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Summary. Maximization problems are formulated for a class of quasistatic problems in
the deformation theory of plasticity with respect to an uncertainty in the material function.
Approximate problems are introduced on the basis of cubic Hermite splines and finite
elements. The solvability of both continuous and approximate problems is proved and
some convergence analysis presented.
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INTRODUCTION

One of the simplest models of elasto-plastic bodies is represented by the deforma-
tion theory of plasticity (see [3], [4], [5]). It is nothing else than an elastic model with
a nonlinear stress-strain relations. From the mathematical point of view, the model
is advantageous, being formulated by means of potential and strongly monotonous
operators. The crucial role is played by a material function, which has to satisfy
some differential inequalities.

Sometimes, however, the material function cannot be given uniquely, but only in
some set of admissible functions. If maximal values of a functional are the main
goal of all computations (e.g., some mean values of displacements, intensity of shear
stresses or principal stresses, respectively), we can follow an approach used in Opti-
mal Design and formulate a maximization problem, which expresses the requirement
to remain “on the safe side”.

In Section 1 of the present paper we recall the deformation theory of plasticity,
setting a mixed boundary value problem. Conditions guaranteeing the existence and
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uniqueness of a weak solution are given in Section 2. A continuous dependence of the
solution on the material function is derived in Section 3 and a general maximization
problem is formulated in Section 4. Here we present three examples of function-
als, which may be of practical interest. The short Section 5 contains the proof of
solvability of the maximization problem.

In Section 6 we introduce approximations of the material function, using cubic
Hermite splines and Ritz-Galerkin method is applied to define approximate displace-
ment functions. In this way we introduce an approximate maximization problem and
prove its solvability. Section 7 is devoted to a convergence analysis. We can show
that having a sequence of approximate solutions (with the mesh-sizes of both the ma-
terial function and the displacement function discretization tending to zero), one can
choose a subsequence, which converges to a solution of the continuous maximization
problem.

The results are valid for both three-and two-dimensional problems. The Ka¢anov
(secant modules) method (see [3], [5], [6]) is proposed for computation of approximate
displacement functions.

1. SETTING OF THE STATE PROBLEM

Let us recall the basic relations of quasistatic problems in the deformation theory
of plasticity (see Kacanov [3], Langenbach [4], Necas and Hlavagek [5, 6]).
We consider a body occupying a bounded domain © C R?® with a Lipschitz bound-
ary 02 and assume that
oN=r,ul’,ul'y,

where 'y, [, are relatively open in 90, I’y # @ and the surface measure of 'y
vanishes.

Let the material of the body be governed by the following Hencky-Mises stress-
strain relations

2
Tij = (k - gu(v))éiﬂ +2p(7)ess
where k is a (constant) bulk modulus,
1
9 =9(u) = ei;(u) =divuy, e;; = e;;(u) = i(aui/ax]- + Ou;/dx;),

7y =7(u) =T(u, u),
I'(u, v) = —gﬂ(u)ﬂ(v) + 2e;5(u)e;; (v)

and a repeated index implies summation over {1,2,3}.

448




The function p: [0,+00) — R belongs to a certain set of admissible functions,
which will be specified in the following section.

Let body forces f € [L?(2)]®, surface loads g € [L?(T';)]® and a displacement
function u® € [H1(Q)]® be given.

We are looking tor a solution of the following non-linear boundary value problem

(1.1) —07;5(u)/0z; + fi =0 inQ, t=1,2,3,
u=u’ on Ty,

vjTij(u) =g; onTl;,

where v denotes the unit outward normal to 9.
The solution of the problem (1.1) leads to the minimization of the functional of
potential energy (see [5 - chapt. 8])

¥(u)
(1.2) B(u) = = / [kﬂz(u) + / u() dt] dz — / fuide — / giu; ds
2Jq 0 Q .
over the affine set u® + V', where
V={aue[H®P:u=0 onT,}.

The minimization problem ca1 be replaced by the following equivalent problem:
find u € u® + V such that

(1.'3) D®(u,v) = /Q [k9(0)9(v) + p(y(u)[(u,v)] dz - /{; fividz — /1" gividr =0

r

forall veV.
Here D®(u,v) denotes the Gateaux differential at the point u.

2. THE SET OF ADMISSIBLE MATERIAL FUNCTIONS

To guarantee a unique solvability of the problem (1.3), we assume that the function
u € C*([0,+00)) and there exist positive constants uo, k, such that 3k/2 > pg > &,

(2.1) Mo

< p(t
(2.2) K< p

) < 3k, du/dt <0,
) +

2tdp/dt
holds for all ¢ > 0.
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Let us introduce the space U = C(1)([0,1]) and the following sets of admissible
functions:

Uaa = {p € C([0,1]): o < ¢(§) < 3k, —C1 < dp/dEKO,
k< @(§) +&(1—§)dp/dE
for all £ € [0,1] and |d?p/ d€?| < C; for a.a. € € [0,1]},
Uaa = {p € CO1([0,1]) : po/2 < p(€) < 2k, —2C; < dp/dE K0,
k[2 < p(€) +E(1 - &) dp/dE
for all £ €[0,1] and |d%p/d€?| < Cy foraa. £€]0,1]},

where C; and Cs are given positive parameters, C1):! denotes the set of Lipschitz
continuous functions with Lipschitz continuous derivatives.
For any t € [0, +00) we define the material function

tl/2
1+t1/2)'

(2.3) u(t) =(

It is easy to verify that the material function p satisfies the conditions (2.1), (2.2),
provided ¢ € Uyq. We have

du(t) _ (1-6° de(§) . _ _t'/? &

(2:4) e~ 2 d¢ _1+t1/2’t=(1—§)2'

Lemma 2.1. The sets U,q and ffad are compact in U.

Proof follows from a repeated use of Arzela-Ascoli Theorem and a classic result
for the derivatives of a uniformly convergent sequence. O

Remark 2.1. The function t/2(14¢!/2)~! can be replaced by 2n~! arctan t'/2.

3. WELL-POSEDNESS OF THE STATE PROBLEM

Proposition 3.1. There exists a unique solution u(y) of the state problem (1.3)
for any ¢ € U,q and u defined by the relation (2.3).

Proof. See[5-§8.2]. O
Proposition 3.2. Let ¢, € Uyq, vn — @ in C([0,1]), as n — co. Then

(3.1) u(pn) = ulp) in [H(Q)P.
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Proof. Let us follow some ideas of Langenbach [4 — IV. §1.1]. Denote W:
= [HY(Q)]3, W* its dual, [, -] the dual pairing, || - || the norm in W, and || - ||. the
norm in W*, u,, = u(prn), u = u(p). Introduce an operator A(p): W — W* as
follows:

(Aol = [ [ (k= 3u6))200900) + 22 (e )] d,

where u(t) = gp(t1/2(1 + t1/2)—1)'
Then for any ¢ € U,q the operator A(yp) is uniformly strongly monotone on the
set u® +V, ie.,

(32) [A(p)u - A(p)v,u — ] > Cllu - o]}

holds for any ¢ € Ugyq, u,v € u® + V, where the constant C is independent of ¢.
In fact,

[A(p)u — A(p)v,u —v] > 2;9/ eij(u —v)eij(u—v)de
Q

follows from the condition (2.2) (see [5 — §8.2, Lemma 2.1]). Combining this result
with the Korn’s inequality, we obtain (3.2).
Second,

(3.3) _ |A(en)v — A(@)v||ls =2 0 asn— oo

holds for any v € W.
In fact, we may write

[[A(pn)v = A(p)v,w]| < C/Q ltn = llo,oo(19()] [9(w)] + |es;(v)] |es; (w)]) dz
< Clltn = ullo,collvll1llw]l1,

where

ltn — pllo,co = sup |un(t) — u(t)| = sup [pn(z) —@(z)| = 0.
te[0,00) 0,1]

TE

Using (3.2), we have

(3.4) [A(pn)un — A(p)u,u, — u]
= [A(¢n)un — A(pn)u,un — u] + [A(pn)u — A(p)u, un — u]
> Cllup —ull} = | A(pn)u — A(p)ulls |lun — ulls.
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Since
[A(gn)un,v] = [A(p)u,v] = /Q fovida + /r gueds

for all v € V follows from the definition (1.3), the left-hand side of (3.4) vanishes.
Thus we obtain
llun = ulls < C7H|A(pn)u — A(p)ull,.

Using (3.3), we arrive at the strong convergence (3.1). O

4. SETTING OF A MAXIMIZATION PROBLEM

Let a functional ¥: U,q x W — R be given, such that if @, € Uzq,0n = ¢ in U
and u, — u in W, then

(4.1) h_‘P ¥(pn,un) = ¥(p,u).
We want to solve the following Mazimization Problem: find

(4.2) ¢ = arg max ¥(p,u(y)).
9€Uqq
Example 4.1. LetG;,1<j <N, begiven subsets of I';, with positive surface
measure. Define

¥;j(u) = (meas G;)! / u;v; ds
and

¥(u) = (ax, V;i(u).

Using the Trace Theorem, it is easy to see that the assumption (4.1) is satisfied.

Example 42. Let G;, 1 < j < N, be given subdomains of 2, meas G; > 0.
Let us define

¥;(p,u) = (meas Gj)_l/Au(“r(u))(*r(u))‘/2 dz.

J

The integrand represents the square root of the intensity of shear stress (i.e., an
invariant of the stress tensor)—see [5 — §3.3]. We define

U(p,u) = max, Vi(p,u)

and show that the condition (4.1) is satisfied. Obviously, it suffices to consider a
single functional ¥; (¢, u).
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First, we prove the following
Lemma 4.1. Ifu, — u in W, then

((wa)'? = (vw)?  in L*(Gy).

Proof. Using the definition of y(u) and the inequality
(4.3) IT(u,v)| < ¥*/* ()72 (v),
we derive that

(72 (un) = 72 (w))? = y(un) + 7(w) = 272 (un)y"/*(u)

< T(up —u,upn — u) = y(up — u).

Hence using also the estimate

(4.4) / y(w)dz < Cllwl? Ve W,

7

we obtain

(4.5) / (Y (un) — ¥ (w))? dz < / Y(tupn — u)dz € Cllu, —ul|? — 0.
Gj

Gj
O
Lemma 4.2. If p € Uyq and u, — u in W, then
u(v(un)) = u(y(w) in L*(Gy).
Proof. Let usintroduce an auxiliary function
i(s) = o(s(1+5)71), s€[0,400).
Then
u(t) = B(E/?), |dii/ ds| = (1+ s)72|dg/ da| < C1.
Then we may write
@9 [ o)~ ur@)FPde = [ EO0VHn) = B ) d
< CHIv 2 (un) = v (W) < CEClun — ull},
using (4.5). a
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Combining Lemma 4.1 and Lemma 4.2, we obtain

(B(Y(un)), Y2 (un))o = (L(7(w)), 72 (w))o  as n = co.

Since the definition of u, y, and the estimate (4.4) yield that

(i (Y(un)) = (¥ (), Y2 (un))ol

12
< Cllttn - tlloo ( [ ) dx) < Cllon - llosollunlls,

7

we obtain that

|k (¥ (), Y2 () o = (m(y (), Y2 (w))ol
< pn(r(wn)) = p(¥(wa)), 72 (wn) Yol
+ (Y (un)s Y2 (n))o — (1(y(w)), ¥/ (u))o| = 0,

as p, = ¢ in C([0,1]) and u, — u in W.
As a consequence,

Vi(pn,un) 2 ¥i(p,u), 1<j<N, asn—o0

and the same holds true for ¥ = max;.
J

Example 4.3. Let us consider a corresponding two-dimensional plane stress
problem. Then the coefficient (—2/3) in the formulae for 7;;, I'(u,v) has to be
replaced by (—1) and (3k/2) in the condition (2.1) and in the definition of U,s by

(k).

Let the principal stresses be denoted by 71, 72, 71 > 7. We define

V3l = (meas G) ' [ mlpuw)de, 1< <N,

J

where G; is a given subdomain of @ C R?, meas G; > 0. Let us introduce
v = i(p, u).
(pyu) = max v;(¢,u)
It is easy to derive that

/‘Tl(‘f””)dl’:/G'[W(U)+u(7(u))(ﬁ(u))1/2]dz

Gj
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where

B(u) = B(u,u),
B(u,v) = (e11(u) — ez2(u))(e11(v) — e22(v)) + 4e12(u)er2(v).

For 3 we prove an analogue of (4.3), (4.4) and of Lemma 4.1, using a parallel
argument. Consequently, the condition (4.1) follows, provided ¢, — ¢ in U and
u, = uin W.

Remark 4.1. Note that Propositions 3.1 and 3.2 hold true also for the plane
stress problem. Their proofs are completely analogous.

Remark 4.2. In the proof of (4.1) for the three examples 4.1-4.3 we have not
needed the convergence in U = C(") but only in C([0, 1]).

5. EXISTENCE OF A SOLUTION TO THE MAXIMIZATION PROBLEM

There exists at least one solution of the Maximization Problem (4.2). Indeed, we
can define the following functional

J(p) = ¥(p,u(p)), ¢ € Uad,

on the basis of Proposition 3.1. Let {¢,} be a sequence of functions ¢,, € U,q, such
that

lim J(pn) = sup J(p).

n—oo 9€Uqa

Using Lemma 2.1, we can choose a subsequence {¢,,} such that ¢,, — ¢° in U and
@° € U,q. Proposition 3.2 implies that

w(om) = u(@®) in W, asm — .
By virtue of the assumption (4.1), we may write

sup J(¢) = lm ¥(om,u(pm)) = ¥(¢°, u(¢?)),
(PGUm[ m—o0

so that ¢° is a solution of the problem (4.2).
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6. APPROXIMATE SOLUTION
Let us assume that
Let M be an integer such that
1
(6.2) M > 502/01.

Denote A; = [(j — 1)/M,j/M], j=1,...,M, ¢}, = dpm/dz and introduce the
following approximation of the set Ugq:
(6.3) UM = {om € CO([0,1]): @araj € P3(A)), G=1,..., M;
o < oum(j/M) < 3k/2;
~C1 < ¢y (§/M) < =3C2/M;
em(G/M) +3/MQ - /M)y (/M) > &;

|(p,1\//I(.7/Mi)|<C27 j‘:O’l’"'aM}'

Here P3(A;) is the space of cubic polynomials on the interval A; and

O (G/M=E) =limy,(z) forz — j/M .

Functions ¢p € UM are Hermite cubic splines. It is easy to verify that

(6.4) UM ¢ Uy, UM c U,q, for M great enough.
In fact,

(6.5) [om (€) — or(G/M)| < 5C1/M + SCafM?,
(6.6) (03 (6) = ha G/M)| < 5Cof M

holds for all £ € [0, 1] and the closest nodal point z; = j/M.
The condition (6.2) guarantees that the interval in (6.3) has a positive length.

Lemma 6.1. The set UY is compact in R2(M+1),

Proof. Every pp € UM can be identified with the vector of nodal values
om(F/M), oy (G/M),j=0,1,...,M. It is readily seen that a bounded and closed

set A C R2(M+1) corresponds to UM. As a consequence, the set A is compact in
R2(M+1) 0O
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Let W, C W be a finite-dimensional subspace (e.g. a finite element space) and
Ve =V NW,.
We define the Galerkin approzimation up = up(p) for ¢ € U,q as follows:

up € u® + WV,
(6.7) ap(un;un,vn) = L(ve) Vup € Vi

where
68) aptusw,0) = [ [(k=Zu0r(u))9w)90) + 2(rw)es (e (v)] b
(6.9) L(v) =AfiUidx+[‘ giv;ds

and
u(t) = (/2 (1+/2)71).

Lemma 6.2. For any ¢ € U,4 there exists a unique Galerkin approximation
un ().

Proof. The condition (6.7) is equivalent with the following minimization prob-
lem

(6.10) up = arg min ®(v)
veEuO+V,

(cf. (1.2) and (1.3)). The functional
J(yn) = ®(u® + yn)

is coercive and lower semicontinuous on the space Vj, (see the analogous proof of
Theorem 2.1 in [5 — §8.2]). As a consequence a minimizer u® + wy, = uj, exists.

Let up and @) be two Galerkin approximations. On the basis of (3.2) we obtain
that

aw(uh;uh,uh — ) — a‘p(ﬁh,ﬂh,uh —Tp) 2 C||uh - ﬁh"%.
Since the left-hand side vanishes, up — @, = 0 follows. O

The Galerkin approximation u(y) can be calculated by means of the secant n.od-
ules (Kacanov) method as follows:

Let y° € Vi be arbitrary. If y* € V;, is known, let y*+! € V}, be defined by the
relation

(6.11) ap(u® + y¥;ul + y** v) = L(v) Yo € V.
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Then
(6.12) llun — (W +y*)[lL = 0 ask — oo.

For the proof—see [5 — §11.5]. We can modify the argument there slightly, replac-
ing the Hilbert space H by the affine set u® + V), C W},.

Remark 6.1. Note that only now the assumption d¢/dz < 0 is employed, for
the proof of (6.12).

Proposition 6.1. If {¢,}, ¢n € Usq and ¢, = ¢ in C([0,1]) as n — oo, then

ur(pn) = un(p) asn — oco.

Proof. is analogous to that of Proposition 3.2. a

Let us introduce the following Approzimate Mazimization Problem:

(6.13) ¢hr(h) = arg max ¥(pm, un(pm))-
eM€EUM

Lemma 6.3. Let the functional ¥ satisfy the condition (4.1). Then the Approx-
imate Maximization Problem (6.13) has at least one solution.

Proof. Let {¢%},n— 00,93 € U%, be a sequence such that

(6.14) lim (o, un(ehs)) = sup  ¥(on, unlom)).

By Lemma 6.1 the set UM is compact and therefore a subsequence {¢7:} C {¢75}
and oy € UM exist such that

Oy — M in R2M+D a5 m — oo.
Proposition 6.1 yields that u,(¢75y) = un(en). Using (4.1), we obtain
(6.15) U(phsun(ehr)) = ¥(em,un(pm)) asm — oo.
From (6.14) and (6.15), we deduce

U(pm,un(em)) = sup  ¥(om,un(pm)),
eM€EUM

so that op = ¢§,(h) is a solution of the problem (6.13). a
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7. SOME CONVERGENCE ANALYSIS

We will study the behaviour of the solutions ¢9,(h) and approximations
un(¢Q,(h)), when M tends to infinity and h (the mesh-size of finite element dis-
cretization) tends to zero. To this end, we shall need the following.

Lemma 7.1. For any ¢ € U,, there exists a sequence {¢p}, M = Mo, Mo+1,...
such that op € UM and ppy = ¢ inU = C(l)([O, 1]), as M — oc.

Proof. Denote (cf. the definition of UM)
1
b(M) = 502/M'
For v € (0,1) define

o, (s) = @°((1 — v)s), where
W) =p(s+1/2)andse I, =[-(1-v)" (1 -v)7Y).

Then we have for s € I = [-1,1

Ho < 0u(5) < Sk ~C1 < dpu(5)/ ds <0,

de.(s) dy
(7 1) ds dz (1 V)a ”Sou ‘P“O,oo,l S CIV/2>

1
lle,, — @' llo,c0,1 < (C1 + 502)1/-

Let us apply the regularization
Rupu(®) = (raf)™ [ w(t=5)au(5)ds

—0o0

where H = const > 0,

2

z
S 179 .f ,
w(,z,H):{expz'2—H2 i <H
0 if |z2| > H

and

H
Ko = H_l/ w(z,H)dz.
-H
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Thus we obtain

(72) RH‘pu € COO(I), RHWU(S)
(7.3) -C1 < (Ruyp,) (s) 0 forallse

»ﬂ(\DIOO

Let us denote

= ”(P - Wv”l,oo,l, E2 = ”RH‘pu - LPU”l,oo,I,
E(V,H) = F; + Es.

Introduce a function
1
n(s) = (1= N Rr@y(s) + So — b(s + ) +4bA/Cy

where So=§(§k+uo),A—%( k— Ho)
A=AM,v,H) =¢/A+4b/C,.

Next we show that if M is great enough and v, H small enough, 0 < A < 1 and 7
satisfies the following conditions for all s € I:

(7.4) po < n(s) < 3k
(7.5) —Cy <1(s) < —b(M)
(76) n(s) + (3= 92)(s) > .

In fact, using (7.2), (7.3) we may write
meillln(s) > (1= ANpo + SoA —b+4bA/Cy = po + € +8A/Cy — b > po,

since b(8A/Cy — 1) > 0 (by virtue of (6.1));

MIW
an

3 A 3
P 2 < Zk—AA+4A/C, = —k—
Iglg?cn(s)s(l /\)2k+50/\+4bcl 2k AA + /C1 = e<
n'(s) = (1= A)(Rue) = b,
so that

b3 n(s) > (1= MN)(=Ci) —b=—C1 +AC1 = b
=-C1 +3b+¢eCy/A > —C;.
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Since

1 1
[Bre. + (3 - %) Bavn) = (o + (3 -5°)%))]
1
< |Rup, — ol + ZIRW’U —¢'| < |REYy — @ll1,00,1
< IRHPy = @ull1,00,1 + llov — @ll1,00,1 = €(v, H),
we conclude that 1
Ruep, + (Z ~ ?)Rugl, > k- e(v, H).

Then we may write

n+ (7= 5)0 = (1= NRugw + Sod —b(5 +5) +464/Cy

4
+ (2= )= NRue) -1

1
(1= \)(Rup, + (Z — *)Rug,) + SoX +4bA/Cy — b
(1= A)(k —€) + (1o + A)A + 4bA/Cy — b

kK—e+ A+ Auo—k)+e+8A/CL — b2 k+ Ae 2k,

VWV

using (6.1) and po > k. Altogether, the function 7 satisfies the conditions (7.4)-(7.6).
Let Ipn denote the Hermite cubic interpolate of 7 with the nodes z; = j/M,
j=0,1,..., M. Then we have

4
(7.7) llo=Imnll,e0,1 < lo—@ull+ll0w — Ru@o ||+ | Ruow —nll+In—Imnll = > E:
i=1

where all the norms are in the space C(!)(I). From (7.1) we obtain
(7.8) B < %(301 +Cy).

It is well-known that (see e.g. [7])

(7.9) E; < Colloy — Ruwull2,2,r »0 as H—>0+.

It is readily seen that

Es = ”,\(s0 — Rup,) +4bA/Cy — b(-;- + s) “
(7.10) < C(A+b) = C(E, + Ey + b(M))

1,00,1
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where 5, C are independent of v, H, M.
Finally, we have

(7.11) Es < GColln = Imnllz,2,r < CM 2[nla2,1
where |7]4,2,7 stands for the seminorm of fourth derivatives and
(7.12) a2, < I(Ra0s) @ llo2.1

follows from the definition of 7.
Combining (7.7) till (7.12), we can prove that

lo = Innll1,00,0 = 0 as M — oo.
(Indeed, we can choose vy such that
E, < ¢/(16C),
and Hy such that E; < ¢/ (166), where € > 0 is arbitrary. We choose M3 such that
Cb(M) <e/8 for M > Ms
and My such that
CM2||(Ruypue) Pllo,2,r <€/4 for M > My.

Then .
ZE,- <e for M > max{Ms, M4}

=1

follows from (7.10)—(7.12), as 5/(166‘) < €/4 can be supposed without any loss of
generality.)
It remains to prove that

(7.13) I (Zmm)" llo,00,1 < Co2-

In fact, we can derive this bound for M > 3g(H)(2v — v?)~1C; !, where g(H) is
some function, such that g(H) — 400 as H — 0+.
It is easy to derive that

I (Za1m)" llo,00,1 < 111" ll0,00,1 +3M ~H{In""llo,00,1-
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On the other hand,

17" ll0,00,1 < [|(Ra®)" llo,00,1 < Ca2(1 — v)?

follows from the definitions of  and ¢,. Moreover, we have

H
"' <|(Ruen)"| < (koH)™'C3(H) /_H pu(t) dt < 3kCs(H)/ko = g(H),

where lim g(H) = +o00 as H — 0+, since the kernel w(z, H) has continuous third
derivatives. Thus we obtain

|(Inm)" (s;£)| < Co(1 = v)* +3M ' g(H)
and if M satisfies the inequality
“lg(H) < Ca(1~ (1 =v)?) = Co(2v =17,
then (7.13) holds true. O

Lemma 7.2. Assume that:

(i) the set V N [C*(Q)]® is dense in V and

(ii) for any v € V N [C>®(N)]® there exists a sequence {v}, h — 0+, such that
vpb €V, andvy, - vin W as h — 0+.

Then

up(p) > u(p) imW ash— 0+

holds for any ¢ € Uaa, where un(p) is the Galerkin approximation and u(y) is the
solution of the problem (1.3).

Proof. follows from the general theorem on the convergence of Ritz-Galerkin
approximations [1 — Chapter 4, Theorem 0.6]. We employ the inequalities

D?®(u;v,w) < Cllv|||wlly  VYu,v,w € W,
D?®(u,v,v) > / eij(v)eij(v)dz = Collv||? Yue W,v eV,
Q

(see [5 — §8.2, Lemma 2.1]). 0

Remark 7.1. Both assumptions (i) and (ii) are easy to satisfy. We can use
standard finite element spaces.
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Proposition 7.1. Let the assumptions of Lemma 7.2 be satisfied. Let {pp},
M — oo, be a sequence of pp € UM, such that opr — ¢ in U, as M — .
Then there is a subsequence {¢p, } and a function

A: (0,400) = (0,+00) such that lim A(h) = +00 as h — 0+ and
un(pm,) = u(p) in W as h - 0+ and M, > A(h).

Proof. Consider a fixed subspace W),. By (6.4) and Lemma 2.1, ¢ € Usd
follows. Lemma 6.2 and Proposition 6.1 imply that )

up(prm) = up(p) in W as M — oo.
Using Lemma 7.2, we obtain
up(p) > u(p) in Wash—0+.
As a consequence, we have

llun (o) — (@)l < llunleonr) —un(@)lls + llun(e) = u(@)ll =0

as h —» 0+ and M — +o00, M > A(h) for some function A, which grows to infinity
as h = 0+. O

Theorem 7.1. Let {¢},(h)}, h = 0+, M > A(h), be a sequence of solutions
of the Approximate Maximization Problems (6.13), (where X is the function from
Proposition 7.1). Let the assumptions of Lemma 7.2 be satisfied.

Then there exists a subsequence {¢%;, (hn)} and ©° € Uaq such that

(7.14) W, (hn) = ¢° inT,
(7.15) un, (W31, (hn)) = u(®) in W,
(7.16) (D3, (hn), un, (934, (hn))) = T(¢°,u(¢))

as M, = +00, h, = 0+, where ¢° is a solution of the Maximization Problem (4.2).

Proof. Let ¢ € Uuq be arbitrary. Using Lemma 7.1 we find a sequence {¢n}
such that ppr € UM, o = ¢ in U as M — oo.
By definition, we have

(7.17) T (e (R), un(whs () = T(om, un(om))
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for all couples (h, M) under consideration. Let us apply (6.4), Lemma 2.1 and
Proposition 7.1 to both sides of (7.17). On the left-hand side we can choose a
subsequence {¢%; (hn)} such that

SO(I)VI,. (hn) > ¢° inU, ¢° € flad,
Un, (V% (Rn)) = u(¢®) in W.

Moreover, we can prove that ¢° € U4, using (6.5) and (6.6).
By virtue of (4.1) we have

U (04, (hn), tn, (931, (hn))) = ¥ (0°,u(¢?)).

On the right-hand side of (7.17) we obtain that

un, (om,) = u(p) in W,
Y(om,,un, (Pum,)) = L(p,u(p)).

Thus we are led to (7.14), (7.15), (7.16) and to the inequality

(%, u(@?) = (e, u(p)),

so that ¢ is a solution of the problem (4.2). O

Remark 7.1. In practice, (7.16) is the most important result. Indeed, the max-
imizing data (° are usually not needed, whereas the “safest” value of the functional
¥ is required.

Remark 7.2. In two-dimensional problems, we have to modify the conditions
(6.1) and the proof of Lemma 7.1 replacing everywhere (3k/2) by (k). In the defini-
tion (6.8), the coefficient (—2/3) has to be replaced by (—1). The assumptions (i),
(ii) of Lemma 7.2 are prescribed for V N [C>(R)]2.
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