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ON THE \E9q\ SUMMATION OF THE FOURIER SERIES 

VIKRAMADITYA SINGH 

1. Definition If 

where 

^(q + l)-nbn=S, 
o 

»-5C) «""-<«»"«• 
we say that the series 2a„ is summable (E, q) to S. 

0 

If 

^{q + iy-h 
o 

is an absolutely convergent series, then the series is said to be summable \E,q\ . 
It is easy to see that an absolutely convergent series is summable \E, q\. 
2. Let f(t) be integrable L in (—JZ, it), periodic with period 2JT, and let 

(2.1) f(t)~~ a0+^(an cos nt + bn sin m). 

The allied series of (2.1) at t=x is 

(2.2) 2(£n cos nx —an sin nx). 

We write 

<P(t) = ̂ lf(x + t)+f(x-t)] 

k 
h(t) = <P(t) log log - , k >JZ. 

In 1968 M o h a n t y and M o h a p a t r a 2 ) proved the following Theorems. 

1} Hardy [1] 
2) Mohanty and Mohapatra [3] 
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Theorem MM. If g (t) is of bounded variation in (0,8), where 0 < 8 < 1, then the 
series (2.1) is summable \E,q\ (0<<5<1) at t=jc. 

Our object in this paper is to generalize the above Theorem MM by using a less 
strict condition. In fact we prove 

Theorem. If h(t) is of bounded variation in (0, 6), where 0<6<1, then the 
series (2.1) is summable \E,q\ (0<q<l) at t=Jt. 

Notation. 

P(n, t) = (log log - ) (1 + q + 2q cos u)n/2 cos n (arctg SmU—) du, 
Jo \ u} \ q + cos u) 

Q(n,t)= (log log —) (l + q2 + 2q cosu)n/2 cosn (arctg ) dw. 

it \ u) \ bq+cosu) 

3. For the proof of our Theorem we need the following Lemma. 

Lemma. 

i (q + ir|P(n,6)|<oo. 
0 

Proof of the Lemma. It can be proved that the series ^Mn, where M„ = 
o 

= I (log log — ) cos nu du, is summable \E, q\. 

Integrating by parts we have for n ^ 1 

(log log —) cos nu du = 

- ( l o g l o g - - ) « - ' - i n n a - - J [ ( l o g l o g - ) ( l o g - ) ^ d M = 

(
I v - 1 

log log —J n'1 sin nd + [0{n~1 (logn) - 1 (log log n)~2}]3\ 

Thus 

(sinnfiXn + l)- 1 (log l o g - j + 0 { n _ 1 (logn)"1 (log logn)"2} = 

= M1

n + 0{n~1 (cosn)"1 (log logn) - 2 }. 

To prove that 2 Mn is summable \E, q\, we need only to show that 

ftø + i)~"|Ş (l) <Г~k Ыnkô){k +1)-' < 0 0 

3) Haslam Jones [2] 
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Now 

fX<7 + IT" | i (I) a~k (sin kd)(k + 1)-'| = 

= i('? + i r | ( " + lY1{(l + q2 + 2'?cosd)"/2sinn [(arctg^ ^ g ) - g ] + % 

1 |4> 

+ 4n+1sin<5 ^^(q + \Yn(n + \Y\\+q2 + 2q cos<5)n/2 + 
J I o 

+i(<z + irv+1("+iY1= 
O 

-j*,+i>-[i-(i^7'-fr+4(iffi)'(-+i>"<--
Hence ^M„ is summable \E, q\, i.e. 

0 

2(<Z + l H [ ( l o g l o g ^ ) ( l + <?2 + 24 coswy^cosrc-

'farctg-^^W 
\ q + cos u) I o 

which proves the Lemma. 
4. It will be helpful in proving the Theorem to use the following inequalities, 

satisfied by the function defined in § 2. These can be obtained easily by applying 
the Second Mean Value Theorem: 

(4.1) 

(4.2) 

P(n,f ) = 0 {(9 + 1)" ( log logy) n- 1 } 

Q(n,t) = 0{n~\l+q2 + 2q cost)"'2}. 

5. Proof of the Theorem. 
We have 

2 r 
An(x) = — <P(t) cos ntdt 

Jt Jo 

2 í6 2 [n 

= — I <P(t) cos nt dř+— I <2>(í) cosn dí 
Jt Jo TC J& 

= Rn+Sn, say. 

^?Sn is summable \E, q\ if 

4 ) Mohanty and Mohapatra [3] 
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00 I fn / ' \ 
(5.1) E t e + i r l <P(t)(\ + q2 + 2q cost)n/2 cos (arctg *™U ) du 

o |Js \ & q + C O S « / 

The expression on the left-hand side of (5.1) 

oo (-3Z 

^ S ( 9 + 1Y" |4>(0|(l + q2 + 2acos0 ' ' / 2 d. 
0 J& 

= j[|*(oi d/i(a + iy\q +1)" [I -(T+^7si"2' ~2] 

= j > ( 0 | d t i [ l - ^ 7 s i n 2 , / 2 f 

= fV(f)|dr2[l-sin2T/2r/2, 
Js 0 

< o o . 

r 2V<1 
where s i n 2 = ( T + J ) s i n ' / 2 

(52) mrm^t 
Jó t 

Thus ^ S „ is summable \E,q\ 
0 

Ґ 
Rn=— Ф(t)cosnt dt. 

Jt Jo 

JL I h (t) (log log - ) cos nt dt 
jï Jo \ 11 

JŁ \h(t) I (loglog —J cosnu du\ -

J Ѓ Ґ / k\~г 

! âh{t) (loglog —) cosrшdw 
0 h \ uj 

J ґô . I , — 1 

(log log — ) cos nu du -
л ° ^ u ' 
JL I Чh(t) í П o g l o g - J cosrшdu 

= 2 / í ( 5 ) ^ - R Í 1 . 

5> Singh [4] 

1 6 



Rn is summable \E, q\ by the Lemma above, R™ is summable \E, q\ if 

1= 2(<7 + 1)""| f dh(t)P(n, t)\<co 
o I J o I 

^2(<7 + 1)- f |dft(0l|P(n,0l 
o Jo 

= f id/i(oii:(a+inp(n,oi. 
Io 0 

Since I \dh(t)\ is finite, it is enough to show that 

j?(q + l)-n\P(n,t)\<«> 
0 

Let m = -5 writing 

ixa+i)-iP(«, 01= 2(9+iYni^("' 0+i i («+inp(». 01. 
0 0 m 

We have using (4.1) 

m-l m-1 , £ \ _ 1 1 

j ( ? + irip(»,i)i-o{|;(,+ir(<!+i)"'>"'(iogi„gj) J 

-o{(,„gl„gf)-'"|ij 
= 0 ( 1 ) . 

Again 

2(9 + irip(«, oi^i(« + i)-|p(«, <5)i + 2(« + i n o ( « , 01 
m m m 

<2(9 + 1)""|P(". «)l + 2(9 + l)""lO(n, 01. 
O m 

Since ^(q + l)~"|P(rz, <5)| <oo, by the Lemma above and using (4.2) 

2fa + ir"|Q(",0l<A 2te + l)",/i"1(l+i|2 + 2fi|cos0,,/2 

m m 

^ " 2 ( 9 + 1)"(9 + I)-" [l -J^-f sin "-J"2 
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л - | " / 2 

" Õ T ^ " 2 ] Am '_] 
o 

= Am "* 2 1 1 - sin2 rl2]nn 

2Va . 
where sin T/2 = ——:—— sin t/2 

(l+<?) 

_ Am~l_ 
1 — cos t/2 

= 0 ( 1 ) . 

This proves the Theorem. 
The author takes this opportunity to express his deep gratitude to Dr. S.R.Sinha 

for his kind advice and encouragement during the preparation of this paper. 
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О Б | Н , а | СУММИРОВАНИИ РЯДА ФУРЬЕ 

Викрамадития Синг 

Р е з ю м е 

В работе доказано достаточное условие для того чтобы (2.1) был \Е^\ суммируемый. 
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