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(Received September 13, 1991)

The notion of almost K-descriptive spaces was introduced by R.W. Hansell in
[H;] in connection with the study of Banach spaces and their weak topologies. The
notion of Cech analytic spaces was introduced by D. Fremlin [F] (for basic facts see
[INR], [K]), and the connection with Banach spaces was investigated in [JNR]. We
add here some observations. We show in Section 1 that all Cech analytic spaces
are almost K-descriptive (Theorem 1), which enables us to use the technique of the
descriptive set theory to get some properties of them, a separation principle, results
on measurable images etc. In Section 2 we give some results concerning the class of
all almost K'-descriptive spaces. It is closed with respect to the Suslin operation and
scattered unions (Propositions 2). We get a characterization of completely regular
almost K'-descriptive spaces in Theorem 3. We notice the possibility of extending a
result of [JNR] from the case of Cech analytic Banach spaces to the case of almost K-
descriptive spaces, which gives the equivalence of the classes of almost descriptive and
almost K-descriptive spaces within the framework of Banach spaces and their weak
topology. Hence, it follows from [JNR] and [H;] that £« is not almost K-descriptive.

Throughout the paper all topological spaces are supposed to be Hausdorff.

1. CEcH coMPLETE AND CECH ANALYTIC SPACES

We first recall that a topological space X is Cech complete if it is a G5 subspace
of a compact space. Thus X is automatically Hausdorff and completely regular. By
[Fri] the space X is Cech complete if and only if it is completely regular and there
is a complete sequence of open covers %,,n =0, 1, ..., in X, i.e. any filter & in X
which has non-empty intersections with %, for each n =0, 1, ... (we say that & is
a Cauchy filter with respect to %4,,), has an accumulation point.
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A topological space X is called Cech analytic if it is in #(FUY) = F#(H) in some
compact space, i.e. it is the result of the Suslin operation on sets from F (closed
sets) and from ¥ (open sets) or, equivalently, on Borel sets denoted by % here. It
is shown in [JNR] that X is Cech analytic if and only if it is completely regular and
there is a separable metric space M and a Cech complete space Y C X x M such
that X is the projection of Y along M.

A family % of subsets of a topological space X is said to be a scaltered family if it
is disjoint and its elements can be well ordered by < so that the union J{V |V < U}
is open in |J% for every U € %. We notice that the complete sequence of open
covers %, can be refined to a sequence of scattered covers by making differences
in some well-ordering of any %;,, and that the refinements of complete sequence of
covers form always a complete sequence again. We also see that a setl is scattered
if its cover by singletons is a scattered family. Countable unions of scattered sets
(o-scattered sets) in metric spaces coincide with o-discrete (both in the metric and
in the topology) sets (this follows e.g. from Lemma 3 below), while all subsets of the
space [0, k] of ordinals a > 0 and « < & with its “order topology” are scattered, so
e.g. [0,w] is a scattered space which is not o-discrete (topologically).

Now we refine the complete sequence of open covers in a regular topological space
slightly more carefully.

Lemma 1. Let X be a regular topological space and let %, form a complete
sequence of open covers. Then there is a sequence of disjoint covers ¥, such that

(a) ¥, refines %, (thus ¥, is complete);

(b) for Voy1 € Y44y there is a V,, € ¥, with 17,.+1 C Vi (thus %4 refines
¥, and, moreover, the accumulation points of every filter which contains V,, € ¥,

(e
n=0,1,... are contained in (| V,,);
n=0

(c) the elements of ¥, may be well ordered by <™ so that J{V € ¥, | V <) W}
is open (in X) for each W € ¥, (thus ¥, are scattered).

Proof. We put % = {X}. Let %, and <™ fulfilling (a), (b), (c) for m < n
be already established. Let <(") be a well-ordering of X such that z € |J{V € %, |
V <™ W} and y <™ z imply that y € U{V € %, | V <™ W} for any W € ¥%,.
We now define ¥%,4; and <("+1) by transfinite induction over (X, <(™). Let the sets
Vaz1(y) for y <™ z be defined. We find Upyy € %4, such that z € U,4; and
(the only) V,,(z) € ¥, with z € V,,(z). We choose an open neighbourhood W, ;+;(z)
of z such that Woy1(z) C Unyr NU{V € % | V <™ Vo(2)} and Vg (z) =
Was1(2) \ U{Vas1(2) | 2 <™ z}. We put %41 = {Vasi(z) | £ C X} and write
V <(®*+1) W whenever V = V,;1(z) and W = V,,41(y) for some z,y € X with z <(™)
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y. Obviously, the families %, 71, ..., 54+1 (with the orderings <M . ..,<("+1))
fulfill (a), (b), (). a

Since every Cech complete space admits a complete sequence of covers and is
even completely regular, we may apply Lemma 1 to it. Our aim is to get some
parametrization of Cech complete spaces. It is suitable to introduce some further
notions concerning families of subsets of topological spaces.

An indexed family (Us | @ € A) in X is called Po-decomposable if there are Uq n,
n=0,1,..., such that Uy = |J{Uas,n | n € w} and that the families {Uan | a € A}
have the property 2. We use this notion for &2 being the class of all scattered
families in the topological space X (s-o-decomposable) or, especially, for 22 being
the class of all disjoint families 2 with a scattered base 4 in X, which means that
4 is a scattered family in X which refines 2 and each element of 2 is the union of
some elements of #. We write sby —o-decomposable in the latter case.

The property to be sby —a-decomposable is equivalent to a notion used in [H;] as
the following lemma says.

Lemma 2. The family (X, | a € A) of subsets of a topological space X is
sbg —o-decomposable if and only if it is point-countable, and there is a o-scattered
base for it.

Proof. Itisobvious that every sby —o-decomposable family is point-countable
and has a o-scattered base. Now let (X, | a € A) be point-countable with a o-
scattered base # = |JH, with &, scattered. Assign to every nonempty B € &

n
and a € A with B C X, a natural number m(B, a) such that m(B, a) # m(B, b) for
a#b. Put Xognm = J{B € #n | m(B,a) = m}. The family {Xonm | a € A} is
disjoint and has a scattered base {B € B, | m(B,a) = m,a € A}. O

Example from Section 2 of [H;] shows that a disjoint family with scattered base
need not be scattered o-decomposable! However, we notice that the notions of
sbg —o-decomposable and scattered o-decomposable families coincide with metrically
discrete o-decomposable families in metric spaces.

Lemma 3. Every sbq —o-decomposable indexed family 2 in the metric space X
is metrically discrete o-decomposable.

Proof. It isenough to show it for a disjoint family 2 with a scattered base %.
Thus there is a well-ordering < of # and there are open sets G(B) for B € % such
that B C G(B)\ U{G(C) | C < B}. Put B, = {z € B | o(z, X \ G(B)) > 1/n} for
B €% and D, = |J{Bn | B, C D} for D € 2. It follows that {D,, | D € 2} are
1/n-discrete and obviously | J{D, | n € w} = D. O
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We say that the mapping (also multivalued) f: X — Y preserves the indezed
families from 2P, or that it is P-preserving, if (f(X,) | a € A) is from L@ in Y
whenever (X, | @ € A) isin & in X. Lemma 3 implies that it is sufficient to
verify that (f(X,) | a € A) is sby —o-decomposable for discrete (X, | a € A) only,
whenever X is metric, to get that f is sby —o-decomposable preserving.

We also recall that a set valued map f: X — Y is called upper semi-continuous
(usc) if {z € X | f(z)NF # 0} = f~'(F) is closed for every closed F C Y. A
set-valued map is called disjoint if f(z) N f(y) =0 for z # y.

Now we are already able to describe Cech complete spaces by a meaningful
parametrization.

Lemma 4. Let a topological space X admit a complete sequence of disjoint covers
¥, tulfilling (b), (c) of Lemmal. Then there is a complete metric space and a disjoint
usc compact-valued (usc-K) map f: M — X such that f(M) = X and f preserves
sbq —o-decomposable families (f is an almost K -descriptive parametrization).

Remark. Due to Lemma 1 and the above Lemma 4 we get that every Cech
complete space has the parametrization from Lemma 4. In fact, we get this for all
regular “cover-complete” spaces as defined in [Hy]. Let us recall that Z. Frolik proved
in [Fr2] that paracompact Cech complete spaces are exactly those completely regular
spaces which admit a perfect map onto a complete metric space, and notice that the
inverse map to a perfect one is usc-K.

Proof of Lemma 4. We first choose a cardinal & with cardinality of 7}, less
or equal to & for n = 0,1,.... We consider a complete metric on the topological
product space M = k*, with k = {«a | @ < k} taken with the discrete topology,
such that the diameter of Ur(a) = {8 € M | (Bo,-..,Bk) = (co,...,ak)} is less
than e; with £; tending to zero. We may index each ¥, by elements of x so that
Y = {Va(@) | @ < £} and put V;,(a) = 0 if necessary. We define a map f: M — X

[e o]

by f(ao,a1,...) = 00 Va(an).

] k
The set {a | f(a) =0} = U {a | N Valan) = 0} is open in M. If f(a) # 0
k=0 n=0
then f(a) = ﬁ Va(an), thus f(a) is closed, equals ﬁ Va(an) and every filter in
n=0 n=0

) Va(an) has an accumulation point. Thus f(a) is compact. Let f(a) C G for
n=0

some open (. For any neighbourhood Ui(a) of a let us have f(Ux(a))NG® # 0.
Then W = Vy(ao)N...NVi(ar)NGE # B for every k € w. Wy is a filter base of a filter

oo —
which intersects every ¥, and thus has an accumulation point z € (| Wi C f(a)
k=0
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which is in the closed set G¢. This is a contradiction, and f is usc. Obviously, f is
disjoint.

A o-discrete basc for open sets in M is formed by the sets Up(a), k =0,1,...,a €
M. The family (f(Uk(@)) | ¥ € w,a € M) is obviously o-scattered. Let (M, | a € A)
be a metrically discrete family in M, i.e. there is an n such that every U, («) intersects
at most one element of {M, | a € A}. The family (f(M,) | a € A) thus refines some
disjoint unions of elements from { f(Un(«))}. It has therefore a scattered base formed

by f(Un(a)N M,). O

To get a parametrization of Cech analytic spaces, we recall the characterization
by a projection along a separable metric space and add a lemma which generalizes
Lemma 7.1 from [H,]. We shall need the generalization for the proof of Theorem 4
later.

Lemma 5. Let Y have a o-scattered network, i.e. a o-scattered family ¥ such
that | J{V € ¥ | V C G} = G for every open subset of Y. Let f:Y — X be
a set-valued map (to subsets of X ) which preserves sby — o-decomposable families.
Then the projection w: X x Y — X restricted to the graph G of f preserves sby — o-
decomposable families.

We may notice immediately that the assertion of Lemma 7.1 of [H,] follows by
putting f(y) = X fory € Y:

Corollary. Let Y have a countable network. Then the projection 7: X xY — X
preserves sby — o-decomposable families.

In fact, Lemma 7.1 of [H;] concerns also relatively topologically discrete o-
decomposable families. We omitted the assertion for them, because we are not
going to use it here. However it follows similarly as the one stated above.

Proof of Lemma5. Let ¥ =|J7, where 7, are scattered. Let {S, | @ € A}
be a scattered family in G (it is enough to investigate images of such a family to
get the assertion for all sby — o-decomposable families). Let G, be open subsets
of X x Y such that So C Ga \U{Gs | B < a} for a € A with a suitable well-
ordering < of A. Put Sqv, = {s € So | s € U x V,, C G, for some open U C
X}. Then {n(Sav,) | « € A} is scattered in f(V,) for V, € ¥%,,n € w. Let
{W(Vpn,k) | Va € ¥,k € w} be an sby — o-decomposition of (f(V;,) | V € ), Le.
{W(Vph,k) | Vi € 7.} are disjoint with a scattered base and f(V,) = U W (Va, k).

Then {7(Sav,) "W (V,,, k) | @, V,, € 7,,} is disjoint with a scattered base in X for

n, k fixed. The sets Tonr = |J #(Sav,) N W(V,, k) are disjoint with a scattered
Vo€V
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base for n, k fixed and since 7(Sq) = |J Tank, they form the desired decomposition.

n,k
a

We may now sumimarize our observations using the following definition. It coin-
cides with Hansell’s one due to Lemma 2.

Definition 1. We say that a topological space X is almost K-descriptive (or
“scattered- K-analytic”) if there is a complete metric space and an usc-K map f:
M — X such that f(M) = X and f preserves the sby — o-decomposable families,
i.e. if there is an almost K-descriptive parametrization as defined above. If f may
be chosen a continuous map, X is called almost descriptive.

Theorem 1. Every Cech analytic space is almost K descriptive. Moreover,
any Cech complete space can be parametrized by a disjoint almost K -descriptive
parametrization (it is “scattered-K-Luzin”).

Proof. It follows immediately from the recalled characterization of Cech com-
plete spaces by complete sequences of open covers and from Lemma 1 and Lemma 4
that a Cech complete space admits an almost K-descriptive parametrization which
is disjoint. The assertion on Cech analytic spaces follows from the characterization
of a Cech analytic space as a projection of a Cech complete space along a separable
metric space, from Lemma 5, and from the just proved property of Cech complete
spaces. O

Remark. We may notice that the K-almost descriptive parametrization with
a complete metric domain cannot be always formed in such a way that it pre-
serves the scattered o-decomposable families. Namely, let f: M — [0,w;) be such
a parametrization of the Cech complete (scattered) space [0,w;). Let us choose
Ya < wy and 2o, € M for a < w; so that y, is the last element of f(z4),ya < ys
if @ < B. This is possible because each compact set in [0,w;] is countable. Let
L={zq|a<wi},X ={ya | @ <wi}. The space X is homeomorphic to [0,w,).
We may thus suppose that we have a 1 — 1 parametrization of [0,w;) which is a
continuous function from the metric space L. But ({z,}) is a scattered, and thus
(Lemma 3) a o-discrete, family. Thus all disjoint families in L and so in [0,w;)
are scattered o-decomposable. The example from [H;] mentioned after the proof of
Lemma 2 contradicts the last property of X.

However, we may get “nicer” parametrizations from Cech complete, instead of
complete metric, spaces. We show in Lemma 8 that any completely regular almost
K-descriptive space is a continuous image of a Cech complete space by a map which
preserves sby — o-decomposable families.
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2. ALMOST K-DESCRIPTIVE SPACES

Recall that a topological space is called analytic (point-analytic in [FH,]) if it is
a continuous image of a complete metric space by a mapping which preserves dis-
cretely o-decomposable families (with discrete in the topological sense; topologically
discretely o-decomposable is equivalent to metrically o-discretely decomposable in
metric spaces). It is well known that analytic is equivalent to K-analytic in the case
of metric topologies. In fact a more general sufficient condition for this equivalence
can be found in [GP]. Metric K-analytic spaces are exactly those metric spaces which
are Suslin (Z) in their completion ([Hz]) or in any metrizable embedding (called ab-
solutely analytic in [H;]), or which are Suslin (&) in every Cech complete space
([Fr3]). Thus, due to Lemma 3, we have

Proposition 1. The following properties of a metric space X are equivalent:

(a) X is almost K-descriptive;

(b) X is analytic;

(¢) X is a Suslin (&) subset in a complete metric embedding;

(d) X is a Suslin (&) subset in every metrizable embedding (absolute Suslin in
(Frs]); )

(e) X is Suslin (£) in a Cech complete space (£ stands for zero sets);

(f) X is Cech analytic.

Proof. Itis well-known that (b) < (¢) & (d) - (a) < (b) by Lemma 3 and the
above mentioned fact that metric K-analytic spaces are analytic. For (d) = (e) see
([Fra], Theorem 4). Since obviously (e) = (f), it remains to use Theorem 1 to show

that (f) = (a). o

Now we will study the class of general almost K-descriptive spaces. We recall
a result from [H;] (Theorem 4.1) and add two “absolute descriptive” properties
of almost K-descriptive spaces which are partially contained in the proof of that
theorem. We say that X C Y has the Baire property in the topological space Y if
X = (G\ C)U(GU D) with G open and C, D of the first category in Y, and X has
the Baire property in the restricted sense if, for each E C Y, X N E has the Baire
property in E.

Proposition 2. Let X be an almost K-descriptive space. Then
(a) X has the Baire property in the restricted sense in any topological embedding;
(b) X € Suslin (£ AN9),) where (£ N¥9), stands for the class of all unions of

scattered families of sets from FANY ={FNG|F € #,G € 9} in any topological
embedding;
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(c) there are a cardinal k = [0,&) and sets Sy, € FANY foro | n = (0p,...,
On—1) € K™ such that

X:U{D{S‘,MlnEw} |aEn“’}

and {Sy|n | 0 | n € K"} are o-scattered for n € w in any topological embedding. We
write X € Suslin,(F NY).

Proof. The assertion (a) is claimed by the above mentioned Theorem 4.1 in
[H:]. The assertion (b) is proved in its proof. We sketch the proof of (c) because it
is not contained in the proof of (b) explicitly.

Let f: M — X be an almost K-descriptive parametrization of X and let X C Y.
Let % be a o-discrete base for the complete metric space M and %, = {U €
% | U # 0 and diam U < 1/n} for n € w. Since %, is o-discrete in M, we

can write f(U) = U (f(U))m for each U € %, such that {f(U))m | U € %.} is

disjoint and has a scattered network #n = {B"(U,m,a) | « € A", U € %,} for
m € w and sufficiently large A" (many B"(U,m,«)) may be empty). By Lemma
2.3 from [H,] we can find scattered collections {H(B) | B € #},,} of F A sets
in Y such that B C H(B) C BY for each B € # and m € w. We define sets
H(B°(Uy, mo, aq), ..., B*(Un,mp,an)) = ﬂ H(B (Ui, my, a;)) if U:+1 C Uit =
0....,n — 1, and put H(B°(Uq, mo, aq),.. B (Un,mp,an)) = 0 otherwise. We
choose a sufficiently large cardinal & = [0, IC) and embeddings ¢; of the admissible
triples (Ui, m;, o;) into k. We identify H(B°(Uo, mo, ao), ..., B",Un, my, ay)) with

So](n+l) if 09 = SD()(U(),"lo,a()), <y On = ‘Pn(Un,mnyan)x and put Sol(n-{-l) =0
otherwise. Now we claim that

X:U{ﬂ{50|n|n6w} |a€fc“’}.

[e o] [e o]
The inclusion C is obvious. Let z € ﬂ Soin = () H(B°(Uo, mo, ), - ..,
n=0

B*(Un,mp,ay)). Thus U‘,H CU;fori =0, ..., n—1 and _w_fi_l_mow that
H(B'(Us¥,mi, a;)) C BY (Ui, mi, ;). Thus z € H(Bi(U;,m;,a;)) C BY(U:Y, mi, a)
C (f(U:))m;Y C F(U:)Y. Now {t} = ﬁ U, and z € f(t) due to the fact that f is
usc-K. n=? a

We further establish the following properties of the class of almost K-descriptive
spaces.

Theorem 2. (a) The union of the o-scattered family of almost K-descriptive
subspaces is almost K-descriptive.
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(b) Countable products of almost K -descriptive spaces are almost K -descriptive.
Countable intersections of almost K -descriptive subspaces are almost K -descriptive.

(c) The result of the Suslin operation working on almost K -descriptive subspaces
is an almost K -descriptive space.

(d) Every closed subspace of an almost K -descriptive space is almost K -descriptive.

(e) Every open subspace of an almost K-descriptive completely regular space is
almost K -descriptive.

Proof. (a) The assertion follows by taking the parametrizations f,: M, — X,
for each almost K-descriptive space X, C X from the o-scattered family and taking
the discrete sum ) M, of their domains for the domain of the new parametrization
f defined by f, on M,.

(b) Let fo: M, — X, be almost K-descriptive parametrizations of X,,. Put
f(my,ma,...) =[] fa(my) for the parametrization of [] X,, from the complete met-
ric space M = [[ M,,. Let {N,} be a discrete family in M. Then there is an open
cover % of M each element of which intersects at most one N,. We may suppose that

the open sets from the cover % are of the form Gy x G2 x ... G x [[ M; with k > 1
>k
and the sets Gi; from a o-discrete open base %; of M;. Then f(%#) x By x ... x B X

I1 M) is an shq — o-decomposable family and thus f(N,) has a countable decompo-
>k

sition to (f(Na))e = F(NJ)NU{f(Bi x ... x Bk x [I M) | T] Bix [ MinNa # 0
I>k i<k >k

and B; € #4;} which, for a fixed k, are sby — o-decomposable, too.
To get the result for a countable intersection of subspaces we similarly put

f(my,ma,..) =) fa(mn).

n

(c)let S=J{N{Soin | n Ew} | 0 €w*} with Sy}, almost K-descriptive subsets
of X. We define a subset Y of X x w* by

Y:m{U{(So|nx{6|6|n:a|n})]a€w“’}lnew}.

Then S is the projection of Y along w* and thus it is almost K -descriptive if Y is
almost K-descriptive due to Lemma 5. But Y is almost K-descriptive by (a) and
(b).

(d) If f: M — X is an almost K-descriptive parametrization of X and F is closed
in X, then g: M — F defined by g(m) = f(m) N F is an almost K-descriptive
parametrization of F'.

(e) Let G be an open subset of the almost -descriptive space X that is completely
regular. Let K be a compactification of X and H an open subset of K such that
HNX = G. The set H is almost K-descriptive by Theorem 1, X is almost K-
descriptive by the assumption and thus G is almost K-descriptive due to (b). O
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We may notice the following fact.

Lemma 6. The o-scattered unions of Borel subsets of an almost K -descriptive

completely regular space are almost K -descriptive together with their complements.

Proof. Let Bs CGa\U{Gs|b < a} be Borel sets and let G4 be open sets for
a from some well-ordered A. Then the family (G4 \UU{Gs | b < a})\ Bs,a € A, is
a scattered family of Borel and thus almost K-descriptive subsets. Thus their union
are almost K -descriptive as well as their union with the closed subset X \|JG,. O

Now we state a characterization of general almost K'-descriptive completely regular

spaces.

Theorem 3. X is a completely regular almost K -descriptive space if and only if
one and then necessarily all of the following representations of X in a compactification
K of X take place:

(@) X =U{N{Sojn In€w} |0 €K} where Sy, arein FAY ={FNG|F €
ZF,G € G} with {S,), | 0 € £} o-scattered. We write X € Suslin,(F AN¥) in this
case.

() X =U{N{Ssn | n € w} | 7 € w*} where S, are scattered unions of sets
from FNY. We write X € Suslin ((F AN9);) in this case.

() X =U{N{Ssn | n € w} | 7 € w*} with Sy, from the o-algebra &,, of
o-scattered unions of Borel subsets of K .

Proof. Let K be a compactification of the almost K-descriptive space X.
Then, according to Proposition 2, X fulfils (a), (b), (¢). The space X from (a), (b),
or (c), respectively, is almost K-descriptive due to Theorem 2. %#,, is a c-algebra

to Lemma 6. O

Remark. We will show that the class of sets which arise by the Suslin operation
from sets which are Borel or scattered (from X) or completements of scattered (from
X¢), i.e. sets from Suslin (# U X U X¢) in a compact space K, is not the class of all
K-descriptive subspaces of K.

Let K = [0,w;] x[0,1]. Let S C [0,w] be such that S is not Cech analytic. This is
possible as seen from the following example. Then S x [0, 1] cannot be contained in
Suslin (ZUZUZX) in K. If it were then S x [0, 1] = |J[) S7jn with S;jn € ZUTUZ".

If we replace all S;|, from X by 5',],, = 0 and S;j, from £° by [0,w1] x [0, 1], then
S = UNSon differes from S x [0, 1] by omitting at most countably many points
from each {z} x [0, 1]. Here 5’,|,, = Sy if Syjn € ZUXC. Thus S projects onto S
and it follows that S is Cech analytic. This is a contradiction.

The following example was shown to me by J. Pelant.
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Example. There is a subset S of [0,w;] which is not Cech analytic.

Proof. Cech analytic spaces in [0,w;] are exactly the sets which arise by the
Suslin operation applied to Borel sets. Obviously, the same is true for [0,w;) and we
shall show that there is a non-Cech analytic subset of [0,w;). The main point is to
prove

Lemma 7. Every set from &(F U¥) in [0,w,) which is stationary (i.e. intersects
each closed unbounded subset of [0,w;)) contains a closed unbounded subset.

Then we use the existence of two disjoint stationary sets in [0,w;), see [Fo], and
Lemma 7 shows that they cannot be Cech analytic. O

Proof of Lemma 7. For a closed set the assertion is trivial.

Let G be an open subset of [0,w;) which is stationary. Then Go = G\ { isolated
ordinals from [0,w;)} is stationary, too. We may define a map f: Go — [0,w;) by
f(a) = min{B | [3, a] C G}. Since G is open and the elements of G are not isolated,
we get f(a) < a. Again by [Fo] such a map assumes a constant value on a stationary
(thus unbounded) G,, C Gp. Consequently, G contains a closed unbounded set
[ao,wl).

Let S = U{N{Srn | n € w} | 7 € w*} with each Sy, either closed or open.
Denote Trjn = U{N{Sopm Im=n}|o|n=1|n} If Tr|n is not stationary, then,
for some 7,41, Trjn41 is stationary. Thus also S;jn4; is staionary and contains a
closed unbounded Fr|,4,. In this way we may get a sequence 7 and closed unbounded
sets Frinq1 C Srjng1. The intersection () Fyy, is closed unbounded and is contained

n

in S. (We have used the fact that the intersection of countably many closed un-
bounded sets in [0,w) is a closed unbounded set and thus also any countable union
of non-stationary sets is not stationary.) g

It is proved in [K], [JNR] that every Cech analytic space is either o-scattered, or
contains a non-empty compact perfect subset. Using another method R.W. Hansell
showed in [H;] the same for continuous images of Cech analytic spaces by maps that
take scattered sets to o-scattered ones. We may show the following.

Theorem 4. Let X be an almost K descriptive completely regular space. Then
X is either o-scattered, or contains a compact perfect set.

Proof. It follows from Theorem 5.4.(a) of [H;] and the following Lemma O

Lemma 8. Let X be a completely regular almost K -descriptive space. Then

there is a Cech complete space Y and a continuous map f from Y onto X which
preserves the sby —o-decomposable families.

461



Proof. Let f: M — X be an almost K-descriptive parametrization of X. Let
%, be a complete sequence of open covers of M with %, consisting of sets with
diameter less than 1/n. Then the families %, = {GN(X x Uy,) | Un € %,} form a
complete sequence of open covers of the graph G of f. Due to Lemma 5, X is the
continuous image of the Cech complete space G by the projection which preserves
sbg — o-decomposable families. a

Due to the definition via a parametrization, we could get for almost K-descriptive
spaces, and thus for all Cech analytic spaces, results analogous to the first separation
principle (separation from a Suslin (&) set), measurability of graph of some maps
to metric spaces, ...similarly as e.g. in [FH;], [FH2], .... The essential difference
with respect to the theory developed in [FH,] and [FH,] is that almost K-descriptive
spaces are not necessarily Suslin (%). Thus we do not get simple characterization
of sets which are almost K-descriptive together with their complements from the
separation principle. Neither do we know if disjoint families of subsets with all unions
almost K-descriptive in a compact space K are necessarily sby — o-decomposable
(cf. the problem formulated in ([H,], p. 48) for K-descriptive spaces).

3. ALMOST K-DESCRIPTIVE BANACH SPACES

This section is a slight strengthening of an interesting result from [JNR]. Together
with results from [N] and [H,], it gives a new characterization of o-fragmented Banach
spaces.

Before we state and prove our result, we recall the definitions of some notions
needed in the sequel which were not defined above.

A topological space X is said to be o-fragmented by the metric g if for every € > 0
there are subspaces X,,n =1,2,... with X = J {X,, |n=1,2,... }, and for any
n € N and any non-empty subset Y C X,, there is a relatively open GG in Y which
is non-empty and has a g-diameter less than ¢ (we say also that X, is e-fragmented
and X is ¢ — e-fragmented by p in such a case).

Recall further that a space X is fragmented by a metric if it is e-fragmented for
every € > 0.

A metric g is lower semi-continuous on the topological space X if {(z,y) € X x X |
o(z,y) > r} is open for every r > 0.

A set S C X is called an e-tree for the metric ¢ if S = {z(s) | s € {0,1}%, ¢ € N}
and for each £ > 0 and each sequence s € {0, 1}¢ the sets

cdx{z(t) | (¢ | 1+ 1)) = (s,7) and ¢ has lenght > t+} with i = 0 and i = | are
separated by a g-distance ¢.
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Now we prove the following lemma repeating almost word by word the proof of
Lemma 6.10 from [JNR]. Due to the change of the assumption in [JNR] that Z is
Cech-analytic we have to do only minor adaptations.

Lemma 9. If a completely regular almost K-descriptive space X is not o-
fragmented by a lower semi-continuous metric g, then there is an ¢ > 0 and a
relatively compact e-tree for g in X.

We introduce the proof of this lemma at the end of this paper since the reader
may find it more convenient than to indicate the necessary changes only.

First we state some conclusions which follow from it. The proof of Theorem 6.1
in [JNR] uses the assumption that the space is Cech analytic only to prove the
statement of the above lemma. Thus we may restate all Theorem 6.1 from [JNR]
for almost K -descriptive spaces. We formulate only one equivalence which we are
mainly interested in.

Theorem 5. Let ¢ be a lower semi-continuous metric on completely almost K-
descriptive space. Then X is o-fragmented by g if and only if each compact subset
of X is fragmented by o.

The following theorem follows from Theorem 1.6 of [H;] and Theorem 1.2 of [N].

Theorem 6. Let X be a Banach space. Then the following properties of a sub-
space Y of X with its weak topology are equivalent:

(a) Y is o-fragmented by the norm;

(b) Y is almost descriptive;
(¢) Y is almost K-descriptive.

Remark. Due to Example 8.5 of [JNR], £ is a Banach space which is not
almost K-descriptive in the weak topology.

Proof of Lemma9. Due to Theorem 3(a) the almost K-descriptive completely
regular space X is in Suslin,(F A ¢) in some compactification X. Thus

X=U{ﬂ{5¢,in In€w}|oex’}
with each set S5, € F AY and with {S,|, | on_1 € K} being o-scattered. Write
X¢7|n=U{ﬂ{S~r|m |mew}|r€n0|n="1|n}

for each finite sequence o | n = (09,...,0n-1) of elements of kK = [0,x). Put
Xslo = X for any o. Since X is not o-fragmented by g, we can choose ¢ >
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0 such that X is not the countable union of subspaces X, each of which is e-
fragmented (i.e. X is not o —e-fragmented). We describe an inductive choice of fam-
ilies { B, } of subsets of X and {s,},} of finite sequences of positive integers, each
indexed by a finite sequence v | » = (¥0,...,9r-1) Withy; =0or 1 for0 < i <t —r,
statisfying the following conditions (r > 1):

(1) Bojo = Xojo;

(i) B,y is relatively closed subset of Xsoh which is contained in B,|r_1):
(iii) B,), cannot be written as a countable union of e-fragmented sets;

(iv) s,|r has length r;

(V) sylr1) | 7 = 59155

(vi) 0# By, C By X C S,
(vii) the sets mx and B_ﬂr_lx are disjoint and their intersections with X are

separated by a g-distance greater than %e.

y|r?

We first take By = X and suppose that for some r > 0 we have chosen B, sy,
0 <t < 7 so as to satisfy the conditions (ii) to (vi).

Now, removing from B, |, all relatively open subsets which are o — e-fragmented,
we get C,|, C B,|, which is non-empty relatively closed in B,|,, and no non-empty
relatively open subset of C,|, is o —¢-fragmented. Thus C.|, has diameter at least ¢

and we can choose points ¢, 0, C|r,1 In Cy)r that are at p-distance greater than %e.
(Here we have used Theorem 4.1 of [JNR] or Lemma 10 below.)

Since g is lower semi-continuous on X we can choose open sets U, o and U,
in X containing c,|r0 and c,| 1, respectively, such that Uy, o N X and U,,; N X
are separated by g-distance greater than %s. Let V,r,1 and V.1 be closed subsets
of Uyr,0 and U, 1, respectively, which are neighbourhoods of ¢,; o and ¢, ;- The
sets Dyjro = Cyr N Vyro and Dyry = Cyr NV, are not o — e-fragmented.
Since Dyjir41) = U (Dyr+1) N X5 j10.4,) and the sets X

Or41<K
form a o-scattered family, we can choose, again due to Lemma 10 below, a 6,41 =

.Y|,,0r+1)ar+l E 'Ca
(0r41)yi(r41) such that E\r41) = Dyjr41) N X5}, 0,4, 15 DOt 0 —e-fragmented. Put
Sylr+1) = (84)r, 0r41) for yr41 =0 or L.
Now Eyjr41) C Ssyun € FAG, say 5oy,
Firs1) € F and Gy r41) € 4 in X. Find a non-empty relatively closed subset
YI(r+1) YI(r+1)

= Fyier41) 0 Gyjir41) with

Hy(r41) of E,j(r41) such that no non-empty relatively open subset of H.,|r41) Is
o — e-fragmented.

We may choose arbitrarily a closed neighbourhood P,|r41) of an element of
Hy(r41) contained Ain Gyr4+1)- Then Byr41) = Hyr41) N Py(r41) 1s DOt 0 — &-

fragmented and B—ﬁ(rﬂ) C S 1ran
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Now for s € {0,1}" choose any

-’L‘(S)EU{ﬂ{Ejﬁt [6=0,...} |7 €{0,1}* and v | r = 5}.
The family {z(s)} is a relatively compact %E-Lree for p. a

Lemma 10. Let S(a),a < k, be a o-scattered (or scattered g-decomposable)
cover of a non-o — e-fragmented S. Then there is ay < k such that S(aqg) is not
o — e-fragmented.

Proof. Let us suppose that S(«) is o — e-fragmented for every a < x. Thus
there are S(a,n) which are e-fragmented and such that S(a) = {S(a,n) | n € N}
for @ < k. Moreover, we may suppose that {S(a,n) | @ < x} are scattered. The
union S, of the scattered family {S(a,n) | @ < k} is e-fragmented. (Let T C S, be

non-empty. Let <, be a well-ordering of x such that |J S(a,n) are relatively open
a<p
in S,,. We find the first ag in [0, k) with respect to <, such that T'N S(ag,n) # 0,

and find a relatively open non-empty subset G C T'N S(ag,n) of diameter less than
€. It is relatively open in S, due to our choice of <.
Thus S = J S, is ¢ — e-fragmented, which is a contradiction. a
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