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METRIC DISTRIBUTION RESULTS 
FOR SEQUENCES ({qna}) 

HANSJORG A L B R E C H E R 

(Communicated by Stanislav Jakubec ) 

ABSTRACT. In this paper a recent result of Philipp and Tichy (2000) on the 
well-distribution measure of certain binary pseudorandom sequences in the unit 
interval is generalized. Furthermore the average value of the L2 -discrepancy of se
quences ({9n°^})n>i *s c a - c u - a t e d , where (o n ) n >i is a given sequence of positive 
integers and a G [0, l ] d . 

1. Introduction 

Let {x} := x — [x] denote the fractional part of a real number x and for 
any set M let cM be the characteristic function of M. In this paper we study 
sequences of the type u = ({<?„«})n > 1, where a = ( a l 5 . . . , a d ) is a vector in 
the d-dimensional unit cube Ud = [0, l]d and (qn)n>i is a sequence of positive 

integers. Here {qna} stands for the vector {{qnc*i}, {<1na2}, • • •, {qn®d}) • I n t n e 

special case qn = n we have the so-called Kronecker sequence (na), which is uni
formly distributed m o d i if and only if l , a 1 ? . . . , a d are linearly independent 
over Z (cf. [1]). 

For such a sequence u = ({(Zn**})n>i' ^ e s t a n ^ a r ( i discrepancy with arbi-
Iv 

trary weights fc• > 0 (i = 1 , . . . , IV), where J ] fc. = 1, is defined by 

DN(LJ) = sup 
[x,ў)Ç.Jd 

%=\ 
Iv 

(1.1) Y. knC[x,y){{QnS}) " *d ( [ £ » ) ) > 
n = l 

where 3d is the set of all intervals of the form [x, y) := [x1,y1) x [x2,y2) x . . . 
••• x [xd,yd) with 0 < x{ < y{ < 1, i = l , . . . , d , and Xd denotes the 
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d-dimensional Lebesgue measure. Furthermore the Lp -discrepancy of u is de
fined by 

^ ' H := ( / I E*«W{î»ő}) " XäШ)) 
\,w ' n = l 

d.тdÿ (1.2) 

The L^-discrepancy DN(u) for p = 2 and d = 1 is known as a diaphony which 
has been introduced by Z i n t e r h o f [12], see also S t r a u c h [11]. 

For a survey on discrepancies and other important concepts in the theory of 
uniform distribution, we refer to the textbooks of D r m o t a and T i c h y [1] 
and K u i p e r s and N i e d e r r e i t e r [5]. 

Let now EN = EN(u) = { e l 5 . . . ,eN} with 

• - ( : : 

for {qS} e [0, rAj) , 
w„ j L . 2 i / - ; l<n<N. (1.3) 

for {qna}i[0,^)d, 
An important measure of the pseudorandomness of such a binary sequence EN 

is its well-distribution measure defined as 

W(EN) := rnax 
І V aЄZ,6,ťЄN 

\<a+Ы<N 
2.W Єa+bj N> 1. 

Clearly, W(EN) can be bounded by the discrepancy of the defining sequence 

({•?»«})„>i i n t h e f o r m 

W(EN) = max 
aЄZ,ò,fЄN 
KaШ<N 

2 E C [n . Vitiná}) 
„=1 \°'^M) (1.4) 

< 2 max tDA{qn , ,-o?}, j < t) , 
l<a+6/</V 

where D t is the discrepancy defined in (1.1) with equal weights kn = 1/iV, 
n = 1,...,!N. 

For qn= nk (n = 1 , . . . , TV, k G N) and d = 1, sequences of type (1.3) were 
considered by M a u d u i t and S a r k 6 z y [6], who, among other things, proved 
metric results on asymptotic upper bounds for the right hand side of (1.4). 
Recently these bounds were improved by P h i l i p p and T i c h y [8] and at 
the same time generalized to arbitrary increasing sequences of positive integers 
WrJ?i>l • 

In this paper we will derive a metric result on the asymptotic upper bound 
of (1.4) for arbitrary sequences of distinct positive integers (qn) 
dimension d > 1. 

•ř>i and ai biti a n 
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Finally, in Section 3 we calculate the L2-norm of DN' ({qna}) and 
Iv 

DN ({qna}) for arbitrary weights kn > 0, n = 1 , . . . ,1V, £ fcn == 1 and 
n = l 

arbitrary dimension d > 1. 

2. A metric theorem for bounding W(EN) 

THEOREM 2 . 1 . Let (qn, n > 1) be a sequence of distinct positive integers and 
let a = (ax,..., ad) G [0, l]d for arbitrary d > 1. Then for almost all a and 
arbitrary e > 0 we have 

mnx(tDt({qa+bja}, j <t) : a G Z, b,t G N, 1 < a + bt < N\ 

<N2/3(\ogN)1+2d^£. 

R e m a r k . This result is an extension of Theorem 1 of P h i 1 i p p and T i c h y [8], 
where (2.1) has been established for increasing sequences (qn) for the one-
dimensional case d = 1 with the sharper estimate IV2//3(log N)1+€ on the right 
hand side. 

P r o o f . The proof is based on a technique developed in [8]. Since the dis
crepancy Dt < 1, we only have to consider 

/V 2 / 3( log/V) 1 + 2 d / 3 + £ < t < N (2.2) 

and for the number b in the maximum we thus have without loss of generality 

b < N/(t - 1) < IY^-^log/V)-1-2^3-6. (2.3) 

Furthermore, by application of the triangle equality, it is easy to see that we can 
assume 

\a\ < b (2.4) 

without loss of generality. 
Now, for h = (hx,. ..,hd)eZd set 

r(^) = nmax(1 'l / ljl) and Halloo = ™ax > j l -

Then for fixed a, b, t and a the Erdos-Turan inequality yields 

tDf{{qa+bjS},j<t) 

0<||h||oo< 
r(h) 

н
 v J j<t 
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where e(x) = exp(27rix), (•,•) denotes the dot product for ^-dimensional vec
tors and H is an arbitrary positive integer (see for example D r in o t a and 
T i c h y [1]). From (2.5) we obtain 

t2D2
t{{qa+biS\,j<t) 

< - § 
2d 

8(Í/Я)2 + 2 ( £ ] г E e ( ( ќ . M > ) ì 
, \шu<пr{n) i<t > 

(2-6) 

For each h with < H we have for all 1 < j x < j 2 < N 

E 5Z e((h>{%+bjá})) 
Зi<j<h 

= E V ^ 2 7 r i ( h i a i - | VhdOLd)q*+bj 

3l<3<]2 

n27r i ( / i i c v H h h / « i ) ( < 7 a + n 1 </i+ _) = E 5 : o 
K3i<li,h<J2 

= h ~ h + l > 
since (gn, n > 1) is a sequence of distinct positive integcis. 

But now we can apply Lemma A.l (see appendix) with 7 = 2 and the 
superadditive function g(i,j) := j — i + 1 (that g(i,j) is indeed superaddithe, 
can be checked easily). Thereby we obtain 

|2 

E max 
t<N/b 

£<<M<w^}>) 
i<* 

<Clf(\ogNf (2.7; 

for some constant Cl > 1. By choosing H = [(IV/6) 2 J -f 1 we obtain for fixed 
a and b from (2.6), (2.7) and M i n k o w s k i ' s inequality 

E max t*D2
t{{qa+b]a}, j < t) < ( f ) " (c2f + C3f • (log7V)2(log 7V)M) 

(2.8) 
for constants C2,C3 > 1 and thus 

N ^t^fbt
2Df({qa+bjâ}, j<t)«f- (logTV) 2rf+2 (2.9 

Now we can apply M a r k o v ' s inequality and together with (2.3) and (2.4) we 
obtain 

\ 
max tDt({qa+bja}, j < t) > N^lo^N)1**' "+ 

t<N/b J 

\a <b<Nl^{\ogN)-l-2d/*-£ 

<<N 3(logiV)-1r f /3 ? 2 max jY/b • (logjY)' / ' - Ir 
b<Nl Hlo^N) l ~d/^ 

<C(logjY) 1 І 
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Hence we have for fixed r > 1 

max tDt(Ua+b]d}, j<t)> 2 ^ \ ^ ' ^ | « r-*-*> 

| a | < 6 < 2 r / 3 r - 1 - 2 d l 3 - £ 

from which it finally follows by the Borel-Cantelli lemma that with probability 1 

max (tDt({qa+bja}, j < t)) « 2 * / V + ^ , 

| a | < 6 < 2 r / 3 r - 1 ~ 2 d / 3 - £ 

which completes the proof of (2.1). • 

3. The mean of the L2 -discrepancy of ({gna}) 

We now allow for arbitrary sequences of positive integers (qn)n>i and define 

for [x,y) £ Jd the remainder function 

IV d 

RN(x,*j,a) = J2knc[*,y)(KS}) -JliVi ~xi)> (3-1) 
71=1 i=l 

N 

where kn > 0, n = 1 , . . . , TV and Y^ kn = 1. This can be considered as a 
7 1 = 1 

weighted local discrepancy function of the sequence ({qna}) • 

K o k s m a [4] was the first to investigate the integral J R2
N (x, y,a) da for 

[o,1]d 

d = 1 and equal weights kn = ^-, (n = 1 , . . . , N), and S t r a u c h [10] obtained 
an explicit expression for this case. The following proposition generalizes [10; 
Theorem 1] in that it allows for arbitrary weights kn and arbitrary dimension 
d> 1. 

PROPOSITION 3 . 1 . Let (qm,qn) denote the greatest common divisor of q 
and q . Then 

/ R2
N(x,y,á 

ud 

N d 

= E *«*mll 
7/1,?i — 1 Í=\ 

) da 

{y^Xгf + (љ^ĹтLУг,^я^\ 
Qm-Qn V (Qm,Qn) (Qm,Qn)J 

(3.2) 

- П^» ~ x . ) 2 ' 
Î = I 

199 



HANSJORG ALBRECHER 

where 

T(x{, y., a, b) = ({y.a} - foa}) ({x.&} - {y.6}) - {y(a} + {xia} 

+ max({?/ia}, {xtb}) - max({^a}, {^b}) 

+ min({yia},{yi6}) -min({x ia},{y i6}) . 

P r o o f . Since for every pair of real numbers x and 7/ with 0 < x < y < 1 
and a G N we have 

1 

0 

it follows from definition (3.1) that 

J cþ,2/)(íaa}) da = y-x, 

/ R2
N(x,ÿ,a) áa 

Jd 

= J (5ľMад)(Kй})) d й 

ud nz=l 

d IV „ 

- 2 Пďť - * . ) £ / * « П ^ . „ j ({?„«<» <-*+П(Î/< - *. 
ѓ= l n = l -Jd i = l i = l 

c/d 

N n d d 
\2 

d N d d 

- 2 X[{yi - *i) £ K I f e - *.) + f f e - x«)2 

1=1 n = l i=l i=l 

= / • • • / ( f ^ n ^ ^ a ^ j ^ ^ ^ - d a . - n ^ - ^ 2 . 
Q l = 0 ad=0 n~1 i~1 l~l 

(3-3) 
It has been shown in [10] that for every pair of real numbers x and y with 

0 < x < y < 1 and positive integers Qm • qn 

1 

/c [ x ,y )({gma})c [ X j ! / )({g„a})da 

a=0 

- (y _ x f + ̂ i^rf*,,, r ^ - , , r^-T) , 
?_,•(/„ V («-,?„) W-.O/ 
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which can now be used to calculate the integrals in (3.3) by using 

/

« d d 

••• / IIC[x i.y.)(^mQ ;i})nC[ ;r i,y i)({<ln ai}) d a l - - - d a c * i = 0 OLd=0 

d i. 
= 1 1 / c[x i,y.)({9,naJ)c[a:).,j/i)({gna i})da(., 

i=1<*i=0 

which completes the proof of (3.2). • 

Proposition 3.1 can now be used to calculate the L2-norm of the L2 -discre
pancy DN \{qnS}) with arbitrary weights kt\ 

T H E O R E M 3.1. We have 

-Wk.*}) i ŕ-—-ì É 
N ' m,n=l 

Kfim (3-4) 

qn= rr 

Proof . By changing the order of integration we get 

/ ( - ^ ( k , " } ) ) 2 da = JJ jR2
N(x,y,a) dadxdy, 

ud Jd ud 

which by (3.2) yields 

J(D^({Qnd}))2da 

=„£,Kk- Ң Û h - °<f+"T(*-* йàl i г л í 

-Jíň(yi-
JA ť=i 

x.ř) dxdy 

= £ knkm П // \(VІ - *. 
m , n = l i = l n ^ V / . . . ^ i L 

0 < Ж І < З / І < 1 

• føm?qn)2
TЛ ^m gn 

<Im'^ V " " tøm>0'tøm>0 
dx- d?/. 

-п // 
i—1 n ^ - ^ . .<^, . . . <-

(У,--Жi)2 dx.dy,.. 

0<.r г <ř/i<l 
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But from [10; Corollary 2] it follows that for all a, b G N 

o< 

so that 

. 2 

JJ ^(x^y^a.b) dx- dH. = j ± 

Xi<Уi<ì 1 2 

for aфb, 

for a = b, 

У (->!? ({<!„«))) dй 

= E/-A,п(è+èйäг)+1 «ŰŁ-w 
771,П = 1 1 = 1 X -771 - П / 7 7 1 , П = l 7 = 1 

qn=qm. qnJ^qю 

N l N 1 N 1 1 
= 2^ knkm~^d ~~ 2__/ ^n^m^d + Z-_, ^n^mg" ~~ ~~~~~ 

7 7 1 , П = l 7 7 1 , П = l 7 7 1 , 7 1 = 1 

q-n=qm qn=qтn 

IV 

^ ' ł n n - l 7 7 1 , П = l 

qn=qm 

D 

E X A M P L E V For equal weights kn = jj- (n = 1,. . . ,1V) and d = 1 in (3.4), we 
obtain 

Iv 

J(DN(ҺM))2^ = ^ £ L 
m , n = l 
qn = qm 

which is given in [10; Theorem 2]. 

EXAMPLE 2. If (<~n)n>1 is a sequence of distinct positive integers, equation (3.1) 
gives 

J (WiM))'*=($-&) t*L- (3.5) 
U" ' n = 1 

R e m a r k . In [9], S ch o i s s en g e i e r pointed out that for qn = n (n = 
1,...,7V), equal weights kn = -^ and d = 1, the asymptotic order of the 

L2-norm of DN is 1/y/N. Equation (3.5) shows that in this case l / \ / iV is 
/<-)\ 

also the right order of magnitude of the L2-norm of DK
N

) and, more generally, 
that this asymptotic result also holds for arbitrary, but fixed dimension d and 
arbitrary sequences of distinct positive integers (tfn)n>i • 
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In the theory of uniform distribution it is of particular interest to consider 
the discrepancy of sequences with the underlying set system J$ consisting of 
intervals of the form [0,y) = [0,yx) x [0,y2) x • • • x [0,yd) with 0 < yi < 1, 
i = 1,..., d, which is called the star discrepancy DN of u = {{qn

3}) >1, so 
Iv 

DN(u) = sup 
[o,y)eJS I „ = i 

EMo,jř)(l9n«})-A< í([0,Jir)) 

and correspondingly 

.•(p) D^'(u) := 
4 Jd 

J0 

N 

E ^ c [ o , y ) ( K « } ) - A d ( [ 0 , y ) ) 
П = l 

dў 

By R o t h ' s theorem (see e.g. [1]), for any dimension d there exists an ab

solute constant cd > 0 such that {DN ') > cd ^ °g

N2— for any IV points 

f 1 , . . . , . f 7 V G[0,l] r f . 

Proposition 3.1 allows us to investigate the average value of DN\u) (with 
respect to the L2-norm): 

T H E O R E M 3.2. We have 

/ K ( 2 ) ( { 9 „ 5 } ) ) 2 d 5 

ud 

= E ^k"{s + U^~t7) + E ^ n ( ^ - ( ^ J J-""/-
7n,n=l x * m * n ' m,n=l \ ' / 

Яn= тn. 

(3.6) 

P r o o f . We proceed similarly to the proof of Theorem 3.1. As we now have 
xi = 0 (i = 1,..., d), we see from (3.2) that 

/ ( < 2 , ( k , < 5 } ) ) 2 d 5 

ud 

1 1 

= / • • • / HN(0,y,a) dadyl'-dyd 

yi=0 yd=0ud 

•i-ii^Hh^HtoJ-i^}) 
7 J 2/i=0 yd=0 l ~ l 
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/v d \ \ 

= £ *»*-,П / 
7 7 1 , 7 1 = 1 

Since 

yì + ___0! fmin 
9m9n 

l/_____! í g»ŽVi U 
\ \ ( 9 m . O / ' \ ( 9 m . O / / 

í_____ \ /_____ V 
\ ( 9 m . O / \ ( 9 m . O / J з r f ' 

/(min({ayj, {6jyJ) - {a^H&l/,.}) d2l. = { i 
0 

for arbitrary a, b G N (see [10]), we conclude that 

/ K 2 ) ( K a » ) 2 d a 

^ for a ф b, 

for a = b 

V * А Г1 I * ^ " П + V к к 1 - 1 
_ _ *п*т^ 3

 + 12 о 9 / + ---< " т2<* 3 й 

г,п=1 ч ЧтАг / ,„,п=1 
т^Ятх Ятп=Яп 

1 , 7 1 = 1 Х -771 4 7 1 / 7 7 1 , 7 1 = 1 Ч ' 

qn=q» 

D 

E X A M P L E 3. For d = 1 equation (3.6) gives 

1 1 

/ /Л2,(0,»,a)dydв=l £ ^ A ^ f ^ + è £ fc»'fc-
ř/=0 a = 0 7 7 1 , 7 1 = 1 9m?n 7 7 1 , 7 1 = 1 

qrrг=qn 

which for fcn = w (n = I , . . . , _v) was already derived in [10]. 

EXAMPLE 4. II (_ n ) n > x i s a sequence of distinct positive integers, then it follows 
from (3.6) that 

J(DN

l2)({9nЗ}))2dS 
jd 

Іґ=i m Чз + i2 адг J Ҷ ^ - У J ^ " 3" 
(3.7) 
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R e m a r k . G a l [3] showed t h a t 

^ vgm»gj <Ar(iogiog/v)2 

??i,n=1 QmQn 

for every finite sequence (_7n)n > 1 °f distinct positive integers.1 This bound is 
also tight. Thus for equal weights kn = jj (n = 1 , . . . , N) and arbitrary, but 
fixed d > 1 we can determine the asymptotic behavior of (3.7): 

/ ( ^ ( 2 ) ( { ^ « } ) ) 2 c i 5 

\2d V12/ j Ať 3 d 

i/<< 

! _ JL („ „ \2 , á_L2 / j \ 1 __L / _ „ „ \2\d-j 

'' ¥ + 12N2 • 3d 

m,n=L -""'i" j=v 

+ 

(log log TV)2 

^ N 

so that the L2-norm of D]}2' ({qn®}) is of asymptotic order l o f i | ° l N . 

Appendix 

Let g(i,i) be a superadditive function, i.e. a function satisfying 

g(i) i ) > 0 for all 1 < i < j < n , 

g(i,j) <g(ij + l) for all l < i < j < n , 

g(hj) + g(j + l.fc) < fl(i,*) for all 1 < i < j < n . 

The following lemma is a special case of [6; Corollary 3.1]: 

LEMMA A . l . Let A r
1 ? . . . , Xn be arbitrary random variables and put S(i,j) = 

X, + • • • + Xj and M(iJ) = max{|5(i , i)| , |5( i , i + 1 ) | , . . . , \S(iJ)\} for 1 < i < 
j <n . Suppose that there exists a superadditive function g(i,j) such that 

E\S(iJ)p <g(i,j) for all l<i<j<n 

for a given real 7 > 1. Then 

EM^(l,n)<g(l,n){[\ogn] + iy . 

^ h i s result was extended for weighted sums in D y e r and H a r m a n [2]. 
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