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Summeary. In this paper we obtain existence conditions and a closed form of the general
solution of higher order singular regular boundary value problems. The approach is based
on the concept of co-solution of algebraic matrix equations of polynomial type that permits
the treatment of the problem without considering an extended first order system as it has
been done in the known literature.
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1. INTRODUCTION

Troughout this paper C,,x, denotes the set of all m x n matrices with complex
entries. Systems of higher order differential equations of the type

(1.1) AP (t) + Apr 2P~ (8) + ..+ Apz(t) = f(2),

where A; for 0 < i < p are matrices in C,x, and z(t), f(¢) lie in C, x1, appear
in vibrational systems theory [4], in thermal and electrical problems [4] and in the
solution of partial differential equations by means of the method of lines [14].

The aim of this paper is to find a closed form expression for the general solution
of multipoint boundary value problems defined by (1.1) together with the conditions

P
(1.2) Y Enz* V() =F, 1<i<q0=a1<ay<...<aq=a0,
h=1
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where E;;, € C,xn, Fi € C,x1, f(t) is sufficiently differentiable and the matrix
coefficients A;, 0 < 7 < p, satisfy the regularity condition

there exists a complex number Ag such that
(13) P(Xo) = ApM0 + A, 1007 4+ Ay o + Ap is invertible.

The system (1.1) has been considered by several authors [2], [5], [6], [7], [8], [10],
but all of the papers are hased on the consideration of an extended first order system
which involves an increase of the problem dimension and a lack of flexibility in the
expression of the general solution of (1.1) that is required to find a closed form of
the general solution of problem (1.1)-(1.2).

The paper is organized as follows. In Section 2 we introduce the concept of rect-
angular co-solution of the associated algebraic matrix equation

(1.4) ApZP + Ap 1 2P+ L+ A =0

which permits us to find a closed form expression of the general solution of the
homogeneous system

(1.5) A,z P (t) + Ap1 2PV () + ..+ Aga(t) = 0.

Section 3 is concerned with the construction of a particular solution of the non-
homogeneous problem (1.1). Finally, in Section 4, existence conditions and a closed
form expression of the general solution of the boundary value problem (1.1)--(1.3)
are presented.

If S is a rectangular matrix in Cy,x», we denote by St its Moore-Penrose pseudo-
inverse and recall that an efficient procedure for computing ST may be found in
[12]. If T is a matrix in C,x,, we denote by TP its Drazin inverse. An efficient
algorithm for computing the Drazin inverse of a matrix is given in [1]. An account
of properties of the Drazin inverse may be found in [3]. In particular, we recall that
if T is invertible then T~ coincides with TP and if T is a nilpotent matrix then
TP =o.

2. ON THE SOLUTION OF THE IIOMOGENEOUS DIFFERENTIAL SYSTEM

We begin this section with some algebraic preliminaries related to the concept
of rectangular co-solution for the non-monic algebraic matrix equation (1.4), which
generalizes the analogous concept defined in [9] for the monic case.
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Definition 2.1. We say that (X,T) with X € C,.x,, X #0, T € C,x, is an
(n,r) co-solution of equation (1.4) if

(2.1) A XTP + Ap XTP '+ + A1 XT + AgX =0.
Remark 1. Note that if (X,T) is an (n,r) co-solution of equation (1.4), then
x(t) = X exp(tT)v with v € C,«; defines a solution of the homogeneous system (1.5)

because

AP (1) + Ay 2 PU(t) + ... + Agz(t)
= (ApXT? + Ap ) XTP™ ' + ...+ AgX) exp(tT)v = 0.

Let us suppose that the regularity condition (1.3) is satisfied and let us consider
in (1.5) the transformation defined by

(2.2) x(t) = exp(tAo)y(t).
Then an easy computation yiclds that y(t) satisfies

B,y (t) + B,oiy®P V() + ... + BiyM(t) + y(t) =0,

(2.3) 1 -1 5(j) .
B; = i [P(o)] PP(N), 1<j<p

The following lemna relates co-solutions of monic and non-monic algebraic matrix
equations of polynomial type.

Lemma 1. If(Z,S) is an (n,r) co-solution of the equation
(2.4) WP+ B WPl 4 +B, \W+B,=0

and S is not a nilpotent matrix, then for ¢ > 1 the pair (ZS9*1SP,SP) is an (n,r)
co-solution of the matrix equation

(2.5) BY?+ B, Y’"'+.. . +BY+1=0.

Proof. Since (Z,S) is an (n,r) co-solution of (2.4), it follows that

ZS?+ By ZSP' 4+ ...+ B,_1ZS+B,Z = 0.
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Postmultiplying this cquation by S9~1(SP)?~! one gets

B,ZS1~Y(§Pyr-1 4 B, 1 ZSU(SP)P~! 4 ...

2.6
( ) +B1ZSp+q_2(SD)p_l + Zsp+q—1(SD)p—1 =0.

Taking into account that from the properties of the Drazin inverse 3], p. 8 we have
(2.7) 5SP =sPs, sPssP =gP,
we see that (2.6), (2.7) implies

B,ZS™'sP(sPy 4 B, ZS§1ttsP (st 4.
+ B, 289t1§PgP 4 zg9+1gD — .

Thus the result is established. O

For the sake of clarity of presentation we include a definition given in [9].

Definition 2.2 ([9]). Let (X;,T;) be an (n,m;) co-solution of cquation (2.4) for
1 <7< k. We say that {(Xi,Ti), 1<i< k} is a k-complete set of co-solutions of
equation (2.4), if the gencralized block Vandermonde matrix

4Y1 4¥2 cee 1\’k

X\ Xy ... XiT
(2.8) V= :

X\ oxeTtt oL XW Tt

is invertible in Cppxnp-

The proof of the next result may be found in [9].

Theorem 1 ([9]). Let C be the companion matrix defined by

0 I 0 0

0 0 I ... 0
(2.9) c=| .

-B, =B,y —-Bp ... —B

and let M = (M;j) be an invertible matrix in Cnpxnp such that M;; € Cuxn;,
1<i<p,1<j<kn+...+np=npand

(210) M dl&g(Sl , SQ, ey Sk) = CAM,
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where J = diag(S,...,Sk) is the Jordan canonical form of C with S; € Cy;xn;,
1 < j < k. Then {(My;,S;); 1 <j <k} is a k-complete set of co-solutions of (2.4).
The gencral solution of the system

(2.11) W@ (t) + BBWP D (t) + ...+ B, W () + B,W(t) =0

is given Ly

k
(2.12) W(t) =Y Mjexp(tS;)g;, a5 € Cujxa-

Jj=1

Remark 2. It is interesting to recall that the Jordan canonical form of a matrix
can be cfficiently computed by using MACSYMA, [11], and the matrix exponential
exp(tS;) of a Jordan block S; has a well known expression in terms of the eigenvalue
associated to Sj, [13], p. 66.

Remark 1 and Lemma 1 imply that for arbitrary vectors v; € C,; x1, the expression

k
(2.13) > My;STHSP exp(tSP)v;

=1

defines solutions of the non-monic system (2.3). On the other hand, let us order the
Jordan blocks of the matrix J defined in Theorem 1 in the following way:

S1,...,Sh are invertible blocks of J,

2.14
( ) Sh+1, - - -, Sk are nilpotent blocks of J,

and taking into account that SjD =S for1 <j < hand SJP =0forh+1<j <k,
the expression (2.13) takes the form

h
> My;Slexp(tS; vi,  vj € Cujxr

Jj=1
This result proves that in fact

h
(2.15) y(t) = Z MljS;—l exp(tSj-l)vj, vj; € Cy;x1

j=1

describes the general solution of (2.3).
From Lemma 1, for any positive integer ¢ > 1, the pair (M, J-S;.’, S5 ) is an (n,n;)
co-solution of (2.5) for 1 < j < h and thus for arbitrary vectors v; € Ca; x1, the
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right-hand side of (2.15) defines a solution of (2.3). Now we prove that any solution
z(t) of (2.3) may be represented by (2.15) with appropriate vectors v; in Cp;x; for
1 < j < h. Let z(t) be a solution of (2.3) and let :((0) = ¢;, 0 < i < p—1.
Considering the change defined by

y(t) 7
y'(t)
u(t) = ( ,
y @) |
-
(2.16) Bd'(t) = u(t), u(0)= S,
L Cp—1
-B, -B, ... -B,., -B,
I 0 . 0 0
B= .
0 0 ... I 0

and recalling Theorem 3.1.3 of [2], p. 37, we conclude that the problem (2.16) is
solvable and the solution is unique if and only if

Co
1
(2.17) : € Image(BBP).
Cp—1
Since
00 0 I 00 0 I
00 I 0 00 I 0
B = Cl. ,
I 0 00 I 0 00
from (2.10) one gets
(2.18) B = (M};) diag(S,, ..., Sk)(M};) 71,

Mi'j =Mpt1-ij, 1 <i<p, 1<j<k.
From [2], p. 16, it follows that

BP = (M};) diag(S7", S5 %,...,S71,0,...,0)(M};) 7,

BBP = (Mj;) diag(I,1,...,1,0,...,0)(M];)™"
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and condition (2.17) means

co M, My, ... Mj,
a My M, ... M,

(2.19) : € Image
Cp—1 M, My, ... M,

On the other hand, the derivatives of y(t) defined by (2.15) take the form
h .
y () =D My;STT exp(tS; ! v;.
i=1

If we evaluate this expression at t = 0 and impose y(?(0) =¢; for 0 i < p—1,it
follows that vectors vj, for 1 < j < I, must verify

co ]\II]Sf—l 1‘/[125.5’_1 .. J\/fth}’:_l vy

o MuSP™? MpSE? . MuSET? | | v

(2.20) . = . :
Cp—1 My, My, . M), Up

and by virtue of

(2.21) M= M8, 1<i<p

it follows that the conditions (2.19) and (2.20) are equivalent and the general solution
of (2.3) is given by

h h
y(t) = My; St exp(tS; v = > My; exp(tS; ' vj,

i=1 =1

where v; is an arbitrary vector in C,;x; for 1 < j < h. This together with (2.2)
yields the following result:

Theorem 2. Let us use the notation of Theorem 1 and let us assume that the
regularity condition (1.3) is satisfied for some complex number Ag. Then the general
solution of (1.5) is given by

h
(2.22) z(t) = Myjexp ((Aol + S 1)t)v;,

i=1

where v is an arbitrary vector in Cy;x; for 1 < j < h.
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3. THE NON-HOMOGENEOUS DIFFERENTIAL SYSTEM

Let us consider the system (1.1) under the regularity condition (1.3) satisfied by
some complex number Ag. Let us observe the notation of Theorems 1 and 2. If k;
denotes the index of the Jordan block S; for h + 1 < j < k, where in accordance
with (2.14), Sp41, ..., Sk are the nilpotent Jordan blocks of the matrix J introduced
in Theorem 1, we define the number p by

(3.1) ¢ =max {k; =Ind(S;); h+1<j <k}

We suppose that f(t) is a o+ p—1 times continuously differentiable function. Taking
into account the transformation (2.2), the system (1.1) takes the form

(3.2) Ly(] = f@),
where
(3.3) Lly(®)] = By (t) + Bp—1y® I (t) + ... + Biy(t) + y(2),

B; is defined by (2.3) for 1 < j < p and
(3.4) F(8) = [P(20)] ™" exp(=tro) £ (1)

Let M be the matrix introduced in Theorem 1, and let (M;;) be the block matrix
defined in (2.18) with M,fj = Mpy1-ij, 1 1< p, 1< j <Kk Let us denote

(3.5) W= (W)= (Mj)™", Wi;€Chxn, 1<i<k 1K<y

then we are interested in obtaining a particular solution of (3.2) of the form

k kj—l

gty = D> Y My(S) Wi fO)
(3.6) j=h+1 i=0

h t
- ZM”j exp(tSj—l)/ exp(—qu”l)Sj_Ilef(u) du.
i=1 0
Taking the derivatives of ¢(t) for 1 < r < p, we find that

h t

V() = =Y M;(S7Y) exp(tS;Y) /0 exp(—uS; 1) S Wi f(u) du
j=1

. h T ~

(3.7) =35 M7 Wi fOD )
j=14¢=1
k kj—1
4+ S M8 W FE ).

j=h+1 i=0
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From (3.7) and taking into account that from (2.18) one gets
B(M;;) = (Mj;) diag(S1, Sz, ..., Sk),

we conclude that

h P
L[g(t)] Z{[ZBMPJ S )’+Mw]
j=1 i=1
t -
X exp(tS; ) / exp(-uS;")S; Wit f(u) du}
(3.8) b1 pz
+ Z AIPJIVJIf(t) + Z Z B’+v{ Z M,_, ;Wi }f( )(t)
z=1v=1
kj—1
+ Z Z { Z B"]ijs;?—l + ijS;’}S;"Plef(”‘*’w)(t)
w=0 j=h+1 i=1
and

P
> B:M,;SIT 4+ My ST =0,  h+1<j<k,
i=1

Y4
Y BiM,i(S;') + Mp; =0,  1<j<h,

i=1

k
> MWy =1,

i=1
&
> M, ;Wi =0, 1<v<p-1
j=1
Hence (3.8) implies
Llg(t)] = f(®).

From linearity one concludes that the general solution of (3.2)-(3.4) is given by

h
(3.9) y(t) =D Mp;exp(S;'t)v; +g(t),  vj € Cnjxar.
i=1

Taking into account the transformation defined by (2.2), one gets that the general

solution of the regular system (1.1), (1.3) is given by

h
(3.10) z(t) = E My exp (Mol + S_;‘l)t)vj + exp(tAo)g(t), v; € Cp; x1.

i=1
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Note that (2.21) yields
(3.11) My; = M;SP7, 1<j<h

This and (3.6), (3.10), enable us to write the general solution of (1.1), (1.3) in the
form

h
a(t) = Z ]lesjl-’_l exp ((/\()I + Sj_l)t)vj
j=1
h t
(3.12) - Zl\fpj exp ((AOI + S]-_l)t) /0 exp(—qu.l)Sj"l" 1S (u) du
=1
k kj—1
+exp(tho) Y My ST )" Siwi fO ).
j=h+1 =0

Note that the term appearing in the last expression of (3.12) takes the form

k k_,'—l
(3.13) exp(tho) D 3 My ST FO ().

j=h+1 i=0

By (3.13), if S; is a Jordan block with index k; < p then since S]‘.'Jri_1 = 0, the
terms of (3.13) corresponding to the block S; do not appear in (3.13). On the other
hand, if h+1 < j < k and k; < p, since S;-’ = 0 for v > kj, if we denote by
h+1<j1 <j2<...<jg < ksuchthat

(3.14) ki, =Ind(S;,) > p, kj, =Ind(Sj,) 2 p, ..., kj, =Ind(S;,) > p
and the other Jordan blocks S; with i +1 < j < k have indices k; = Ind(S;) < p for
(3.15) h+1<j<k, j#jr, 1<r<gq, kj =Ind(S;) < p,
then (3.13) may be written in the form
q ki, —p
(3.16) P(t) = exp(tho) 3 3 M,y SE Wi fO1).
r=1 i=0

Apart from this simplification of (3.13), it is important to remark that we do not
need to assume that f(t) is a o + p — 1 times continuously differentiable function
because by (3.16) the derivatives f(*)(t) are unnecessary for i > ¢ when g > p, and if
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@ < p, we only need to compute p — 1 derivatives of f(t). Summarizing we establish
the following result:

Theorem 3. Let us observe the notation of Theorem 1, let Sy,...,S) be the
invertible Jordan blocks of J and let Sj41,...,Sk be the nilpotent Jordan blocks of
J. Let k; be the index of the matrix S; for h+1< j <k, and let j, for 1 <r < q
satisfy h+1 < jr < k and kj. 2 p, and Ind(S;) = kj < pforh+1< j < k and
j #Jjry 1 <1 < q. Let g be defined by (3.1) and let f(t) be a w times continuously
differentiable function where

(3.17) w =max{p -1, g}.

Then the general solution of the regular problem (1.1)-(1.3) is given by

h
x(t) = exp(t/\o){ Z M,; exp(Sj_lt)
(3.18) i=1

x v-—/te)()(—S'l S7'Wii f(u)d P(t
A I WS Wi f(u)du | p + P(2),

where P(t) is defined by (3.16) and v; is an arbitrary vector in Cn;x1 for 1 < j < h.
If J has no nilpotent blocks S; with index k; > p, then P(t) = 0.

Example 1. Let us consider the system

R S R O A A v

Easy computation shows that taking Ao = 1, the matrix P(1) appearing in (1.3)

01
satisfies P(1) = [1 0] and the corresponding matrices B, and B defined in (2.3)

take the form
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In accordance with the notation of Theorem 1 we have

0 0 1 0 0 1 2 1
0 0 0 1 -1 3 1
= M = y
C=1_11 1 1| 0 1 -2 0
11 -1 0 -1 -1 -3 0
RN
ooy on
W= 1'11’
0 -3 -7 1

Slz[(l) 1], Sy =(-1), S3=(0),

0 1 2 0
1”21=[__1 _1]7 Mz'z=—[3J, M'23=[0]7

-1 1
Wi = [ 4 ] y Wa=[0,-3], Wa =[-1,1].

1 -3

Note that J = diag(Sy, S2, S3) has no nilpotent Jordan blocks with index k; > 2 and
thus the function P(t) from Theorem 3 is zero. By Theorem 3, the general solution
of system (3.19) is given by

o(t) = [_01 ! 1} exp(2t)v, - [i] v -1 [t:I%J exp(20),

where v is an arbitrary vector in Cax; and v, is an arbitrary complex number.

4. BOUNDARY VALUE PROBLEMS
Let us observe the notation of the previous sections and for the sake of convenicnce
let us write the general solution of (1.1), (1.3) in the form

h
(4.1) w(t) =Y Myjexp (ol + 57")t)v; +Q(1),

j=1
where v; is an arbitrary vector in C,; x1 and Q(t) is given by
h : R
(4.2) Q(t) = P(t) — exp(tio) ZM,,]' / exp ((t - u)Sj'l)Sj_Ile f(u) du,
j=1 0

while P(t) is given by (3.16) if J has nilpotent Jordan blocks S; with index k; > p,
and P(t) = 0 in the other case.
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If we assume that the function z(t) defined by (4.1)—(4.2) satisfies the boundary
value conditions of (1.2), it follows that the vectors v; must verify

p h P

(43) ) EiMy;(Mol+8;1)  exp (a:(Mol +5;1))v; = Fi= Y EiQ®V(a:)

s=1 j=1 s=1

for1 <i<yq
Let us denote by G; and S;; the matrices

(4.4)
»
Sy = ZEisij(/\OI + Sj“l)s"1 exp (ai(Aol + Sj_l)), 1<i<q 1<ji<h,
s=1
17
Gi=F - ZEisQ(s—l)(ai)) I<igq.
s=1

Then (4.3)-(4.4) imply that the vectors v; must solve the algebraic system
(%1 G1
(4.5) Si) | 1 =1]:1>
Up Gq
where (S;;) is the block partitioned matrix with entries S;; defined in (4.4) and
vectors G; for 1 < i < ¢ are defined by (4.4).

Now by Theorem 2.3.2 of [15], p. 24, the algebraic system (4.5) is compatible if
and only if

Gy
(4.6) [I-(S5)Si*] | ¢ | =0,
Gq

and under the ~ondition (4.6) the general solution of (4.5) is given by

m Gl
(4.7) B ETCH L I A S AL
Un G‘I

where D is an arbitrary vector in Cax1 with

h
(4.8) d= an.
Jj=1
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By the previous comments the following result has been established:

Theorem 4. Let us observe the notation of Theorem 3 and let us consider the
boundary value problem (1.1)-(1.3) where f(t) is a w times continuously differen-
tiable function ou the interval [0, a]. If (S;;) and G; are defined by (4.4) for1 < i < q,
1 < j < h, then the boundary value problem (1.1)-(1.3) is solvable if and only if the
condition (4.6) is satisfied. Under this condition the general solution of the problem
is given by (4.1)—(4.2), where vectors vy, . .. ,v;, are determined by (4.7) and D is an
arbitrary vector in Cyx with d defined by (4.8).
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