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Abstract. We apply the method of reliable solutions to the bending problem for an
elasto-plastic beam, considering the yield function of the von Mises type with uncertain
coefficients. The compatibility method is used to find the moments and shear forces. Then
we solve a maximization problem for these quantities with respect to the uncertain input
data.
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INTRODUCTION

Employing the method of reliable solutions (“worst scenario” method) for prob-
lems with uncertain input data (see [2-6]), we consider a bending problem for an
elasto-plastic beam, according to the Reissner-Mindlin model in combination with
Hencky’s model of perfect plasticity. We assume that the yield function is uncertain,
so that its coefficients are given within some intervals.

Passing to the dual variational formulation in terms of bending moments and
shear forces, we obtain an analogue of the Haar-Karmén principle (cf. [8]), i.e., a
modification of the Castigliano principle of minimum complementary energy. Thus
the well-known compatibility method [10] can be employed to reduce the bending
problem to a finite-dimensional one.

We consider the yield function of the von Mises type, i.e., a homogeneous quadratic
function in terms of the components of the stress tensor deviator, with uncertain
coefficients.
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Let the maximal absolute value of the bending moment or of the shear force,
respectively, be the main goal of computations. Then we introduce a maximization
problem with respect to the uncertain coefficients, which are assumed to belong to a
given compact set in R2. On the basis of methods of Optimal Design, the solvability
of the maximization problem is proved. The theory is illustrated by a simple example
of a beam with the von Mises yield function.

1. SETTING OF THE STATE PROBLEM IN TERMS OF BENDING MOMENTS
AND SHEAR FORCES

Let us consider a homogeneous elastic beam of the length [. The Reissner-Mindlin
(or Mindlin-Timoshenko) model leads to the potential energy (see [9, 11])

(1.1) (B, w) = %/0 EI(f)?dx + %/0 EGA(w' — B)* dx — (f,w),

where E is Young’s modulus, G = E(1 +v)~1/2, v is Poisson’s ratio, I the moment
of inertia and A the area of the cross-section, k is the shear correction factor, ( is
the rotation angle of the cross-section and w is the deflection. Henceforth the prime
denotes the derivative with respect to . The last term denotes the work of external
loads:

P 1
(fw) = ZP]w(x]) —I—/O fo(x)w(z) dz,

where P; are given constants (loads) and fo € L'(0,1) a given loading, z; € [0,1] are
given points.

The primal problem of an elastic beam is to find
1.2 i
(1:2) BeViwevs (8, w)
where V;, i = 1,2, are some subspaces of the Sobolev space H'(Q2), Q = (0,1),
corresponding to the essential boundary conditions.

Using the saddle-point approach (see e.g. [1]) or the Friedrichs transform (see
e.g. [8]), we pass from the primal problem (1.2) to the dual problem

1.3 i A
(1.3) AgﬂEl?f)w()

for the complementary energy

11, 1,
@(A)*E/U (7t + ) o
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where
(1.4)

l
B = (e 2@ [ Onf 4+ daw ~ 9 de = (fw) ¥ (Bow) € Vi x Val),
0
The solutions of the problems (1.2) and (1.3) are linked as follows:
M = EIf; do = kGA(W' — B),

so that A represents the bending moment and Ay the shear force.
Now let us consider Hencky’s model of elasto-plasticity, based on the criterion

(1.5) F(o) <1

with the yield function
F(0) = bi(05,)? + ba(032)?,

where b1, by are some positive constants and

p 2

— D _
Ugjx - go'x;za Ugjz - UJCZ

are the only nonzero components of the stress deviator.

Remark 1.1. In case of the von Mises yield function we have by = by = 1/(2K?2),
where K is a given constant.

Since

Ope(,2) = —EzB = -2\ /I, z € [-t,t],
o22(x,2) = kG(w' — B) = Ay /A,

the condition (1.5), evaluated in the extreme fibers of the cross-section, can be ex-
pressed as follows:

2
(1.6) F(a,\) = Zai/\f(as) <1 foraa. z€]l0,]],
i=1

where a = (a1, az),

4 2 2
(17) a;p = §(t/1) bl, ag = bQ/A
are positive constants.
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Hencky’s model of perfect plasticity implies the following analogue of the Haar-
Kdrman principle (see [8—§13.2]) for the actual vector A(a) = (A1(a), A2(a)):

1.8 Aa) = ar min A),
(18) (@) =arg min o)

where E(f) is defined in (1.4) and
(1.9) P(a) = {\ € [L2(V)]?: Fla,\(x)) <1 foraa. zcl0,}.

Assume that the coefficients by, bs of the yield function are uncertain, as we can
prescribe them in some intervals only. (The intervals may result from experimental
measurements and an inverse identification problem.)

Therefore, we introduce the set of admissible coefficients

Uasa ={a € R2: o) <a; < al?) 1=1,2},

min max’

@ @)

where a, ), Gmax are given positive constants.

Proposition 1.1. Assume that
(1.10) K(a)=E(f)NnP(a) #0 Va & Uu.

Then there exists a unique solution A(a) of the problem (1.8) for any a € Uyq.

Proof. Itiseasy to find that the set E(f) is closed and convex in H := [L?(£2)]2.

By the Lebesgue Theorem, we can verify that the set &?(a) is closed in H. Since
the function F'(a, -) is convex for any a € U,gq, the set & (a) is convex. Altogether, the
set K (a) is closed, convex and nonempty by assumption for any a € U,q. Moreover,
K (a) is bounded, since

re P(a) = Nillpe <a; P i=1,2.

The function ¢ is strictly convex, quadratic, so that it is weakly lower semicon-

tinuous in H. As a consequence, there exists a unique minimizer in (1.8). O

Theorem 1.2. Assume that

(1.11) K (amax) # 0, where amax = (1), al?) )
and let
(1.12) a" € Ug, a" —a (inR?), as n— oo.
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Then a unique solution A(a™) of the problem (1.8) exists for all n and

AMa™) — Ma) in  [L*(Q)]?.

For the proof we shall need the following definition: we say that

K(a) = lim K(a")

n—oo
if
(i) for any A € K(a) there exists a sequence {A\"}, A" € K(a™), such that A" — A
in H;
(i) if A" € K(a™) and A" — X (weakly) in H, then A € K(a).
Lemma 1.3. Let the assumptions (1.11), (1.12) be satisfied. Then

K(a) = lim K(a").

n—oo

Proof. ad (i): Let any A € K(a) be given. From (1.11) we obtain that a
Ao € E(f) N P(amax) exists. Since

P (Amax) C P(a) Va € Usa,
Ao € K(a) for any a € U,q. Let us denote X:= X — )\ and define
tp = max{t € [0,1]: Ao +tA € P(a™)}; \" = Ao + ta\.
Obviously, we have t,, — 1 as n — o0,

N e P(a"), \" € E(f) (since A € E(0)),

A" =X+ A=\ in H.
ad (ii): Let A" € K(a™), A™ — X (weakly) in H. The set E(f) is weakly closed,
being closed and convex. As a consequence, A € E(f).

To verify that A\ € Z(a), we choose an arbitrary function ¢ € C§°(Q2), ¢ > 0 in 2
and prove that

(1.13) /lcp(lF(a,)\))dx > 0.
0
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In fact, from A" € &(a™) we obtain

l
/ o(l = F(a™, A"))dz >0,
0

so that

! 12
(1.14) / pdz > / @Za?()\?)Q dz == J,
0 0 =1

On the other hand, we may write

(1.15) /@Z )2 — a; (A7) dx+/g02az (A7)?

=In + L(A"),

l
(116) [Tl < 3 Jar —al / O dz — 0
i 0

since the sequence {A\"} is bounded in H and (1.12) holds. The functional I5(\) is
weakly lower semicontinuous, so that

n—oo

!
(1.17) lim inf Io(\") > Io()\) :/ 0> aiXlda.
0 i
Combining (1.15), (1.16) and (1.17), we arrive at
l
liminf J,, > lim I1,, + liminf I5,, > / oF(a,\)dz.
0
Passing to liminf on both sides of (1.14), we obtain

l l
/ pdr > / oF(a,\)dz,
0 0

which is (1.13). It follows from (1.13) that
1> F(a,\) a.e.in (0,1),

so that A € Z(a). O
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Proof of Theorem 1.2 is a simplified version of that for a more general
Theorem 1.1 in [7]. Let us introduce the bilinear form

l
A 1] = Do(A, ) = / (e1A1p1 + eadopo) dx, e; = const > 0,
0

where Dp(A, 1) denotes the Gateaux differential. Then [\, p] represents a scalar
product in the space H and the problem (1.8) is equivalent to the following variational
inequality for A(a) € K(a):

(1.18) [A(a),p— Aa)] =20 Ve K(a).

By (1.11), (1.12) and Proposition 1.1, the inequality (1.18) has a unique solution
for any a € Uyq.
Denoting A" := A(a™), we have \* € K (a™) and

(1.19) A", A" —u] <0 Ve K(a").

By (1.11), there is a Ay € K(a™) for all n (cf. the proof of Lemma 1.3) and we
have
I = A A< AT Ao <A (ol

Therefore {\"} is bounded and there exist A € H and a subsequence {\"} C {\"}
such that

(1.20) A" —= X (weakly)in H as m — oo.

We are going to show that A coincides with the solution A(a). By Lemma 1.3,
A € K(a) and there exists a sequence {w"}, w™ € K(a"), such that w™ — A in H.
Inserting p := w™ into (1.19), we obtain

lim sup [A™|? < lim [A™,w™] = [\ N,
using also (1.20). On the other hand,
lim _inf [|A™]|* > [[A]|?,
m—0Q0

since the functional ||A||? is weakly lower semicontinuous. Combining these results,

we arrive at
(1.21) lim A" = A1
m—0oQ
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Given any p € K(a), by Lemma 1.3 there exists a sequence {u"}, u" € K(a"),
such that ™ — p in H. Inserting the subsequence {¢™} into (1.19) and using (1.21),
we may write

A ] = Hm[A™, A7) < Hm{A™, 1™ = [\, 4

so that
MA=p] <0 Ve K(a)

Since the solution A(a) of (1.18) is unique by Proposition 1.1, A = A(a) and the whole
sequence {\"} tends weakly to A(a) in H.
To verify the strong convergence, we realize that

(1.22) N = AP as 0= oo,
as the proof of (1.21) can be repeated for the whole sequence {\"}. Then
IX* = A2 = [IX"[* = 2[A", A] + Al — 0

follows from (1.22) and the weak convergence. O

2. A MAXIMIZATION PROBLEM WITH RESPECT TO UNCERTAIN YIELD FUNCTION

Let us assume that the main goal of computations is a functional ®(a, A(a)). For
instance, the maximal absolute value of the bending moment or of the shear force,
respectively, over the whole interval [0,1] can be sought. Then we formulate the
following Maximization Problem: find

(2.1) a® = arg max ®(a, \(a)).
a€U,q

In this way a “worst scenario” approach is adopted, since we want to be always “on
a safe side”, taking into account the possible error in the determination of the input
data a € Uyq.

Theorem 2.1. If K(amas) # 0 and if the function a — ®(a, A(a)) is continuous
in U,q, then there exists at least one solution of the Maximization Problem (2.1).

Proof. Let {a"}, a™ € U,q, be a maximizing sequence, i.e.,

(2.2) lim ®(a”, A(a")) = max ®(a, A(a)).

n— oo a€Uqq
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Since Us,q is compact in R2, there exist a® € U,q and a subsequence {a™} such that

a™ — a° as m — co. By assumption,

(2.3) ®(a™, Aa™)) — ®(a®, \(a?)).
Combining (2.2) and (2.3), we obtain

®(a®, M(a")) = max ®(a, \(a)),

a€U,q

so that a® is a solution of the problem (2.1). O

Example 2.1. If \; € C([0,1]), we can define

®1(A) = max |A(Xq)],

where X; € [0,!] are some points chosen a priori (e.g., the places where the maximum
of [A1(x)| over [0,!] could be attained).

Let us consider a statically indeterminate beam with a finite number of redundan-
cies. Using the well-known Compatibility Method (see e.g. [10]), we find

J

(2.4) Ma) € B(f) = M(a) =) Cila)o; + Ai(f).

Jj=1

Here M1 (f) and ¢, denote the bending moment on a reference statically determinate
beam, corresponding to the loading f and to the unit redundance Cj(a) = 1, re-
spectively; C;(a) are constants to be determined. Assume that the functions {¢;},
j=1,...,J are linearly independent on [0,1], ¢; € C([0,1]).

If a® — a in R?, a™ € U,q, we may write

Za Z
Z 9o Z(OZ;L)Q
=1

n_mn
= E Gijaiaj

(2.5) IA(@™) = Ai(@)]|F20) =
L2(Q) 4 =1

where

1
aj = Cj(a") - Cj(a), Gij= / pipjde, go = const > 0.
0
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By Theorem 1.2 (assume that K (amax) # 0), the left-hand side of (2.5) tends to zero
as n — 00, so that

M-

(2.6) (04?)2 —0 and Cj(a")— Cj(a)

1

J

follows. As a consequence of (2.4) and (2.6), the function a — |A1(a)(X;)]| is contin-
uous in Uyq for all + < N. Next, we have

lim ®;(A(a")) = lim max|A1(a™)(X;)]

n— 00 n—oo LN
= max lim_[A(a")(X0)| = max| A (a) (Xo)| = @1(A(a)).

i.e., the function @ — ®1(A(a)) is continuous in U,q. By Theorem 2.1, there exists
at least one solution of the Maximization Problem (2.1) for ®(a, A) := ®1(A).

Example 2.2. If )\ is piecewise continuous, we can define

@5(A) = max max{Aaei); P (aio)

where x; are the points where the pointwise loads or reaction forces act; (x;4) and
(z;—) denote the limits for x — z;+ and x — x;—, respectively.

Considering the same beam as in Example 1, we use the Compatibility Method to
obtain

Z Cr(a)yi + X (f),

where A2(f) and ¢, denote the shear force on a reference beam for the load f and the
unit redundance force Cy(a) = 1, respectively. Assuming that {1 }X_, are linearly
independent on [0,!] and piecewise continuous, we may argue like in Example 1 to
verify the continuity of Cj(a), k = 1,..., K in U,q. As a consequence, the continuity
of Az2(a)(x;%) and Po(A(a)) in U,q follows. By Theorem 2.1, the Maximization
Problem (2.1) with ® = ®, has at least one solution.

232



3. A NUMERICAL EXAMPLE FOR THE VON MISES YIELD FUNCTION

Let us consider a cantilever beam completed with a simple support on the free
end under a unit pointwise load at the center. Taking the cantilever for the reference
configuration and setting Q = (0, 2), we find

M(f)=(@-1% X(f)=-H@-1)

where H(-) denotes the Heaviside function. If C' denotes the reaction force at z =0
(the single redundancy), then

(3.1) ANEE(f)=> M =-Crt(@—1)* A=C-Hz—1).

Remark 3.1. Recalling Examples 2.1 and 2.2, we realize that J = 1, p1(x) =
—z, K =1, ¢1(z) = 1. Here X; = 1 and X3 = 2, N = 2 should be chosen in the
definition of ®;, i =1, 2.

Next, we find that
(32) N€ Z(a) & 1= a1 (—Cax+(x—1)")24as(C—H(z—1))*> foraa. z€]0,2].
This condition is equivalent to the following one:
(3.3) max{(a; + a2)C?% a1 max[C?%4(C — 1) +ax(C —1)%} < L.

To simplify the analysis, we will assume henceforth that
(3.4) a1 = agk, K = const > 0.
This assumption corresponds to the von Mises yield function, i.e., to by = by in the
formulae (1.5) (cf. Remark 1.1) and (1.7). For a rectangular cross-section of the
height 2¢ we obtain x = (2/t).

Let us set

(3.5) K =100

and a := a2, Uad = [@min, @max) in what follows. Then the condition (3.3) reduces to
the inequality

(3.6) max{101C?; 100 max[C?;4(C — 3)?] + (C — 1)*} < 1/a.
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Obviously, the resulting A1 (a) should be positive at the point = 2. Therefore, we
restrict ourselves to the interval C < 1/2.
By a thorough analysis, we find that (3.6) and C < 1/2 hold iff C € ¥ (a), where

H(a) =[c(a),9(a)] for ao<a<a,

H(a)=0 for a<a,

where ag = 0.0396604, a = 0.086538,

c(a) = 201/401 — (4.01/a — 1)*/2/40.1,
4(a) =1/101 4 (1.01/a —1)*/2/10.1 for ag < a < a = 0.085682,
Y(a)=1/3 for a<a<a.

Inserting the formulae (3.1) into (1.8), the problem (1.8) can be reduced to the
following one: find

3.7 C(a) = in S(C

(3.7) (a) = arg onin (©),

where

(3.8) S(C) = (8e1/3 + 2e2)C? — (5e1/3 + 2e2)C,

e1 = (BEI7Y, ey = (kGA)™!  (cf. (1.3)).

Let
%61 + 2e9

627
%el + 4eo

denote the minimizer of S over the whole interval (—oo, c0). This parameter corre-
sponds to the pure elastic Reissner-Mindlin (Mindlin-Timoshenko) model.
Remark 3.1. Note that always C, < 1/2. If the Poisson’s ratio is 0.25 and the
shear correction factor k = 5/6 (cf. [11]), we obtain
e1fea=r/4=25 C.=0.31796.
Using the classical Bernoulli model of beam bending, we have eo = 0 and C, =

0.3125, independent of Poisson’s ratio.
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Henceforth we assume that
agp g Gmin < Gmax g d,

which implies K (amax) # 0 (cf. (1.11)).
We shall distinguish the following three cases:
(i) C.=1/3.
Then C(a) = C. = 1/3, independent of a € U,q, since 1/3 € J# (a) for all
a € Uyg.
(ii) C. >1/3.
Then denoting a, = 4~1(C,), we find that: if amin < ag < Gmax,

C(a) =Ce for a € [amin,ag]
C(a) = max{¥(a);1/3} for a €lag,amax];

if ag < amin, C(a) = max{¥(a),1/3}; if amax < aq4, C(a) = Ce.
(iii) C, < 1/3.
Denoting a. = ¢~ 1(C.), we find: if amin < de < Amax

C(a) =C. for a € [amin, Ge)
C(a) =c(a) for a €]ac,amax;

if ae < amin, C(a) = c(a); if amax < e, C(a) = C.
Let us consider the criterion of Example 2.1, i.e.,

®;(A(a)) = max [A(a)(X;)], X1=1, Xy=2.

1<i<2
Since
0 < c(ag) < C(a) < 1/2,
we have
91 (Aa)) = max{C(a); 1 - 2C(a)}
and we may write

nax D1 (\(a)) = max{mUilx C(a);1—2 min C(a)}.

The case (i) with C. = 1/3 being uninteresting, we arrive at the following result:
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(i) C. > 1/3

max ®1(A(a)) =

a€Uyzq

<Oe if Gmin < Gg,

max{¥(amin); 1/3} if ag < amin;
(ii) C. < 1/3

1-2C, if amin < ae,

max ®;(A(a)) = <

a€laa 1—2¢(amin) if ae < amin-
In both cases (ii) and (iii) the “greatest” maximal elasto-plastic bending moment
for ag < Gmin OF Ge < Gmin is less than the elastic one. If C. > 1/3, the maximal
moment is under the pointwise load, whereas if C. < 1/3, it is at the clamped end
of the beam.

For Example 2.2, we obtain the following result:

(i) Ce > 1/3

max P3(A(a)) =

1 — max{¥(amax);1/3} if ay < Gmax,
a€Uyuq

1-C. if ag > amax;

(iii) C. < 1/3

max P2(A(a)) =

a€U,q

1-Ce if amin < ae,
< 1—c(amin) I e < amin-
Here the “greatest” maximal elasto-plastic shear force is less than the elastic one iff
C. < 1/3, whereas the opposite holds if C, > 1/3.

Remark. The case C. > 1/3, however, is not realistic. Indeed, it occurs if and

only if

e kA
() a4~ —2<s

€9 2(1 + U) I
Considering the real beams with ratio 1/¢ > 10, the condition (*) can be satisfied
only for cross-sections of the I-form with either too thin web or too small shear
correction factor k.
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