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Abstract. We examine new second-order necessary conditions and sufficient conditions
which characterize nondominated solutions of a generalized constrained multiobjective pro-
gramming problem. The vector-valued criterion function as well as constraint functions are
supposed to be from the class C L1 Second-order optimality conditions for local Pareto
solutions are derived as a special case.
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1. INTRODUCTION

In various real-life problems we need to minimize simultaneously several criteria
over some admissible set of points. One way of treating this problem is to minimize
their weighted average, but then we usually lose information. Another way is to
apply methods and algorithms of multiobjective programming for minimization of
vector-valued functions (see, e.g., [12], [14], [21], [23]), where usually the first or
second-order optimality conditions are employed.

The first-order optimality conditions for multiobjective programming have been
considered by many authors. However, the second-order optimality conditions for

*The work was supported by the COMAS graduate school at Jyviskyld and by grant
No. 201/1998/1452 of the Grant Agency of the Czech Republic.
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multiobjective programming were derived by few authors ([3], [5], [8], [12], [16],
[21]) only. In [8], second-order necessary conditions and sufficient conditions are
introduced in the case the vector objective function is from the class C? and the
constraints are from C!. But we sometimes need to minimize criteria with less
smoothness. For instance, if f is from C? then the penalty function (f*)2, where
f7 stands for the positive part of f, is generally only from the class C''! but not C?
(compare [7]). The aim of this paper is to generalize the above-mentioned results
from [5], [8], [16] to nonsmooth data and also to extend some results concerning
nonlinear programming from [10] to multiobjective programming. Moreover, we
obtain second-order conditions for local Pareto optimal solutions with C™! data
(C? data) as a by-product of our approach.

For both the unconstrained and constrained nonlinear minimization problems with
C1! data, the second-order necessary optimality conditions were derived in [2], [8],
[9], [10], [13], [17], [18], [20]. Second-order sufficient conditions were also obtained in
[2], 6], [8], [9], [10], [13], [18], [19]. However, these conditions cannot be naturally
generalized for multiobjective programming.

Throughout the paper, E, stands for an n-dimensional Euclidean space equipped
with the Euclidean norm ||-||. By %:(z) we denote an open ball in E, with
radius ¢ and centre z. Let S C FE, be a nonempty open set and let f(z) =
(f1 (x),... ,fm(x))T, x € S. Recall that f is said to be a C1'! vector function on S
(we will write f € C11(9)) if f is continuously differentiable and its gradient

Ofi(x)/0x1 ... Ofi(x)/0xy
Vi@ = (VA@ ... V@) = : :
Ofm(x)/0x1 ... Ofm(x)/0xn ], wn

is locally Lipschitz continuous on S, i.e.,
VZeS IC>0 Fe>0 Va,ye B(T): |V(z)— VW) <Clz—yl.

Note that Vf is differentiable almost everywhere by Rademacher’s theorem (see
[15)).

If a vector function f € C%(S), V2f;(z) is the n x n Hessian matrix of f; (i =
1,...,m) at z, then

VZfl(x) 0
V2 f(z) = B
0 szm(x) mnXxXmn

is called the Hessian matrix of a vector function f at x.
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The generalized Hessian matrix of a vector function f € C%(S) at z € S is
denoted by

O’ f(z) = Co{M | 3{2'}2,: 2" — x with f twice differentiable at 2
such that V?f(2') — M},

where “Co” stands for the convex hull. This definition was introduced for m = 1 by
Hiriart-Urruty et al. in 1984 (see [4]). They proved that if T € S is a local minimum
for the problem

(1.1) min f(z)

then there exists a matrix A € 9?f(%) such that (Ad,d) > 0 for all d € E,. But
there are also examples (see [4], [10]) showing that

(1.2) JA € 9*f(T) VdeE,: (Ad,d) <O0.

Recall that the generalized second-order directional derivative of f € C11(S) at
x € S in a direction d € E,, was defined by Liu in [8] as

(13)  0f(2)(d,d) = {e(w;d) € B | I{t:}324: 1 — 07 =
2t (f(x + tid) — f(x) — t;Vf(2)d) — p(x;d)}.

This approach differs from that presented in [11]. Now we show that the set (1.3)
is always nonempty. Since f € Cb!(S), there exists C' > 0 such that for any
i€{1,2,...} and any j € {1,...,m} there exists &} € [z,x + t;d] C E, such that

(14) 1672 (f5(@ + tid) = fi(@) = 6V fi(@)d) | = 216V f(F])d — £,V f;(2)d]|
<t IVEED = V@< O E = <] dl < Clld)l*.

Hence, the sequence

o

{t;72(f(z + tid) — f(z) — t;V f(z)d) bica
is bounded for any x € S and any d € F,,, and thus it has at least one accumulation
point.

Moreover, Liu proved in [8] that if f € C*(S) and T € S is a local minimum
for (1.1) then for all p(z;d) € 82 f(z)(d,d), d € E,, we have p(T;d) > 0 (compare
(1.2)).

383



Obviously, if f is twice differentiable at x then
9; f(z)(d,d) = {D"V? f(x) D},
where

D= and D =

mnxm mnXx1
Setting
0*f(x)(d,d) = {D"MD | M € &*f(x)}

for f € C11(S), then by [8] we get
97 f(z)(d,d) € 9*f(x)(d,d),

but it may also happen (see [10]) that 92 f(z)(d, d) D 8% f(x)(d, d).
If f € CHbL(S) is convex then by a contradiction argument we can easily derive
from (1.3) that
O2f(x)(d,d) C B}, VxeS Vde E,,

where E;! denotes the set of vectors from E,, with nonnegative components.

2. AUXILIARY LEMMAS

Throughout the paper we assume that the vertex of any cone is at the origin.
Consider a constrained multiobjective minimization problem

2.1) {minf(x)
#={xeS|g(x) € K},

where f = (f1,..., fm)T € CYY(S), g = (91,...,9)T € CH1(S), K is a closed cone
in E; and Z is supposed to be nonempty.

Let W be a convex cone in E,,. Recall that a vector T € Z is said to be a local
nondominated solution associated with W for problem (2.1), if

Je>0 PreB.(@)NZ: f(T)e flx)+W, [f(@) #[f(2).

If W = E, then the local nondominated solution Z is also known as a local Pareto
optimal (efficient) solution, i.e., there exists no other T € % such that f(z) < f(T)

and f(2) # f().
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From now on we assume that

(A) clW C E,, and K C E; are polyhedral cones with nonempty interiors.

That is, W° # () and K° # (. Note that a polyhedral cone is always closed and

convex (see [1], p. 65).

Denote by W* and K* the polar cones of W and K, respectively, i.e., K* = {q €
E; | ¢"u <0 Vu € K}. Since W* and K* are also polyhedral cones, there exist
sets of vectors P = {p1,...,px} C E,, and @ = {q1,...,¢s} C E; determining the

edges of polyhedral cones such that
k
W= {PGEm |P:Zajpj, aj € B, pj e P, jl,...,k}
j=1

and

K*{quszﬁjqj, BieES, ¢;€Q, j=1,...,s}

j=1

Recall that a cone K C FEj is said to be acute if there exists an open half-space
H={zxcE|a"z>0, a#0}

such that
cl K ¢ HU{0}.

Let € cl S. Then the cone of interior directions to S at T is given by

I8, %) ={r € E,|3e>0 3F6>0 Vyecz+HB.(0) YA€ (0,0) =T+ Iy € S}

For simplicity we write /*(S,Z) instead of (I(S, T))*
To prove Lemma 2.3 and Theorem 3.3 we need the following two lemmas.

Lemma 2.1. Let ¥ be a cone in E,,. Then
(i) ¢ is acute if and only if (£ *)° # ().
(ii) If A is acute then

() ={q€ En|q"u<0 Yuec X, uso}.

Proof. See[22].
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Lemma 2.2. Let J# be a convex cone in E;, T € cl.#, and let I(#,T) be the
cone of interior directions to J# at T. If 2 is open then

I, Z)={c—aT |z e X, a>0}

Proof. See[1], p. 129. O

Next, we introduce some further notation.
If f e CH(9), g € CHY(Y), g(x) € K, Vf(x)d € —clW and Vg(z)d €
clI(KY g(z)) for d € E,, and x € %, then we put

(2.2) Pi(z,d) = {pj € P|p; € I"(-W°, Vf(x)d)}
={p; € P|p; € =W*, pI Vf(x)d =0},
Py(x,d) = {p;j € P | pj € =W*, p] Vf(z)d < 0},

(2.3) Qu(z,d)={q; €Q | gy €I"(I (Ko’g(w)) g(z)d)}
={gjeQ|qg e K", q] g(x) =0, ¢/ Vg(x)d = 0},
QZ(xa ):{qj€Q|qj€K 3 qj $):Oa q; v9($)d<0}a

9(
Q3(xad) = {qj € Q | q; € K*a qu(l’) < O}a
where equalities in (2.2) and in (2.3) follow from Lemma 2.2. Obviously,

(2.4) P (z,d) N Py(z,d) = 0,
P =P (z,d)U Ps(x,d)

and

Qr(z,d) N Qy(z,d) =0, r#v, rv=123,
(2.7) Q= Q1(z,d) U Qz2(x,d) U Qs(x,d).

Throughout the paper we suppose that

Dp(x)={d€ E, | Vf(x)d € —clW, Vg(x)dcc I(K° g(x))}
is nonempty. Moreover, we set
(2.8) L(z) = {
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Then we have L € C*!(S) and thus for

y(x;d) = [:ZEZ: Z;} € 92L(x)(d,d) C Ep
we can define
Zr(z;0,9,d) {K] € Fap, {VJ;(w) vgo(x)} K] +% mgzﬂ

. L( I(~WO,V f(x)d) ”

I(K°, g(x)), Vg(z)d)
It is easy to see that Zp (z;p,%,d) is a convex set.

Lemma 2.3. Let (A) hold, let f € C*Y(S) and g € CY(S). If T € Z is a local
nondominated solution associated with W for problem (2.1), then for any d € Dp,(T)

o (@ d)} € 02L(7)(d,d) we have

and any v(T;d) = [7/1@; 0)

ZL(E; 2 7/}3 d) = @

Proof. Suppose that this is not true. Then there exist d € D1 (Z), Z € E,, and

wad = | 9] e L
such that
Vi@ 0 z]  1[e(@d) I(=W°,Vf(z)d)
o |07 ] 1243100 € Lt o vomn |
Moreover, there exists a sequence {t;}32,, t; — 01 as i — oo, such that
2% (f(T + tid) — f(T) — t:V f(T)d) (T d)
(210 2ot ) — o) trve) ) Lo

Hence,

We shall continue in two steps:

387



1) First we prove that for the sequence {;}5°; there exists a sufficiently large i,
such that

(2.11) 9T+t d+t32) € K Vi>ip.
By (2.10) and (2.9), there exists a sufficiently large iz such that

(2.12) g(T + t;d + t2%) — g(T) — t;Vg(T)d
= (Vo) + (E: D) + ea(t2)
€ I(I(K°,g(T)),Vg(T)d) Vi > is,

where €1(t;) — 0 as i — oo.
(i) Let ¢; € Q1(Z,d). Then from (2.12) we see that

q! (9(T + tid + £72) — g(T) — t;Vg(T)d) <0

and
q 9(@) =0,  q Vg(T)d=0.

Hence,
qug(T +td +122) 0.

(ii) Let ¢; € Q2(%,d). Then
q; Vg(@)d <0,  ¢g(T) =0
and thus there exists a sufficiently large i3 such that
4, 9T+ tid + £:2) = q (9(T + tid + 72) — g(T)) <O Vi > is.

(iii) Let ¢; € Q3(Z,d). Then qJTg(T) < 0. Moreover, since g(T + t;d + t?%) is
continuous in t;, there exists a sufficiently large i4 such that

¢ 9@+ tid+132) <O Vi> iy

Set iy = max{iz,43,74}. Then for any ¢; € Q(7,d), i.e., for any ¢ € K*, by (2.6)
and (2.7) we have
¢Tg(@+tid+122) <O Vi> iy

So finally we get (2.11).
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2) Secondly we prove that there exists a sufficiently large i5 such that
(2.13) f@+tid +122) — f(T) € —W° Vi > 5.
By (2.10) and (2.9), there exists a sufficiently large i such that

(2.14) f@+td+122) — f(7) - t;Vf(T)d
= (V@) + 5@ d) + 2a(t)
c I(-W° Vf(T)d) VYi> i,
where e2(t;) — 0 as i — oo.

(i) Let p; € Py(T;d). Since WO # (), then we know from Lemma 2.1 (i) that the
cone I*(—=W?° Vf(Z)d) is acute. By Lemma 2.1 (ii) and (2.14) we have

Pl (f@ +tid+ t72) — f(T))
=p, (f@E+tid+t]2) - f(T) -~ t;Vf(@)d) <0 Vi>ie.

(i) Let p; € P2(T;d). Then we see that p] Vf(Z)d < 0 and thus there exists a
sufficiently large i7 such that

Pl (fT@ + tid +22) — f(T)) <0 Vi>ig.
Put ¢5 = max{is, iv}. Then for any p; € P(Z; E), by (2.4) and (2.5) we get
pL(f(@ +tid + 122) — f(T)) <O Vi > i5.

Consequently, (2.13) is valid.

Now, by setting ig = max{i1,i5} and combining 1) with 2), we obtain
T+td+t32€ R Vi>ig
and
f@) e f@+td+122)+W° Vi> i,

which contradicts the fact that T € & is a local nondominated solution associated
with W for problem (2.1). O
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Lemma 2.4. Let A be an m X n matrix, B an [ X n matrix, Uy, Uy nonempty
convex cones in E,,, E;, respectively, by € E,, and by € E;. If the system

o o sl [n] <[]

has no solution then there exist p € U] and q € U such that {p} #0,
q

pTA+¢"B=0, pTb+q"by>0.

Proof. Similarly to [8] we set

v v A 0]z b1 Uy
e )=10 B[+ sem) e o= 2]
Obviously, V' is a convex set in F,,1; and U is a convex cone in F,,4;.
Suppose that system (2.15) has no solution. Then V N U = ). By the separation

theorem for disjoint convex sets, there exist p € E,, and g € E; such that [p} #£0
q

and
(pT,qT){lq} > uﬂth){“l] V{iq} ev v[l“} cv,
Vo U2 V2 (]
ie.,

(2.16) pT(Az+b1) +qT(Bz+bg) >plur4+qtus VzeE, Yu €U Yug e Us.

Letting u; — 0 and up — 0, we get (pT A+ q7 B)z + pTby +q%by > 0.
Since z is arbitrary, we have

pTA+q¢"B=0, p'bi+q"by>0.

Moreover, u; € Uy and ug € Us are also arbitrary and thus from (2.16) we find by a
contradiction argument that

pTu1 <0 VYu, €Uy, qTU2 <0 VYug € Us.

Hence, p € Uf and ¢ € Us. O
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3. SECOND-ORDER OPTIMALITY CONDITIONS FOR C1'!1 DATA

In the next theorem we establish necessary conditions for the existence of non-
dominated solutions.

Theorem 3.1. Let (A) hold, let the cone W C E,,, be acute, f € C11(S) and g €
CY1(S). If 7 € Z is a local nondominated solution associated with W for problem
= d
(2.1), then for any direction d € Dr(T) and any (T;d) = Ligf’ d” € 02L(z)(d,d)
€;
there exists a vector {ﬂ # 0 satisfying
q

(3.1) pe-W* GeK*,

(32) p'Vf(T) +7 Vy(T) =0,
(3.3) 7 9(T) =0,

(3.4) PLVF(@)d =0, G Vg(@)d=0,
(3.5) P (@ d) + 7" ¢(T;d) > 0.

¢(T; d)

¥(T;d)
Lemma 2.3 we have Z1(T; p,9,d) = 0, i.e., the system

Proof. Let d € Dp(T) and v(T;d) = { ] € 92L(z)(d,d). Then by

0 vl 2] [55 0] < Lrteuen. wama

has no solution. From Lemma 2.4 we see that there exist p € I*(fWO, Vf(f)d),

geI"(I(K°g(7)),Vyg(z)d) and {g # 0 such that

P Vf@) +7q Vg(T) =0,
P o(T;d) + 7 (T;d) > 0.

Moreover, since

I (-WO, V@) = {p e~ | pTVf(@)d =0},
I"(I(K°,g(2)),Vg(@)d) = {g€ K* | ¢"g(z) =0, ¢" Vg(Z)d = 0}

hold due to (2.2) and (2.3), we get (3.1)—(3.5). O
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If f and g are twice continuously differentiable, we immediately obtain Theorem 1
in [5] from Theorem 3.1 above:

Corollary 3.2. Under the assumptions of Theorem 3.1, if f € C?(S) and g €
C?(S) then for any d € Dy (T) there exists a vector {g} # 0 satisfying (3.1)—(3.4)

and
p'DIV2 (@)D 4+ gD V2g(Z)D > 0,
where
d 0 d
D= , D=
0 d Inxl d Inx1

Further, we introduce sufficient conditions for nondominated solutions.

Theorem 3.3. Let (A) hold, f € CY1(S), g € CY1(S) and T € #Z. If for any
(7;d)
d € Di(Z), d # 0, and for any +(T;d) 7 f d ] € 82 )(d,d) there exists a
W(T;
vector {I_j} # 0 satisfying (3.1)—(3.4) and
q
(3.6) Pl (@ d) + 7" (T d) > 0

then T is a local nondominated solution associated with W for problem (2.1).

Proof. Suppose T is not a local nondominated solution associated with W for
problem (2.1). Then there exists a sequence {2} C %, x* — T as i — 00, such that
for all i,

(3.7) f@ e fa)+w,  f@) # fa').
Without loss of generality, we may suppose
=7 + t;d;,

where t; € Eq, t; — 0%, ||d;|| = 1, d; — d as i — co.
Since L € C11(9), it is easy to prove like in (1.4) that the sequence

(3.8) {2t73(L(T + t;d;) — L(T) — ; VL(T)d;) }524

is bounded. So, there exists a convergent subsequence and thus we will assume for
simplicity that the whole sequence (3.8) is convergent. Denote its limit by F(ZT; d).
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Now we prove that
(3.9) (x5 d) € 97L(7)(d, d).

By (3.8), the definition of ¥(%;d) and the mean-value theorem, we see that there
exists a sequence ¢; — 0 as ¢ — oo such that

(3.10) %T(T; d) =t;*(L(@ + tid;) — L(T) — t;VL(T)d;) + &
=t 2 /01 (t;VL(T + stid;)d; — t;VL(Z)d;) ds +
=t;! /01 (VL(Z + stid;) — VL(Z))(d; — d) ds
+t;t /Ol(VL(E + stid;) — VL(Z + st;d))d ds
+t;t /Ol(VL(f + st;d) — VL(T))dds + &;.

Recall that VL is locally Lipschitz continuous and ||d;|| = ||d|| = 1. Consequently,
there exist constants C7; > 0 and C5 > 0 such that

1
(3.11) |t ! / (VL(Z + stid;) — VL(Z))(d; — d)ds
0
1
<t / |VL(Z + st;d;) — VL(T)|| ||d; — d|| ds
0
1
< t;l/ Custil|ds]| [1ds — d]| ds = Culds —df| — 0 as i — oo
0
and

1
¢t (VL(E + Stzdz) — VL(E + Stzd)>dd8

[=)

N

1

i / VL@ + stid:) = VLT + stid)| ||d] ds
0

< Cofldi—d| =0 as i— oo

From this, (3.10), (3.11) and the mean-value theorem we have

(3.12) %w; d) = 72 (L@ + tud) — L(®) — t,VL@)d) + <,

where ¢/ — 0 as i — co. So we see from (3.12) and (1.3) that (3.9) holds. Hence, for

o(; d)] 7

0 =
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(3.13) (T3 d) € 02f(T)(d, d),
(3.14) ¥ (@;d) € 029(T)(d, d).

Now we check whether
(3.15) d € DL(T).
From (3.14) we find that for any ¢ there exists an ¢4 such that
1
(3.16) SV(@d) = t72(9(T + tid) — g(T) — t;Vg(T)d) + &g,

where £, — 0 as i — co. Moreover, since K° # () and T € Z, we get by (3.16) and
Lemma 2.2 that

t;(Vg(z)d + %tiw(f; d) —tieg) = g(T + t;d) — g(x) € I(K°, g(T)).

The positivity of ¢; implies that
(3.17) V(@) + b (Fd) — tizy € (K, g())
and since t; — 0 for i — oo, we obtain
(3.18) Vg(Z)d € cl I(K°, g(T)).

Similarly to (3.17) and using also (3.7), we find that
(3.19) Vﬂ@d+%nﬂﬁd%%ﬁf€fW
where e — 0 as i — oo. Therefore,
(3.20) Vf(@)de —cl W.

In view of (3.18) and (3.20) we get (3.15).
By the assumptions of the theorem, there exists a vector {I_j] # 0 satisfying
q

(3.1)—(3.4). Asp e —W* and g € K* then like in (2.2) we get g € I*(K°, g(Z)) by
(3.3) and Lemma 2.2. Using (3.17), (3.19) and (3.2), we have

Pl (@ d) + 7" (T d) — 2(es +ey) <O.
Letting ¢ — oo, we come to
P (@ d) + 7" ¢(T;d) <O,
which contradicts (3.6). O
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In the case that both functions f and g are twice continuously differentiable, we
have Theorem 3 in [5] from Theorem 3.3 as:

Corollary 3.4. Under the assumptions of Theorem 3.3, if f € C?(S), g € C?(9),
T € %, and if for any d € Dy (T), d # 0, there exists {f] # 0 satisfying (3.1)—(3.4)
q

and
DTV f(Z)D + ¢ D' V2g(Z)D > 0,

then T is a local nondominated solution associated with W for problem (2.1).

4. SECOND-ORDER OPTIMALITY CONDITIONS FOR PARETO OPTIMAL SOLUTIONS

In this section we set W = E}, and K = —FE;". Then we may write (2.1) as
. %:{$€S|gj($)<0,]:1,al}a
and

D) ={de B, |Vfi@®Td<0Vi=1,...,m; Vg;(®)Td <0Vj e J@)]},

where J(T) = {j € {1,...,1} | g;(T) = 0}. From Theorems 3.1 and 3.3 we easily get
the second-order optimality conditions for local Pareto optimal solutions.

Theorem 4.1. Let f; € CY1(S), i =1,...,m, and g; € C*1(9), j = 1,...,L
If T € Z is a local Pareto optimal solution for problem (4.1) then for any direc-
tion d € Dy(T) and any v(T;d) = (¢1(F;d), .., om(T;d), 1 (T d), ..., (T d)) " €

A
0?L(T)(d, d) there exist 0 < A\ € E,, and 0 < pu € Ej, { } # 0, such that
i

m l
(4.2) S NVEH@) + > Vi) =0,
i=1 j=1
m l
(4.4) Z )\szz(f)Td = 0, Z ungj (E)Td = 07
i=1 j=1
m l
(4.5) > Nigi(@d) + > (@ d) > 0.
i=1 j=1
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Theorem 4.2. Let f; € CY1(S), i =1,...,m, and g; € CH1(9), j = 1,...,l.
IfT € #, and if for any v(Z;d) = (p1(T;d), ..., om(T;d), v1(T;d), ..., 0(T ,d))
02L(7)(d,d) and for any d € D(%), d # 0, there exist 0 < A € E,,, and 0 < p € Ey,

)\] # 0, satistfying (4.2)—(4.4) and
w

m l
(4.6) S hpi @ d) + 3 vy (@ d) > 0
i=1 j=1

then T is a local Pareto optimal solution for problem (4.1).

Remark 4.3. If f and g are twice continuously differentiable, then formula (4.5)
takes the form

(4.7) dT(Z)\V fi(T +Zﬂjvzgj( )>d>0

j=1

and formula (4.6) also reduces to (4.7) with strict inequality. Similar statements for
C? data are given in [16].
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