 0 for z € (a,b],
which follows by an analogous argument). To see this, choose = € [a,b). Without any
loss of generality, we may (and will) assume that z = 0, F(x) = 0, and G(F(x)) = 0.
We obtain that F(t) —tF" (0) = w(t) with tli\n(l)w(t)/t = 0, because I (0) = 7, (F,0).

Now estimate
/ S 1 —1
[(G o F),(0)]| = }g%t [G(E@)]
> I -1 / R -1 / _ !
> lim G (tF"(0))]] i ¢ |G(tF4(0)) — GFL(0) + w(t))
> || Dy G, 7o (Fyx))| — L}{%fl\lw(t)ll
= [|D+G(z, 74 (F,z))|| > 0,

! Note that Proposition 1.11 from [10] implies that Cl’l—mappings between Euclidean
spaces are d.c.
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where L is the local Lipschitz constant of G at F(x) (see Proposition 1.1.2 from [10]).
Now we can apply Theorem 5.11 to obtain that G o F has finite turn, and
Lemma 4.8 (iii) shows that G o ¢ has finite turn. O

The following corollary generalizes Theorem 16 from [6]. If X, Y are Banach
spaces, we denote by X @2 Y their Lo sum, i.e. X X Y equipped with the norm

Gz, )ll2 = Vllzll* + [lylI>.

Corollary 5.14. Let U C X be open, let G: U — Y be a locally d.c. mapping,
and let ¢: [a,b] — X be a curve with finite turn such that ¢([a,b]) C U. Let
@: [a,b] = X @2 Y be defined as ¢(x) = (¢(z), G(¢(x))). Then ¢ has finite turn.

Proof. Define a mapping ®: X — X @2 Y as ®(z) = (z,G(x)). Note that
|D+®(x,y)|| > 0 for all y € Sx and apply Corollary 5.12 to ¢ and ®. O
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