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ON 5- AND 6-DECOMPOSABLE FINITE GROUPS 

A L I R E Z A A S H R A F I * — ZHAO YAOQING** 

(Communicated by Pavol Zlatos) 

ABSTRACT. A finite group G is called n-decomposable if it is non-simple and 
each of its non-trivial proper normal subgroups is a union of n distinct con-
jugacy classes. In this paper, we investigate the s tructure of non-solvable non-
perfect finite group G when G is 5- or 6-decomposable. We prove tha t G 
is 5-decomposable if and only if G is isomorphic with Z5 x A5, A6 • 2 3 or 
Aut (PSL(2 ,o ) ) for q = 7 ,8 . Also, G is 6-decomposable if and only if G is 
isomorphic with S6 or A6 • 2 2 . Here, A6 • 22 and A6 • 23 are non-isomorphic 
split extensions of the al ternating group A6, in the small group library of G AP 
[SCHONERT, M. et al.: GAP, Groups, Algorithms and Programming. Lehrstuhl 
fur Mathematik, RWTH, Aachen, 1992]. 

1. Introduction and preliminaries 

Let G be a finite group and let AfG be the set of non-trivial proper normal 
subgroups of G. An element K of AfG is said to be n-decomposable if K is a 
union of n distinct conjugacy classes of G. If J\fG ^ 0 and every element of MG 

is n-decomposable, then we say that G is n-decomposable. 

In [14], S h a h r y a r i and S h a h a b i , independent from S h i and J i n g , 
investigated the structure of finite groups which contain a 2-decomposable sub
group H. In this case, H < G1, | iJ |( |H | —l) divides \G\ and H is an elementary 
abelian normal subgroup of G. Moreover, they proved that, under certain con
ditions, G is a Frobenius group with kernel H. 

In this connection, one might ask about the structure of G if G contains a 3-
or 4-decomposable subgroup. In [15], S h a h r y a r i and S h a h a b i studied the 
structure of finite groups G with a 3-decomposable subgroup H. They proved 

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Pr imary 20E34, 20D10. 
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that H is either an elementary abelian subgroup, a metabelian p-group or a 
Frobenius group with elementary abelian kernel H'. Finally, in [10], R i e s e and 
S h a h a b i determined the structure of finite groups G with a 4-decomposable 
subgroup. 

In [19], W u j i e S h i defined the notion of complete normal subgroup of a 
finite group, which we call 2-decomposable, and obtained several results about 
the structure of these groups. In [20], W a n g J i n g , a student of W u j i e S h i , 
continued his work and defined the notion of sub-complete normal subgroup of 
a group G, which we call 3 -decomposable, and obtained several results about 
these groups. The authors wish to express here their gratitude to professor 
W u j i e S h i for pointing out several exact references about this subject. 

In [1], A s h r a f i and S a h r a e i characterized the structure of 2-, 3-
and 4-decomposable finite groups. Also, they obtained the structure of solv
able n-decomposable finite groups. In this paper we continue the study of 
this problem and classify the non-solvable non-perfect 5- and 6-decomposable 
finite groups. To do this, we need some deep results of W u j i e S h i and 
W e n z e Y a n g in the field of the quantitative structure of finite groups ([16]). 
For the motivation of this problem and background material, the reader is 
encouraged to consult [17] and its references. 

Let G be a group. Denote by 7re(G) the set of all orders of elements 
in G. Following W u j i e S h i [17], a finite group G is called EPO-group if 
every non-identity element of G has prime order. In [16], W u j i e S h i and 
W e n z e Y a n g discussed finite EPO-group and got an interesting result: 

THEOREM 1. ( W u j i e S h i and W e n z e Y a n g [16]) The characteristic 
property of A5 is: 

(1) the order of the group contains at least three different prime factors, 
(2) the order of every non-identity element in the group is a prime. 

COROLLARY. If G is a non-abelian finite simple group and the order of every 
non-identity element of G is prime, then G is isomorphic with A5 . 

For the sake of completeness, we give another proof for the previous corollary 
independent from Theorem 1. This is a proof we received from Professor Victor 
Danilovich Mazurov in a private communication. The authors wish to thank him 
for sending this proof. Also, we are very grateful to Professor W u j i e S h i for 
pointing out the Theorem 1 and its reference. 

P r o o f of t h e C o r o l l a r y . Let G be a finite simple non-abelian group 
such that every non-trivial element of G is of prime order. By Feit-Thompson 
theorem, the order of G is even and a Sylow 2-subgroup of G is elementary 
abelian. Moreover, the centralizer of every element of order 2 in G is elemen
tary abelian too. Then, by Brauer-Suzuki-Wall theorem, G is isomorphic with 
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PSL(2, q), q — 2 m , m > 1 . This group contains cyclic subgroups of order q — \ 
and q+1. By assumption, q—\ and q +1 are primes. On the other hand, one of 
these numbers is divisible by 3, so 3 = q ± 1, i.e. q = 4 . Thus (7 is isomorphic 
with PSL(2,4) of order 60 . • 

Let G be a finite simple group and set ir(G) — {p : p is a prime and p \ \G\] . 
Following D . G o r e n s t e i n , a finite simple group G is called a i\~3-group if 
\IT(G) 1 = 3 . For the sake of completeness we mention below the following theorem 
of H e r z o g on the structure of simple i\T3-groups. 

THEOREM 2. ( M a r c e l H e r z o g [6]) If G is a simple K3-group, then G 
is isomorphic with one of the simple groups Ab, A6, U3(3). U4(2), PSL(2,7) . 
PSL(2,8) ; PSL(2,17) and PSL(3,3). 

Following [17], we divide the set ne(G) into {1}, the set Tr'e(G) consisting 
of primes and the set 7r"(G) consisting of composite numbers. We now state an 
important result of S h i and Y a n g , which we will use it in Theorem 6. 

THEOREM 3. ( W u j i e S h i and C. Y a n g [18]) Let G be a finite simple 
group with \n"(G)\ < 1. Then G is one of the following groups: 

(1) Zp, V prime, 
(2) PSL(2,g), ? = 5,7,8,9,11,13 or 16, 
(3) PSL(3,4), Sz(8), 
(4) PSL(2,3 n ) , where ^f1 and ^ t i are primes, 

(5) PSL(2 ,2 n ) , where 2 n - 1 and ^ f 1 are primes. 

Finally, we state a result of [1], which will be used later. 

THEOREM 4. ( A s h r a f i and S a h r a e i [1]) Let G be a non-abelian n-de
composable finite group. Then we have: 

(i) every element of MG is maximal and also minimal in J\fG, 
(ii) G is centreless, or n is a prime number and \Z(G)\ = n, 

(iii) if K and L are two distinct elements of MG, then G = K x L, 
(iv) if K is a solvable element of MG, then it is elementary abelian, 
(v) if every element of J\fG is solvable, then AfG consists of only one element, 

(vi) G is solvable if and only if G' is abelian; in such a case, J\fG = {G'}, 
G' = E(pr), an elementary abelian group of order pr, and is maximal 
in G, G is a Frobenius group with kernel G' and its complement is a 
cyclic group of prime order q with pr — 1 = (n — l)q. 

Throughout this paper, as usual, G' denotes the derived subgroup of G, 
Z(G) is the centre of G, :rG, x £ G, denotes the conjugacy class of G with the 
representative x, and G is called non-perfect if G' 7-- G. Also, SmallGroup(n,i) 
denotes the zth group of order n in the small group library of GAP, [13]. All 
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groups considered are assumed to be finite. Our notation is standard and taken 
mainly from [3], [4] and [8]. 

2. Main results and theorems 

The aim of this section is to classify the 5- and 6-decomposable non-solvable 
non-perfect finite groups. To do this, we need to refer to the conjugacy classes 
of the projective special linear groups PSL(2,2n) and PSL(2, 3 n ) . 

In [4; Chap. 2], C o l l i n s determines the conjugacy classes of the group 
PSL(2, 2 n ) . He proved that the conjugacy classes of this group are: 

(i) {1}, 
(ii) one conjugacy class of involusions, 

(iii) ?~(q — 2) conjugacy classes of elements of orders dividing q — 1, 

(iv) \q conjugacy classes of elements of order dividing q -f- 1. 

In [3; Chap. 20], B e r k o v i c h and Z h m u d determines the conjugacy 
classes of the group SL(2,g) for odd prime powers q. In the following Lemma, 
using similar methods, we determine the conjugacy classes of the projective spe
cial linear group PSL(2,g) in which q = 3 n , ^ and ^ are primes. We 
need the conjugacy classes of this group for the classification of non-solvable 
6-decomposable finite groups. 

LEMMA 1. The group G = PSL(2,cI) = z ^ ^ ) ) has exacth ^r + 3 conju
gacy classes, as follows: 

(i) m; 
(ii) (a iZ)PSL<2 '9), 1 < i < *=?• of length q(q + 1) ; 

(iii) ( b (0 , r ) z ) P S L ( 2 , 9 ) of length \q(q-l); 

(iv) (b(a,T)Z)PSL{2'Q) of length q(q - 1), 

(v) (cZ)PSL(2>") and (dZ)PSL^ of length \(q2 - 1), 

in which, 

2 : 4 «-( .!)• "=(;;)• *">-(<:T 
v denotes a generator of the multiplicative group GF(q)*, Z = Z(SL(2,g)) , 
a2 - £0r

2 = 1, and sQ G GF(q) - GF(q)2 is arbitrary. 

P r o o f . First of all, we can see that cZ and dZ have order 3 and are 
not conjugate in PSL(2,g). Furthermore, CPSh^2 JcZ) = CPSL,2 q\(dZ) = 

SL(^9) ° and by [3; p. 138, Lemma 4], CSL^2q^(c) is the set of matrices 
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( ^ ±1) ' w h e r e 7 r u n s o v e r t h e field GF^)' T h i s s h o w s t h a t \(cZ)PSL{2^\ = 

\(dZ)PSL^\=1
2(q

2-l). 
We now suppose that xZ G (aZ) and (xZ)2 ^ Z. Then with tedious calcu

lations, we can show that alZ, 1 < i < ^-, has order ^^-- and CpSL(2 q\(xZ) 
= (aZ). Moreover, if 1 < i,j < ^ are distinct, then alZ and a?Z are non-
conjugate elements of the group PSL(2, q) and we can see that \(alZ)PSL(<2^) | -

?(? + !)• 
Finally, we consider the elements b(r/,r) of SL(2,q) and determine the con-

jugacy class (b(cr,r)Z)P . We define: 

D0 = {b(a,T) : a,T G GF(q) and a2 - S0T
2 = l} , 

D1 = {c(a,T) : a,TG GF(q) and a2 - E0T
2 = - l } , 

where c(a,T) = (_*£o _ r
a ) . By [3; p. 139, Lemma 11], D0 = CSL(2q)(b(a,T)) 

and the number of classes (b(a,T)) ,9 is \(q - 1). In the simple group 
PSL(2,q), we must consider two cases a = 0 and a ^ 0. For the case 
CJ = 0, we have CPSL{2^q)(b(0,T)Z) = ^ U ^ and for the case cr ^ 0, 
CpsL(2 )(KcriT)Z) = ^ I - Therefore, we obtain a conjugacy class of length 
\(q(q - 1)) and ^ conjugacy classes of lengths q(q - 1). This completes the 
proof. ---

By the previous lemma, if q = 3 n , 2~- and ^ are primes, then 7re (PSL(2, q)) 

{ i 2 з ÍĽ-І a±ł 2-i-łЛ 

LEMMA 2. Let G be an n-decomposable non-solvable non-perfect finite group, 
for n = 5,6. Then G' is simple. 

P r o o f . By assumption and Theorem 4, G' is a minimal normal subgroup 
of G, which is not abelian. So G' is a direct product of k isomorphic non-
abelian simple groups, say Hx,... ,Hk. Suppose k > 2 and p, q are two odd 
prime divisors of 1-fiTJ. Then we can see that {1, 2,p, q, 2p, 2q,pq} C ire(G'), 
which is a contradiction. • 

LEMMA 3. Let G be a n-decomposable non-solvable non-perfect finite group 
and \AfG\ > 2. Then \AfG\ — 2, n is a prime number and G = Zn x B, where 
B is a non-abelian simple group with exactly n conjugacy classes. 

P r o o f . Let A and B be elements of MG. Then by Theorem 4, G = AxB. 
It is easy to see that A and B are simple groups. By [11; p. 88], A and B are 
the only proper non-trivial normal subgroups of G. So |JVG| = 2. If A and B 
are non-abelian simple groups, then G' = G, a contradiction. Therefore, one of 
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.4 or B, say A, is abelian. Since A is simple, 72 is a prime number and A = Zn, 
proving the lemma. • 

Suppose n is a positive integer such that there is a simple group with 
exactly n conjugacy classes. In this case, we claim that there exists a perfect 
n-decomposable finite group. To see this, set G = A x B, where A and B 
are non-abelian simple groups with exactly n conjugacy classes. Then G is a 
n-decomposable finite group. 

In this paper we study only finite non-perfect groups. However, the investiga
tion of non-solvable non-perfect finite groups with exactly one proper non-trivial 
normal subgroup does not seem to be simple. 

THEOREM 5. A non-solvable non-perfect group G is 5-decomposable if and 
only if G is isomorphic with Z5 x A5, A6 • 23 or Aut(PSL(2, q)) for q = 7,8. 

P r o o f . It is a well-known fact that A5 is the only non-abelian finite simple 
group with exactly five conjugacy classes. Using this fact, if \AfG\ = 2, then by 
Lemma 3, G = Z5 x A5, as desired. Therefore, we can assume that G has 
exactly one proper non-trivial normal subgroup, i.e. G'. By Lemma 2, G' is 
simple and we can see that 3 < |-7r(Gf/)| < 4 and \G : G'\ = p, where p is prime. 
If |TT(G")| = 4, then G' is a simple EPO-group and by Corollary, G' = A5, 
which is a contradiction. Thus |7r(G')| = 3 and G' is a Jf3-group. Now by 
Theorem 2 and this fact that G' is a union of five G-conjugacy classes, G' 
is isomorphic with A5, A6, PSL(2,7) or PSL(2,8) . If p <£ TT(G'), then G = 
Z oc G'. Suppose ip\ Z —> Aut(G') is the homomorphism which determines 
the semidirect product. Since |7r(G')| = |7r(Aut(G')) | and p £ TT(G'), the image 
of a generator of Z by tp must be identity. This shows that the homomorphism 
ip is trivial and G = Z x G', which is a contradiction. Therefore, p G 7T(G'). 

Now, our main proof will consider a number of cases. 

Case G' = A5. In this case, \G : G'\ = p G TT(G') = {2,3,5} and so 
\G\ = 120,180,300. Using the character table of the groups of these orders, 
stored in GAP, we can see that there are two finite groups SmallGroup(120, 34) 
and SmallGroup(120, 35) of order 120 whose derived subgroup are isomorphic 
with A5. But SmallGroup(120, 35) = Z2 x A5, which is a contradiction. On the 
other hand, SmallGroup(120, 34) = S5 and A5 is a 4-decomposable subgroup 
of S5, which contradicts our assumptions. Using similar arguments, the cases 
\G\ = 180 and \G\ = 300 lead to a contradiction. 

Case G' = A6. In Table I, we calculate the conjugacy classes of A6. By 
this table, G' has exactly seven conjugacy classes of elements of order 1 , 2 , 
3, 4 and 5. Since G' is a union of five G-conjugacy classes, two classes of 
elements of order three and two classes of elements of order five in G' must 
be fused in G. This shows that there are some conjugacy classes of lengths, 
1, 45, 80, 90 and 144 in G. Consider an element x of order 5 in G'. Then 
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\G\ = \xG\ • |CG(x) | = 144 • 5t for some positive integer t. But \G : G'\ is 
a prime number, so t = 1 and \G\ = 720. Using the small group library of 
GAP, we can see that there are four groups of this order with a derived sub
group isomorphic with A6. These are 5 6 , Z2 x A6, SmallGroup(720, 764) and 
SmallGroup(720, 765). Z2 x A6 have two proper non-trivial normal subgroups 
and A6 is a union of six /S6-conjugacy classes. So G = SmallGroup(720, 764) = 
A6 • 22 or SmallGroup(720, 765) = A6 • 2 3 . Our calculations show that A6 is a 
union of six A6 • 22-conjugacy classes, while A6 • 23 satisfies the assumptions of 
our theorem. 

Case G' = PSL(2,7). In Table I, we calculate the conjugacy classes of 
PSL(2,7). By this table, G' has exactly six conjugacy classes of elements of 
order 1, 2, 3, 4 and 7. Since G' is a union of five G-conjugacy classes, two 
classes of elements of order seven in G' must be fused in G. This shows that 
there exists a C-conjugacy class of length 48. Consider an element x of order 7 
in G'. Then it is easy to see that \G\ = \xG\ • \CG(x)\ = 48 • It for some positive 
integer t. But \G : G'\ is a prime number, so t = 1 and \G\ = 336. Using the 
small group library of GAP we can see that there are two groups of this order 
with a derived subgroup isomorphic with PSL(2,7). These are Z2 x PSL(2,7) 
and Aut(PSL(2, 7)) . Our calculations in Table I show that Aut(PSL(2, 7)) is a 
solution for the problem. 

Case G' = PSL(2,8). By Table I, G' has exactly nine conjugacy classes of 
elements of order 1, 2, 3, 7 and 9. Since G' is a union of five C-conjugacy 
classes, three classes of elements of order seven and three classes of elements of 
order nine in G' must be fused in G. This shows that there exists a G-conjugacy 
class of length 168. Consider an element x of order 9 in G'. It is easy to see 
that \G\ = |xG | • \CG(x)\ = 168 • 9t for some positive integer t. So \G : G'\ = 3 
and \G\ = 1512. Using GAP software ([13]), we can see that there are two 
groups of this order with a derived subgroup isomorphic with PSL(2, 8). These 
are Z2 x PSL(2,8) and Aut(PSL(2,8)) . Our calculations in Table I show that 
Aut(PSL(2, 8)) is a solution for the problem. This completes the proof. • 

In the following theorem we apply Lemmas 1, 2 and 3 to classify the non-
solvable non-perfect 6-decomposable finite groups. We have: 

THEOREM 6. A non-solvable non-perfect finite group G is §-decomposable if 
and only if G is isomorphic with S6 or A6-22. 

P r o o f . By Lemma 3, G has exactly one proper non-trivial normal sub
group, i.e. C , and by Lemma 2, G' is simple. By assumption, |7r(C)| = 3 , 4 , 5 . 
If |7r(G;)| = 5, then G' has at least five G-conjugacy classes of elements of 
prime orders. This shows that every element of G' has a prime order and by 
Corollary, G' = A5. But A5 has exactly five conjugacy classes, and so it cannot 
be 6-decomposable, which is a contradiction. Thus |7r(G')| = 3,4 . 
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Using similar argument as in Theorem 5, we can show that \G : G'\ = p , 
p is prime and p G 7r(G'). If |TT(G')| = 3, then by Theorem 2, G' is isomor
phic with A 6 , PSL(2,7) or PSL(2,8) . Suppose G' = A6 and x is an element 
of order five in G'. By Table I, \G\ = 5 • 144* = 360 • 2t, and so p = 2. 
Using conjugacy classes of A6 and computations with GAP, we can see that S6 

and SmallGroup(720, 764) have exactly one proper non-trivial normal subgroup 
G' = A6 and G' is a union of six conjugacy classes of G. We now assume that 
G' .= PSL(2,7). Since n(G') = {2,3,7}, \G\ = 336,504,1176. In these cases, 
our computations with GAP shows that there is no finite group G which satis
fies the conditions of the theorem. Finally, suppose that G' = PSL(2, 8). Using 
Table I, we can see that either twro classes of lengths 72 and all of classes of 
lengths 56 or two classes of lengths 56 and all of classes of lengths 72 must 
be fused in G. In any case, using a similar argument as in Theorem 5, we can 
obtain a contradiction. 

We now assume that ^ ( C ) ! = 4. By Lemma 2, 7re(G') = {1, 2,p, s,r, a } , 
where p , s and r are primes and a is a composite number. By assumption and 
Theorem 3, G is either isomorphic with PSL(2,3n) , where 3 ~1 and 3

 4
+1 are 

primes, or with PSL(2,2 n ) , where 2n — 1 and 2-y^- are primes, or with Sz(8). 
In our proof, we consider a number of cases. 

Case G' =" PSL(2,2 n ) , where 2n - 1 and ^ ^ are primes. Suppose q = 2n 

and U is a Sylow 2-subgroup of G'. Then by [4], NpSL,2 2™)(U) — HU, where 
|H| — 2n — 1 = p. So G' has exactly p Sylow 2-subgroups. Since 2n - 1 = p 
is prime, G' has exactly \(p - 1) - 1 conjugacy classes of elements of order p. 
Suppose x G G' has order p. Then |CP Sw2 2^)(x)\ — P a n d |£P S L(2 ,2n) | — 
q(q + 1). Since every element of order p of PSL(2, 2n) should fuse in G, G has 
a conjugacy class of length \q(q+l)(q-A). Thus \G\ = |PSL(2,2 n ) | • \(q-4)t 
for some positive integer t. Therefore, \(q — 4) = 2 n _ 1 — 2 is prime. This shows 
that n — 3, which is a contradiction. 

Case G' = PSL(2,3n)7 where ^f1 and ^ - - - are primes. Consider the 
conjugacy classes of G' of elements of order p and apply Lemma 1. We can see 
that G has a conjugacy class of length \q(q-S)(q+ 1). Therefore, \(q-3) = 1 

or it is a prime number. This shows that \(q — 3) G \ 1, 2, 3, q^-, ^j- >, which 

is impossible. 

Case G' = Sz(8). In this case \G'\ = 29120 and by Table I, the elements 
of order 4, the elements of order 7 and elements of order 13 must be fused 
in G. This shows that \G : G'\ = 3 and |G| = 87360. Since \G'\ is not di
visible by 3, G = Z3 oc Sz(8), where tp is a homomorphism from Z3 into 
Sz(8). Obviously, cp is not trivial. By [5], Aut(Sz(8)) has two conjugacy classes 
3.A and W = 3A"1 of elements of order three. So Z3 oc^ Sz(8) .= Aut(Sz(8)). 
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Now, by Table I, Sz(8) is the union of 7 conjugacy classes of G', which is a 
contradiction. This completes the proof. • 

Tab le I 

T h e fus ion m a p of s o m e K 3 - g r o u p s . 

Aб-Classes l a 2a Зa Зb 4a 5a 5b 

Class lengths 1 45 40 40 90 72 72 

Fusion into S б 1A 2A ЗA зв 4A 5A 5A 

A6-Classes l a 2a Зa Зb 4a 5a 5b 

Class lengths 1 45 40 40 90 72 72 

Fusion into Л6 • 2 2 1A 2A ЗA ЗA 4A 5A 5B 

A б-C lasses l a 2a Зa Зb 4a 5a 5b 

Class lengths 1 45 40 40 90 72 72 

Fusion into Л6 • 2 3 1A 2A ЗA ЗA 4A 5A 5A 

P5L(2,7)-Classes l a 2a Зa 4a 7a 7b 

Class lengths 1 21 56 42 24 24 

Fusion into Aut(РSL(2,7)) 1A 2A ЗA 4A 7A 7A 

PSL(2,8)-Classes l a 2a Зa 7a 7b 7c 9a 9b 9c 

Class lengths 1 63 56 72 72 72 56 56 56 

Fusion into Aut(PSL(2,8)) 1A 2A ЗA 7A 7A 7A 9A 9A 9A 

Sz(8)-Classes l a 2a 4a 4b 5a 7a 7b 7c 13a 

Class lengths 1 455 1820 1820 5824 4160 4160 4160 2240 

Fusion into Aut(Sz(8)) 1A 2A 4A 4B 5A 7A 7A 7A ІЗA 

Sz(8)-Classes 13b 13c 

Class lengths 2240 2240 

Fusion into Aut(Sz(8)) ІЗA ІЗA 
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