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1. INTRODUCTION 

This paper continues [1] and we shall keep the corresponding notation. Let N > 0, 
k J> 0 be integers, let £, p be real numbers, 1 < p < oo. Denote by p' the conjugate 
Lebesgue exponent, i.e. p' = -^-y. Let Q be a non-empty, open, bounded subset 
of R^. Let M be a closed subset of dQ, and let dM(x) be the distance function, 
dA/(x) = dist(.r,M). Given an integer m, 1 -$ m -̂  N, the symbol Qm stands for 
the cube (0, l ) m . 

Definition 1.1. We shall write (fi, M) E B(k, N) for 1 <£ Jfe -$ N - 1, N ^ 2 if 
and only if there exists a bilipschitz mapping 

B: QN — Q 

such that B(Qk) = M. 

By C°°(Q) we denote the set of real functions u defined on Q such that the 
derivatives Dau can be continuously extended to Q, for all multiindices a. Set 
CAf(fi) = {u e C°°(U): suppwf lM = 0}. Define the weighted Sobolev space 
Wl,p(Q}dM) as the closure of C°°(Q) with respect to the norm 

\\u\Wl*(Sl,dM)\\ = (J\u(x)\PdM(x)dx + jf2\DMx)\PdM(x)dx) 
n n i=1 

i / p 

where D{U = -^-- stands for the generalized derivative of the function u, WM
P(Q, dM) 

as the closure of C^(U) in the space Wl,p(Qid%f) and Hl>p(Q}d
e
M) as the class of 
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all functions u with a finite norm 

\\u\Hl>»(n,d*M)\\ = (J\u(x)\pd£
M?(x)dx + JJ2\DiU(*)\pd£

M(x)dx\l \ 

n n i = 1 

Now, let (lT2, M) G B(k, N). Define X?M(d£l) as the class of all real functions u 
on Oil vanishing on M with a finite norm 

dfi-M ( a n - M ) 2 

For 0 < s < 1 we recall the definition of the Slobodeckij space WS,P(M) as the set 
of all functions u defined on M with a finite norm 

\\u\W>*(M)\\ =. ( / |„(,)|P dx + / / ' " ^ f f dxdy 
i/p 

M M M 

Maz'ja and Plamenevskij [5] proved the following decomposition lemma: 

L e m m a 1.1. Let Q have a Lipschitz boundary, i.e. Q £ C0,1 in the sense of 
Definition 5.5.6 in [6]. Let xQ £ dtt, M = {x0} and -N <e < p - N. Then 

w1>p(n,d£
M) = Hl>p(n,d£

M)®Rl 

and the norms in the spaces Wl,p(Q,, dM) and Hl,p(Q, dM) 0 R1 are equivalent. 

The paper extends this result to the case (Q, M) E B(k, N). 

2. DECOMPOSITION OF Wl,p(Q,dM) 

Let us recall four assertions we shall need in this paper. 

T h e o r e m 2.1 (see [2]). Let Q have a Lipschitz boundary and let M be a non­

empty closed subset ofdQ. Then C%}(U) is dense in Hl'p(n,d£
M). 

T h e o r e m 2.2 (see [3]). Let Q, have a Lipschitz boundary and let M be a non­
empty closed subset of dQ. Then 

(i) there exists a unique bounded linear operator 

T:Hi'"(n,d^M)^XlM(dQ) 
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such that 

Tu = u\an\M 

for all functions u e C^(U)f 

(ii) there exists a bounded linear operator 

R:X>iM(Kl)-+Hi*{n,dM) 

such that 

TRu = u 
for all functions u E Xp

 M(dO). 

Theorem 2.3 (see [1]). Let N ^ 2, l^k^N-\,k-N<e<p+k-Nand 

let(a}M)eB(k,N). Then 
(i) there exists a unique bounded linear operator 

T: Wlp(a,d£
M) — Wl'£LTkL'p{M) 

such that 

Tu = u\ 
\M 

foraiiti€C°°(fi), 
(ii) tJiere exists a bounded linear operator 

R: wl~!^±L,p(M) -> wl*(a,<rM) 

such that 

TRu = u 

-, N-k+e 

for all functions u E W *> ,P(M). 

Theorem 2.4 (see [4]). Let N ^ 2, 0^k^N-\,e^k-Nore>p + k-N 
and(a,M)EB(k,N). Then 

H'>p(a,d<M) = W1>»(a,d*M) 

and the norms in the two spaces are equivalent. 

According to Lemma 1.1 we can restrict ourselves to the case N ^ 2 and 1 ^ k ^ 
N- 1. 
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Lemma 2.5. Let N ^ 2, 1 <£ k ^ N-l and e <p+k-N. Let(Q,M) G B(k,N). 

Then the bounded imbedding 

WM
p{Q,dM)^Lp{Q,dc

M") 

holds. 

P r o o f . Without loss of generality we can assume Q = QN and M = Qk-

Let u G C$(QN). We shall write x = (x',x"), where x' = (xu ..., **), x" = 

(xfc+i,.. .,XJV)- Obviously, u'(x) = |x ; / | on Qw- Hence, using the general cylindrical 

coordinates (x', r, tp) (see the proof of Lemma 2.10 in [1]) we have 

J \u(x)\*dfcp(x)dx 

QN 

a(ip) 

= f J | / K ^ r ^ V " ' * " - * " 1 ^ J(<p)d<pdx' = /, 
M (0,s)!v-fc-i o 

where a(<£>) is the function corresponding to the set {(.r', .r"): x' G M, 0 ^ Xj ^ 1 for 

j = k + l,..., N} and J^r"^**1 is the Jacobian. Note that J(cp) ^ 0. Obviously, 

from the Hardy inequality (note that u = 0 on M) we obtain 

шa(џ>) 

'<*/ / [/l£"-'"> 
лIto.ş)"-*-1 o 

$c 1 | |« |И t- 1 ' "(g Ј v,Ą f ) |ľ ' . 

r £ + Л ř - f c - l d r Ј(^>) dy>dж' 

This completes the proof. • 

Lemma 2.6. Let N ^ 2, 1 ^ k ^ N- 1, e < p+k-N andlet(Q,M) G B(k,N). 

Then 

WliP(Q,d<M) = H^(Q,d<M). 

Moreover, the norms in the two spaces are equivalent. 

P r o o f . Again, we can assume Q = QN, M = Qk- The imbedding 

WM

p{Sl,dM)<-+H^{Sl,dM) 

follows from Lemma 2.5. Due to the imbedding Hx'p{QN,dM) <^> W1-p{QN,dM) it 

suffices to prove that any function u G Hl'p{QN,dc

M) can be approximated in the 
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space W1,p(Q,dM) by functions from the set CM(il). This will prove the inverse 
imbedding. Let {<bh: h > 0} be a family of real functions defined on [0,oo) and 
satisfying the following conditions: 

(2.1) $h(t) = 0 for t£[0,h), 

(2.2) ®h(t) = l for <€(2/i,oo), 

(2.3) * h G C°°(0,oo), O ^ A ^ I , 

(2.4) l * / , ( t ) l < £ , !*>0, < > 0 , 

where c is a positive constant independent of h and t. Let u G i/1 ,p(fi, dM). For 

every h > 0 define a function t^ by 

«A(x',x") = «(x',x")<M|x"|). 

Then uh E W1'p(QN,dM) for every h > 0. Put 

./* = IK-t.|w1^ojv,<.1v,)||
p. 

The properties of $/»(<) yield 

(2.5) JA ̂  c ( y |u(x',x")(l -%(|x"|))nx'Tdx"dx' 

JV 

+ / |f^A«(x',x")(l-$/l(|x"|))nx"|£dx"dx' 
Q!V , = 1 

+ I\U(X',X")\P J2 |*'h(|x"|)n*"|Cdx"d«') 

= c(Jih -f J2/i + «I3/»)-

Set Q(2A) = {(* ' ,*") : x' G M, |z"| < 2h) and Q(A,2fc) = {(* ' ,*"): x G M, h < 
|x"| < 2/i}. Using (2.1)-(2.4) we obtain the estimates 

Jlh^ J \u(x',x")\p\x"\'dx"dx', 

Q21. 

J2hš J pA«(z',x") 
Qы , = 1 

| x " | г dx"dx ' , 
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Jsh^Nc J \u(x',x")\p\x"rp. 
Q(h,2h) 

Since H1,p(QN,d£
M) *-> W1,p(QN,d£

M) and u e H1,p(QN,d£
M), the absolute conti­

nuity of the Lebesgue integral yields 

(2.6) lim Jih = 0. 
/»—o 

Now, (2.5) and (2.6) imply 

lim A = 0 and n eW]f(QN,d£
M), 

h—+0 

which completes the proof. • 

As a consequence of Lemma 2.6 we have 

Theorem 2.7. Let N ^ 2, 1 ^ k ^ N - 1. e < p + k- N. Let(Q,M) G B(k,N). 
Then H1,p(Q,d£

M) is a closed subspace ofW1,p(Q,d£
M). 

Note that H1,p(Q,d£
M) £ W1,p(n,d£

M) foTk-N<e<p+k-N. We can take 
u(x) = 1 on Q to prove it. 

Definition 2.1. Let N ^ 2, 1 ^ k <$ N - 1, k - N < e < p + k - N. Let 
(Q,M)£B(k,N). Let 

fl: ^ - ^ n f ^ M ) -H. W1,p(Q,d£
M) 

be the linear bounded extension operator from Theorem 3.4 in [1]. We denote the 
range of the operator R by D^ M(Q). On DP M(Q) we define the norm by 

\\u\Dp
CtM(n)\\ = \\Tu\Wl-I:L=?±L*(M)l 

where T is the trace operator from Theorem 2.11 in [1]. 

The space D? M(Q) is isometrically isomorphic to the space W1' * }P(M). 

Lemma 2.8. Let N ^ 2, l^k^N-l,k-N<€<p-\-k-N. Then the linear 
operator A defined by 

(2.7) Au-u- RTu 

is a bounded linear mapping of W1,p(QN,dM) to Hl,p(QN,dM). 

718 



Proof . Obviously, it suffices to prove only that 

A:W^(QN,d\f)^L%QN,de
u

r) 

is bounded. Let u € C°°(QN). Let 5 be the bounded linear operator from Lemma 
3.2 in [1]. We have 

(2.8) \\Au\L"(QN,d^PW 

= / |u(x',x")-(i?5ru)(x',x")|p |x"|e-pdx"dx' 

QN 

|x"|£-pdx"dx' = /|«(~'. O-i- i j - / *(íф()Su(y>,0)dy> 
QN |- '-У'KI*"І 

< 2 ~ _ I [ / / |u(x',x")-u(x',0)|p |x"|£-pdx"dx' 

Aí (0,1)"-* 

+ / / I / Ф(s')(u(x',0)-5u(x'-s' |x" |,0))ds' |P |x" | e- p(íx"dx' 

M ( 0 , 1 ) N - * |» ' |<1 

= 2"~l(Jl + J2). 

As in the proof of Lemma 2.5, we obtain 
a(ip) 

(2.9) Ji = y J \J \u(x\r3<p)-u(x\0,<p)\*r>-'+N-k-ldr 

M (o,f ) " - * - * 0 

« - / / / , & * > • • > 

Лf ( 0 , f )A"-*-i 0 

<C2І|ti|-V1'"(QAř,«fдf)|ľ'. 

J(í/>)dl.pdæ/ 

r-+ І V -*- 1 dг J(<p) d l .øda/ 

Obviously, using the general cylindrical coordinates we have 

л^ - I I I 
(-K,K)k 0 < г < ò ( . r ' ) | 5 ' | < l 

|5u(x', 0) - Su(x> - s'r, 0)|p ̂ . k . í + t ^ j j , 
r P 

where 6(a;') = K — max |x,| and K is the real number from the proof of Lemma 
1 = 1 . 2 , . . . . * ' 

3.3 in [1]. This integral can be estimated in a similar way as the integral I; in the 
proof of Lemma 3.1 from [1] to obtain 

(2.10) J2^C4\\u\Wl*(QN,d£
MW. 

The imbedding (2.7) now follows from (2.8), (2.9) and (2.10). • 
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Lemma 2.9. Let N ^ 2, 1 <J k <; N - 1, k - N < e < p + k - N, M = [0,1]*. 
Then 

Wx<p{QN,dM) = Hx*{QN,dM)®OrM{QN). 

Moreover, the norms in the spaces Wl,p(QN,d£
M) and H1,p(QN)dM) 0 Dp

 M(QN) 
are equivalent. 

P r o o f . Let u G Wl>p(QNld
£
M). We can write 

u - (u - RTu) + RTu = tii + u2. 

From Lemma 2.8 we obtain u\ G Hl>p(QN)dM) and according to Definition 2.1 we 
have u2 G Dp

 M(QN). In [2] and [4] it is proved that Hl>p(QN,dM) is the closure 
of the set CM(QN) in the norm of the space KV1,p(<3jv, ^M) - ^ immediately implies 
that the functions from H1,P(QN,d£

M) have zero traces on M. From the linearity of 
the opearator R we get R(0) = 0. This yields 

Hx'p{QN,d'M)nDp
M{QN) = {0}. 

Now, let ui € Hx'p{QN,dM), u2 € Lfc M{QN). Taking into account the trivial 
imbedding HX'p{QN,d*M) <--> M ^ ^ Q A T , ^ ) and Theorem 3.4 in [1] we get 

| | u i + u 2 | ^ 1 ' P ( Q N , ^ ) | | 

^\\ux\Wx-p{QN,d<M)\\ + \\RTu\Wx*{QN,d*M)\\ 

^ Cl{\\ux\H
x>p{QN,dM)\\ + \\Tu\IV1-J£=Tt£-"(Af)||) 

= c, (||«1|//
1--*(C?Ar,rfS#)|| + IMof ,M(Q*)l l ) . 

which proves 

^ 1 , p (^ , r f f
A f )®-^ 1 MWAf)^^ l l P (QAr ,d e

i V ) -

On the other hand, let u G W1,P(QN, d£
M). We can write 

u = (u- RTu) + HTu. 

Lemma 2.8 yields 

| | u - RTu\Hx'p{QN,dM)\\<: c2\\u\wx*{QN,dM)\\, 

and by Theorems 3.4 and 2.11 in [1] we have 

||ftru|D?>Af(Q.v)|| ^ c3\\u\Wx'»{QN,d*M)\\. 

Thus, 
Wx*{QN,dM) - HXp{QN,dM) © Dl>M{QN). 

D 
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It is not difficult to extend Lemma 2.9 in the following way. 

Theorem 2.10. Let N ^ 2, I <. k <, N - \, k - N < £ < p + k - N and let 

(Q,M)eB(k,N). Then 

Wl*(Q, dM) = H^{Q, dM) © Dp
e M(fi) 

and the norms in the spaces VV1,p(fi, dM) and H1,p(fi, dM)(&Dp
 M(fi) are equivalent. 

Definition 2.2. Let the assumptions of Theorem 2.10 be satisfied. Since the 

trivial imbedding 

iy1-"(n,dS#)«-+iy1-1(fi) 

holds, there exists a trace operator T such that 

f:W1*(Sl,d*M)<-+L\dn). 

Define the space Yp
M(dQ) as the range of the operator 

TR: Wl~I£^±±'p(M) -> Ll(dil), 

endowed with the norm 

\\v\Y£
p

M(dn)\\ = \\(fR)-lu\W1-£LT±L^(M)\\. 

Theorem 2.11. Let N >> 2, 1 <$ k <J N - 1, k - N < e < p + k - N, (fi, M) G 
B(k,N). Then 

(i) there exists a unique bounded linear operator 

T: Wl"(a, dM)«-> X'tM{Ml) © Ye
p
M(dSl) 

such that 

ӘП 
Tu 

for every u <E C 0 0 ^ ) , 

(ii) there exists a bounded linear operator 

R: X^dil) © Y?iM(dQ) - W^iQ.d'u) 

such that 

TRu = u on d£l. 

P r o o f . The theorem follows easily from Theorems 2.2 and 2.10. • 
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