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Abstract. Reiterated homogenization is studied for divergence structure parabolic prob-
lems of the form Oue /0t — div(a(x,x/am/s%t,t/ak)Vug) = f. It is shown that under
standard assumptions on the function a(z,y1,y2,t,7) the sequence {ue} of solutions con-
verges weakly in L2(0,T; Hi(f2)) to the solution u of the homogenized problem du/dt —
div(b(z, t)Vu) = f.
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1. INTRODUCTION

In this paper we consider the homogenization problem for the following initial-
boundary value problem:

Oue . Tz t . .
5 d1v<a<x, - S_Q’t’ 8—k>Vu5> =f in Qx(0,7),
(1) ue(x,0) = ug(x),

ue(z,t) =0 in 9Q x (0,7),
where 2 € R" is a bounded domain with Lipschitz boundary, 7" and k are positive
real numbers. Let us define Qp = Q x (0,7) and Y, = Y7 x Y3 x (0,1), where

Y1 = Y, = (0,1)". We assume that the function a = a(x,y1,y2,t,7) belongs to
C(Qr; L2,(Y;)) and satisfies the coercivity assumption

per
alé? <af € VEECR™, ae in Qp x Y.
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With these structure conditions it is well-known that given f € L2(0,7; H 1(f2))
and ug € L*(2) there exists a unique solution u. € L*(0,T; H}(2)) to (1) with time
derivative Qu. /0t € L*(0,T; H=1(2)) for every fixed & > 0.

The homogenization problem for (1) consists in studying the asymptotic behavior
of the solutions u. as ¢ tends to zero.

Homogenization problems with more than one oscillating scale is referred to as
reiterated homogenization and was first introduced in [3] for linear elliptic problems.
More recently the linear elliptic problem was studied in [1] and the nonlinear mono-
tone case was treated in [7]. A very elegant physical motivation is found in the
fundamental paper [2] by Avellaneda on bounds for composite media where he con-
structs optimal bounds for a reiterated laminate structure using an effective medium
theory. In the present report we prove a reiterated homogenization theorem (The-
orem 5) for the parabolic problem (1). In particular, the proof of Theorem 5 will
show how easy and powerful the two-scale and multi-scale convergence theory can
be.

Throughout the paper we consider a sequence {e;} of small positive numbers
tending to zero which is denoted by {€}. Any subsequence {¢'} of the sequence {c}
will also be denoted by {c}.

The result of Theorem 5 is that the sequence of solutions {uc} to the problem (1)
converges weakly in L2(0,7T; H}(2)) to the solution u in L2(0,7T; H}(Q2)) to a ho-
mogenized problem of the form

ou . .

i div(b(z,t)Vu) = f in Qx(0,7),
(2) u(z,0) = uo(x),

u(z,t) =0 in 90 x (0,7),

where b depends on = and ¢ but is no longer oscillating with €. Indeed, b will also
depend on k, but this will be clearly spelled out in Theorem 5.

As a warm up, in order to get a feeling for the interaction between the scales,
we expand the solution wu. to (1) in a multiple scales power series. Let us for the
moment assume that

(3) ( t) ( x xt t>+ ( T xt t>+2 ( x It t>+
U\ T, =u\r, —, 5, EUL\ T, — 5, b, - E U\ Ty —5 5L, ey
© gl g2’ gk ! eleg2’ ek 2 g2’ ek

where all the u;s are assumed to be e-periodic in y; = x/¢, e2-periodic in yo = 2/&>
and e”-periodic in 7 = t/*. The chain rule transforms the differential operators as

0 o 10 0 o 190 1 0

ot ot T For an 0z zoy | 2oy
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The divergence and gradient operators transform accordingly and we denote differ-
entiation with respect to x, y1 and ys by subscripts z, y; and ys, respectively. In
a standard way one can now insert the series (3) into the equation (1) and identify
a hierarchy of equations of significant orders of . This is performed in Appendix at
the end of the paper.

In Section 2 we give some preliminaries and present some well-known as well as
some new results needed in the proof of the main result of the paper (Theorem 5)
which is stated in Section 3 and proved in Section 4. The proof is lengthy but
straightforward thanks to the preparatory Theorems 3 and 4.

2. PRELIMINARIES

We will now recall the concept of multiscale convergence, see Allaire and Briane [1].
We will restrict ourselves to three spatial scales and two time scales as in the initial-
boundary value problem (1) studied in this report.

Definition 1. A sequence {u.} in L?(f2) is said to multi-scale converge (with
three spatial scales) to u = u(x,y1,y2) in L2(Q x Y1 x Ya) if

. x :E
lim [ wue(z)p ( o2 d:c—/// u(z,y1,y2)0(, Y1, y2) de dy; dyo
Q € Yi/Y2

e—0

for all functions ¢ € L?(£2; Cper (Y1 x Y2)).

Allaire and Briane proved the following compactness results:

Theorem 1. Let {u.} be a bounded sequence in L*()). Then there exists
a subsequence, still denoted by {u.}, and a function v = u(x,y1,y2) in L2(Qx Y1 xYs)
such that u. multi-scale converges to u.

Theorem 2. Let {u.} be a bounded sequence in H'(Q). Then there exist
subsequences

ue — u strongly in L*(£2)
and
Vue — Vau(z) + Vyur(z,91) + Vy,ue(z, 41, y2)

in the multi-scale sense, where u € H'(Q), uy € L*(Q; H).(Y1)) and uy € L*(Q2x Y3;
Hper(Y2))-

per

We can also consider bounded functions in L? depending on the time variable ¢.
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Definition 2. A sequence {u.} in L2(2 x (0,T)) is said to multi-scale converge
in space-time with three spatial and two temporal scales if, for a constant k > 0,

T
T T t

1' ( c =2 _>

egr(l)/g/o ue(z, t)p x,€,€2,t,€k dr dt

T r1
= / / / / / U(I7y17y27t77—)50(1'5y17y27t77.) dzdyl dy? dtdr
QJY1J/Y2J0 JO

where u € L?(Q x (0,T) x Y7 x Y5 x (0,1)) for all p € L*(Q x (0,T); Cper (Y1 X Yo x
(0,1)))-

We have the following analogue of the compactness result of Theorem 2.

Proposition 1. Let {u.} be a bounded sequence in L?(0,T; H*(Q2)) such that its
distributional temporal derivative {u.} is a bounded sequence in L*(0,T; (H*(Q))").
Then {u.} is compact in L?((0,T) x Q) and there exist subsequences

ue — u  strongly in L*((0,T) x Q)

and
Vue — Vau(z,t) + Vyur(z, t,y1) + Vy,ua(z, t,y1,y2)

in the multi-scale sense, where u € L?(0,T; H*(Q)), u1 € L?>((0,T) x Q; H!_.(Y1))

per
and uy € L*((0,T) x Q x Y1; H} . (Y2)).
Proof. Since wu. is bounded in L?(0,7;H()) and u. is bounded in

L2(0,T; H-Y(Q)) with the initial datum ug in L?(Q) it is well-known that wu. is
compact in L?(0,T; L*(Q2)). Moreover, since Vu, is bounded in L?(0,T; L?(Q2, R"))
the rest of the proof is completely analogous to the proof of Theorem 2 with the
obvious changes of the function spaces. O

We also have the following multi-scale compactness in space and time.

Corollary 1 (Space-time). Let {u.} be a bounded sequence in L?(0,T; H*(9))
such that its distributional derivative {ul} is a bounded sequence in L*(0,T;
(H(£2))"). Then there exist subsequences

ue — u strongly in L*((0,T) x Q)

and
Vue — Vyu(z,t) + Vyur (2, 6,91, 7) + Vyua(z, t,y1, Y2, 7)
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in the multi-scale sense in space-time, where u € L?((0,T); H*(R)), u1 € L*((0,T) x
Qx (0,1); HL,.(Y1)) and ug € L*((0,T) x Q x Y1 x (0,1); H..,.(Y2)).

per per

Remark 1. If {u:} is bounded in H'(0,7; H(Q2)), then the time derivative

splits. By using test functions oscillating in time with frequency ¢, i.e. p(z,t, ﬁ) the
split yields the existence of a local function u; such that

ou. ou  Ouy
—_ — + —
ot ot or

in the multi-scale sense (in time), where v € H'((0,7) x Q) and u; € L*((0,T);
H}..(0, 1) x H 1(Q)) If we use instead test functions oscillating in time with fre-

quency 2, i.e. ¢(z,t, 62) then the split yields another local function us, i.e.,

o ou o
ot ot or

in the multi-scale sense, where v € H'((0,T) x Q) and us € L*((0,7T);
H1(9).

0,1) x

Hpe,(

In this paper we will not use this observation.

Remark 2. The split of the time derivative is discussed in [8] and is proved
analogously to the gradient split. In Theorem 5 we do not have H'(0,T; H*(Q))
a priori bounds, therefore there occurs no split in the time derivative. But as seen
in Appendix, a formal expansion yields time split derivatives in the £k = 1 and k = 2
cases. However, that is only formal and is never used since the local derivatives
vanish when the equations are averaged over fast time.

We continue by stating and proving two theorems that will be crucial in the proof
of the main Theorem 5. A similar result has been proved earlier in Holmbom [6].

Theorem 3. Let {u.} be a bounded sequence in H'(2) and let u and u; be
defined as in Theorem 2. Then

lim Q(ug(ac)—u( )) dx—//Ylulxyl (x,y1)dy; do

e—0 9

for all p(z,y1) = 1(x)p2(y1) where o1 € CF°(Q) and g2 € C59.(Y1) with mean

per
value zero over Y.

Proof. From Theorem 2, by choosing test functions ¥ (z,y) = ¥1(x)¥2(y) in
C5°(Q2; Cpe, (Y15, R™)), o1 € C5°(Q), ¥z € Cge(Y1; R™), we have

per

ti | (Vue(e) = Vu() - dr(@)pa(L) do = [ [ Vurten) - dr(@)alon) dun de.

e—=0 Jq QJy;

135



The divergence theorem applied to both sides gives

e—0

tim [ () = u(w) (v 2) divs 01 (@) + (@) vy, () ) o
:/Q/Y1 wy(z, y1)1 (z) divy, Yo (y1) dys dz.

Taking into account the mean value zero condition over Y; for ¢s we can apply the
well-known Fredholm alternative and conclude that there exists a unique Y;-periodic
solution n € C52.(Y1) to

per

{divyl (v 177) =2, inY;

ne Cper(Yl; Rn)

Now we simply let ¢1 = 91 and ¥2 = V,, 7 to obtain ¢y = divy, ¥2. The strong
convergence of {u.} in L?(f2) to u in Theorem 2 gives the result. O

As a consequence of Theorem 2 we can extend the result of Theorem 3 to the case
of 3 scales and state the following:

Theorem 4. Assume that ui(x,y) is of Carathéodory type and let {u.} be
a bounded sequence in H'(Q). Further, let u,ui,us be defined by the limit in
Theorem 2. Then

wele) ) 2ol ) oy 2 L) g,

// / u2(z, y1,y2)@(x, Y1, y2) de dy; dya
Y1 JYs

in L*(Q2x Y1; H). (Ya2)) for o(x,y1,y2) = ¢1(2)p2(y1)ws(y2) where o1 € C5°(Q) and
p2, 3 € Cpe,(Y) with mean value zero over Y.

Remark 3. An example of a function which satisfies regularity conditions which
allow a scaling of the function u; = u;(x,y1) is given in Cioranescu and Donato [4,

Chapter 9]. Suppose
8u
.%' yl ij yl 0

where V,,w; € L"(Y1;R™),i=1,...,n and Vazu € LS(Q' R™) with 1 < r,s < co and
1/r +1/s=1/2. Then, for test functions ¢ € C°(Q; C2,(Y1; R™)),

per

/Vylul x - (:E —) dx—>// Vi ui(z,y1) - p(x,y) dyr de.

Remark 4. The result remains valid also for the case r = s = 2, but then the
two-scale convergence takes place in L'.
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Proof. Let us choose test functions ¢ € C5°(§2; C52,. (Y1 x Ya: R™)). The result

per

of Theorem 2 says that

lim (que(:r) — Vau(z) — Vy,ua (x, g)) . w<x, R ) dz

=0Ja e e?
:/// Vw2 (2, y1,y2) - (2, y1,y2) dr dy; dys.
QJvity,

Integration by parts on both sides gives

gii% ; (ue(x) —u(z) —euy (x, g)) ((divz +e~tdivy, +e 2 divy, v (:17, g, ;—2>> dz

:/// uz(w,y1,y2) divy, ¥(z,y1,y2) do dy; dys.
o Jvity,

By Theorem 3

lim (ug(ac) —u(x) —euy (:E, g)) ((divm +e~ 1t divy, )Y (:E, E, i)) dz =0.

=0 Jq g’ g2
Therefore

lim ue(z) — u(x) Z—Eul(x, x/e)
e—=0 Jo 9

:/// uz(z,y1,y2) divy, Y(2, y1, y2) dz dy; dys.
QJY;JYs

) T T
div,, z/)(ac, - 5_2) dz

Referring to Lemma 2.4 in [9] we can argue as in Theorem 3 and obtain any ¢ as
@ = divy, 9. O

Remark 5. If Vyu; € L™(Y;R") and Vyu € L3(Q; R*) where 1 < 7,8 < 00,
1/r+1/s = 1/2, then the convergence in Theorem 4 takes place in L2. However, since

the limit u is an element in L(€2 x Yy; H),(Y2)), this is just a technical argument.

3. THE MAIN RESULT

Let us rewrite (1) in the variational formulation:
Find u. € L*(0,T; H}(£2)) such that

(4) 7/9 ue(x,t)%dxdth/

Qr

T t
a(:z:, - t, €—k>Vu5(:17, t) - Vo(x,t)dxdt

= f(z,t)p(z,t)dadt for all ¢ € H(0,T; Hy(Q)), wue(z,0) = ug(z).
Qr
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We first observe that by the structure conditions on a(x, y1, y2,t, 7) one immediately
obtains the following a priori estimates (see e.g. [4, Chapter 11]:

ou,
luellL20,7:m2 (2)) < CH a:

<C
L2(0,T;H-1(Q))

Defining the space

W= {v |ve L20,T; HY (Q)), % S L2(O,T;H_1(Q))}
we find that ||uc|lyy < C where the norm is the usual graph norm.

The dynamics in the homogenized equations will be captured by considering test
functions which capture the oscillations in time. Due to the spatial and temporal
oscillations in the coefficient we expect u. to be of the form (3). In Appendix we
use this multiple scales expansion in equation (1) to get an idea of which equations
govern u, w1 and us, respectively, in the homogenized system.

However, the proof of the homogenization theorem below is not based on the
multiscale expansion. It is based on the compactness Theorems 3 and 4, together
with test functions which are in resonance with the oscillating coefficients a. =
a(x,z/e,x/e? t,t/e). Before stating and proving the reiterated homogenization
theorem we introduce some notation and abreviations: We simply write a to denote
a(x,y1,ye2,t,7) and u, u1 and ug to denote u(x,t), ui(x,y1,t,7) and us(z, y1,y2,t, 7),
respectively. We also write dy, dxr to denote dy; dys dxdr dt. Moreover, we de-
note by ¢. smooth oscillating test functions of the types o(x,x/c,z/e? t,t/e¥),
o(z,z/e,x/e,t), p(z,1/e,t,t/e") or p(x,x/e,t) where the regularity of ¢ is strong
enough to make sense of weak derivatives. We will use the short notation ~ —2 to
denote the equation standing by the power 2.

Theorem 5 (Reiterated homogenization). Let {u.} be a sequence of solutions
in L?(0,T; Hi(Q)) of the initial-boundary value problem (1). Then

ue — u, Iin W weakly,
T t . n
a(:r, = 8—2,15, 8—k>Vu5 — b(z,t)Vu, in L*(0,T;L*(Q)") weakly,

where b is the homogenized coefficient defined by

b(x, t)Vu(z) = / a(z,y1,y2,t, 7)[Vau + Vi, ur + Vy,ug) dys dys dr
Y,

and u € W solves the homogenized problem (2). The functions u, uy and us satisfy
a characteristic system of local equations of different order of €. Depending on the
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value of the oscillation power k in the fast time variable, there are 7 different cases
of systems of local equations, namely:

The case 0 < k < 2.
/ / a[vﬂﬁu+ Vylul + Vy2u2] ’ VyQSD(I,yl,y%t,T) dy’l’ der = 0,
QprJY.
/ / a[vxu + vylul + vyzu2] ’ vy1 @(Ia Y1, tv T) dyT de = 05
QrJY.

where uy € L*((0,T) x Q x (0,1); H}.(Y1)) and ug € L*((0,T) x Q x Y1 x (0,1);
Hj., (Y2)).

per

The case k£ = 2.
/ / a[ku + vy1u1 + vyz”?] : vyz‘P(fEa Y1,Y2, ta T) dyT de - 0)
QrJY.,
Iy
- Ul(x7y17t77.)6_(x7y17t77—) dy‘r de
Qrly, T
+/ / a[Vgu + Vyur + Vy,us] - Vy, p(x, y1, 6, 7) dyr dep = 0,
QT YT

where u; € L?((0,T) x  x (0,1); H},.(Y1)) such that dui /0t € L*((0,T) x Q x

per

(0,1); (Hll,er(Yl))’) and ug € L*((0,T) x 2 x Y1 x (0, 1);H$er(Y2)).

The case 2 < k < 3.
/ / a[Vgu + Vyur + Vyue] - Vy,0(z,11,t,7) dyr dep = 0,
QrJY,
dyp
- Ul_(x,yl,t,T)ddexT :05
QrJY, 87’
/ / a[Vgu + Vyur + Vyue] - Vi, (z,11, 8, 7) dyr dep = 0,
QrJY.

where u; € L2((0,T) x Q; H, (V1)) and uz € L?((0,T) x Q2 x Y1 x (0,1); H!,(Y2)).

per per

The case k = 3.

0
*/ / ula_w(x7y17y27t7T)ddexT
QrJy; T

+/ / a[vf”u + Vylul + Vy2U2] : Vy2<,0(x, Y1, Y2, t, T) dy’l’ dzr = 0,
QrJY,

0
—/ / ug—sp(ac,yl,t,f) dy, dzr
QrJY, 87'

+/ / a[Vau + Vyur + Vy,uel - Vo, o(x, 91,8, 7) dyr der = 0,
QrJY,
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where u; € L?((0,T) x  x (0,1); H},.(Y1)) such that dui /0t € L*((0,T) x Q x

per

(0,1); (H..(Y1))) and ug € L*((0,T) x Q x Y1 x (0,1); H},.(Y2)) such that dus /0T €

per per

L2((0,T) x Q x Y7 x (0,1); (H;er(Yz))’).

The case 3 < k < 4.

0
*/ / Ula_w(xvylvyZJth)ddexT:05
QrJY, T

/ / a[vﬂﬁu+ Vylul + Vy2u2] : Vy2<ﬂ($7y17y27t,7) dy’l’ der = 0,
QrJY,

0
_/ / u28_¢($7y17y27t77)ddexT:Oa
QrJY, T

/ [/ a[Vgu + Vg ur + Vyue| dys d7| - Vi, (2, y1,t) dyr dedt = 0,
Qr Y-

where u; € L2((0,T) x Q; H}, (V1)) and us € L*((0,T) x Q x Y1; H!, (Y2)).

per per

The case k£ = 4.

0
_/ / ula_sp(x?ylay??taT)ddexT:Oa
QrJY, T

0
*/ / u26_¢(x7y17y27t7T)ddexT
QrJY, T

+/ / a[vmu + vylul + vy2u2] : vy2¢<x7y17y27t77—) dyT d:ET - Oa
QrJY.

/ [/ a[Vgu+ Vy,ur + Vy,uo| dya d7| - Vi, 0(x, y1,t) dyr dedt = 0,
Qr Uy,

where uy € L?((0,T) x Q; HL_ (V1)) and us € L*((0,T) x Q x Y1 x (0,1); H}..(Y2))

P per

such that uy /01 € L2((0,T) x Q x Y7 x (0,1); (H,.(Y2))").

per

The case k > 4.

0
_/ / ula_sp(x?ylay??taT)ddexT:Oa
QrJY, T

0
*/ / U26_¢(I7y17y27t77-)ddexT:05
QrJY, T

/ / a[vﬂﬁu+ Vylul + Vy2u2] : Vy2<ﬂ($7y17y27t,7) dy’l’ der = 0,
QrJY,

/ [/ a[Vgu+ Vy,ur + Vy,ue| dya d7| - Vy, 0(x, y1,t) dyr dedt = 0,
Qr Uy,

where u; € L2((0,T) x Q; H},.(Y1)) and ug € L*((0,T) x Q x Y1; H:,.(Y2)).

per per
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Remark 6. The homogenized map b is derived in the usual way by separation
of variables. Let us consider the variational form of the £ ~2-equation for the case
0<k<2:

/ / a[vmu + vylul + vy2u2] : vy230<‘r7 Y1,Y2, t? T) dyT d:ET =0.
QrJY.,
By virtue of linearity we can decouple variables:

UZ(x7t7ylvy27T) = 7(vxu(x7t) + vylul(x7t7y177-)) : lUQ(y27T).

We can now write the decoupled local e~ 2-equation as the parameter dependent
(parameter 7) problem:

Find w§(-,7) € H},,.(Y2) such that for almost every 7 € (0, 1)

per

Owk (ya, 7)\ 0
/ aij(xat7y17y2a7) (6] - g(y2 )) S;(y2) dy2 =0
Yz Y2, Y2,

for all o € H!,.(Y2), and define

per

owk (ya, 7
bzlk(xvtayl77.) = / aij($7t7y17y277) (5J - %) dyQ
Yo y2j

The local decoupled !

-equation can then be written (using the same traditional
arguments as above):

Find vf(-,7) € H},,. (Y1), such that for almost every 7 € (0,1)

per

vk (y1,7)\ O
/ bllj(xvtvylvyZ?T) <6j - 18(y1 )) So(yl) dyl =0
Y1 Y1,

for all p € H, (V7).

per

Finally we define
1 k
ov T
bik(‘r?t) = / / bzlj(‘rvtaylv'r) (637@ - 18(y1 )) dyl dr.
Y1/0 Y1,

This procedure is standard and analogous for different cases. The existence and

uniqueness of local solutions is carried out in [5] in the linear periodic case.
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4. PROOF OF THEOREM 5

The limit of the variational formulation (4) gives the variational form of the global

problem:
Find u € L*(0,T; H}(2)) such that
3} t
(5) —/ u(w,t)de de
Qr 5'15

Jr/ [/ a(z,y1,y2,t, 7)[Vau + Vy,ur + Vy,uo) dys dyo d7| - Vo(z, t) da dt
ar Ly,
= f(z,t)p(z,t)dadt for all ¢ € L*(0,T; Hy(2)).
Qr

Next, choose test functions ¢.(z,t) = ¢(z,x/e, 2/, t,t/e*). By the chain rule the
variational formulation of (1) reads:
Find u. € L?(0,T; H3(€2)) such that

(6) —/ Ua<a(p5 + %> dzdt
Qr

ot or

Jr/ a:Vue - (Vy+e7 'V, +672V,,)pe dedt
Qr

= Jpedzdt Ve ELZ(O,T;H(}(Q)), ue(x,0) = uo(z).

Qr

Let us now case by case show that the local equations for u, u; and us will appear as
multiscale limits of (6) with appropriate choices of test functions .. As the formal
analysis in Appendix shows, there are seven significant different cases for k to be
considered: 0 < k<2, k=2,2<k<3,k=3,3<k<4,k=4and k>4
The case 0 < k < 2.

Step 1. Let us consider (6). We choose test functions p.(x,t) = p(z,z/e,2/?,
t,t/e¥). Multiplication by €2 on both sides of the equation and a limit passage yields
the ~ —2 equation

/ / a[Vau+ Vy,u1 + Vy,usl - Vy,0(,y1,92,t, 7) dy, der = 0.
QrJY.
Step 2. Choose test functions ¢.(x,t) = p(z,z/e,t,t/c¥) and consider the equa-

6906 7]@8505
Y- 92eY g dt
/QT“<at+€ 5 ) da

+/ acVue - (Vg +e71V,, g dzdt = foe dzdt.
Qr Qr

tion
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Multiplication by € on both sides of the equation and a limit passage yields the ~ —1
equation

/ / a[vxu + Vylul + Vy2u2] ’ Vylﬂﬁ(%yl»taT) dy’r de =0.
QrJY.,

The case k = 2.
Step 1. We choose test functions ¢.(z,t) = p(x,z/e,x/e% t,t/e?) and consider

O _2 0
/QT%( e + e 67_)dgcdt

+ / acVue - (Vy+e7 1V, +e72V,,)p. dedt = fo-dzdt.
QT QT

the equation

Multiplication by 2 on both sides of the equation and a limit passage in (8), using
Corollary 1, yields the ~ —2 equation

/ / a[qu =+ vylul + vyzu2] : vyz@(% Y1,Y2, t? T) dyT dIT - O
QrJY.

Step 2. We choose test functions ¢.(z,t) = ¢(z,x/e,t,t/e?) and consider the
difference between (6) and the weak limit (5):

dipe _20pc
/QT(uE u)( 5t +e 5, )dxdt

Jr/ (aEVUE - / a[Vgau + Vy,ur + Vy,us) dydT) (Vi +e 'V, )p-drdt = 0.
Qr Y,

Multiplication by ¢! on both sides of the equation and a limit passage, where Theo-
rem 3 is used in the first term yields the ~ —1 equation

0
7/ / U1($7y17t77)8—¢($,y1,t,7') dy’r de
QrJy; T

+/ / a[Vgu + Vyur + Vy,ue] - Vy, (z, 1,6, 7) dy- dzp = 0.
QrJy,

The case 2 < k < 3.
Step 1. Choose test functions p.(x,t) = ¢(x, /e, /% t) and study the equation

7/ Ug - dzdt
Qr ot

+/ acVue - (Vyp+e7 1V, + 2V, )pe dodt = foe dz dt.
QT QT
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Multiplication by €2 and a limit passage yields the ~ —2 equation

/ / a[Vgu + Vi, ur + Vy,us) - Vy,0(x, y1, ¢, 7) dy, dep = 0.
QrJY,

Step 2. Choose test functions . (7,t) = ¢(x,z/e,t,t/c?) and consider

- [ e (% ) - B s

+ / acVue - (Vy+e7 1V, + 72V, )p. drdt = fo-dzdt.
QT QT

Multiplication by ¢*~! and a limit passage, where Theorem 3 is used, yields the
~ —k 4+ 1 equation

d¢
- ul_(x7y17t7T)ddexT:0-
fo o

Hence u; = u1($7y1»t)-

Step 3. Choose test functions ¢.(z,t) = ¢(x,x/e,t) and study the equation

+/ acVue - (Vy+e71V,, g dzdt = fpe da dt.
QT QT

Multiplication by € and a limit passage yields the ~ —1 equation

/ / a[Vgu + Vi, ur + Vy,us) - Vi, p(x, y1, ¢, 7) dy, dep = 0.
QrJY,

The case k = 3.
Step 1. We consider again the difference between (6) and the weak limit (5), i.e.

E _30¢c
/QT(uE u)( 5t +e aT>dxdt
Jr/ (aEVug — / a[Vgu + Vy,ur + Vy,u| dy dT)
Qr Y.,
X(Vy+e 'V, +e2V,,)pe dzdt =0
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Multiplication by €2 on both sides of the equation and a limit passage, where Theo-
rem 3 is used, yields the ~ —2 equation

0
*/ / ula_go(xvyl?vat?T) dyT dIT
Qr/y; T

+/ / a[Vgu + Vy,ur + Vy,usl - Vy,0(x, y1,92, t, 7) dy, der = 0.
QrJY.

Step 2. We choose test functions ¢, (z,t) = p(z,x/e,t,t/3). Scale y; = x /e in uy,
multiply (8) by ¢ and subtract this from the difference between (6) and (5). This
gives

f/ (ue —u — f—:uﬂ(agﬁs +€73%> dzdt — / 5u1&'06 dz dt
Qr Qr ot

ot or
+/ (aEVug - / al-]dydr — 6/ al] dyg) (Ve +e 'V, )p-dodt
Qr Y- Yo
— [ foodudt,
Qr

where a[-] = a[Vzu+ Vy,u1 + Vy,ua] = a(z, y1, yo2,t, 7)[Vau+ Vy, ui + Vy,ua]. Mul-
tiplication by €' on both sides of the equation and a limit passage, where Theorem 4
is used, yields the ~ —1 equation

¢
— us—(x,y1,t,7) dy, der
/szT /YT 37( )
+/ / a[Vau + Vyur + Vy,ue] - Vy, (x, y1, 6, 7) dy- dzp = 0.
QrJY,
The case 3 < k < 4.

Step 1. We again choose test functions o, (z,t) = ¢(x,z /e, /€2, t,t/"). However,

now we consider

e _i e e
/QT(UE ) ot ¢ 87> ugy dedt

+/ acVue - (Vy+e 1V, + 2V, )pe dodt = foe dz dt.
QT QT

1

Multiplication by €*~! on both sides of the equation and a limit passage, where

Theorem 3 is used, yields the ~ —k + 1 equation

0
_/ / ulﬁ_go(x’ylay27t77-) dyT d:ET =0.
QrJY; T

From this we conclude that u; = uq(z,y1,t), i.e. it is independent of 7.
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Step 2. Choose test functions ¢.(z,t) = p(x,2/e,2/e%,t) and consider the equa-
tion

0
7/ Uge e dzdt Jr/ ac:Vue - (Vg +e 1V, + 62V, )pe dodt
< Qr

= foe dxdt.
Qr

Multiplication by €2 and a limit passage yields the ~ —2 equation
/ / a[Vgu + Vy,ur + Vy,us] - Vi, 0(x, 41,92, ¢, 7) dy, degp = 0.
QprJY.,

Step 3. Choose test functions ¢.(z,t) = ¢(x,z/e,t,t/e¥), scale y; = x/e in uy
and consider

O _40pc e
/QT(ugusul)< LS 4i>f(u+su1)a—ﬁdxdt

ot or

+/ acVue - (Vy+e7 1V, + 62V, )pe dodt = foe dz dt.
QT QT

Multiplication by =2 on both sides of the equation and a limit passage, where
Theorem 4 is used, yields the ~ —k + 2 equation

0
_/ / u28_90(x’y17y27t77-) dyT d:ET =0.
QrJy, T

Hence ug = ua(x, y1,y2,t), i.e. it is independent of 7.

Step 4. Next we choose test functions p.(x,t) = ¢(x,2/e,t) and consider the
equation

0
— / Ug P qedt + / a:Vue - (Vg + 5_1Vy1)<p5 drdt = fpedxdt.
o, Ot Qr Qr

Multiplication by €' on both sides of the equation and a limit passage yields the
~ —1 equation

/ [/ a[Vgu + Vy,ur + Vy,usg] dys dT:| -V o(z,y1,t) dyr dedt = 0.
Qr Y-

The case k = 4.

Step 1. We choose test functions ¢.(z,t) = ¢(x,x/e,2/e? t,t/e*). Then we
consider

6906 —46906 8505
/S2 (e =) (7 + 7157 ) —up dwde

+/ acVue - (Vy+e 1V, + 2V, )pe dodt = foe dz dt.
QT QT
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Multiplication by €% on both sides of the equation and a limit passage, where Theo-
rem 3 is used, yields the ~ —3 equation

0
_/ / ulﬁ_go(x’ylaiU?at?T) dyT d:ET =0.
QrJY; T

From this we conclude that u; = uq(z,y1,t), i.e. it is independent of 7.

Step 2. Scale y; = x/e in uy and consider

depe _40pe O
_/m(ua—u—gul)< 5t +e aT>—(u+5u1)dedt

+ / acVue - (Vy+e7 1V, + 72V, )p. drdt = fo-dzdt.
QT QT

Multiplication by €2 on both sides of the equation and a limit passage, where Theo-
rem 4 is used, yields the ~ —2 equation

0
*‘/ / UQa_QO(xvylvavt?T) dyT dIT
Qr/y; T

+/ / a[Vgu + Vy,ur + Vy,ua) - Vy,0(x, y1, 92, t, 7) dy- dor = 0.
arJy.

Step 3. Next we choose test functions ¢.(z,t) = ¢(z,z/e,t). This yields

0
- / Us Pe dzdt + / a:Vue - (Vy 4+ 1V, )pe dedt = feoe dxdt.
or Ot Qr Qr

Multiplication by €' on both sides of the equation and a limit passage yields the
~ —1 equation

/ [/ a[Vgu + Vy,u1 + Vy,usl dys dT:| -V o(z,y1,t) dys de dt = 0.
r Ly,

The case k > 4.

Step 1. We choose test functions ¢. (z,t) = ¢(z, /e, x/2,t,t/cF), and we consider

e —4 00 dp.
/S2 (e =) (7 +71 57 ) —ug dede

+/ acVue - (Vy+e 1V, + 2V, )pe dodt = foe dz dt.
QT QT
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Multiplication by €*~! on both sides of the equation and a limit passage, where
Theorem 3 is used, yields the ~ —k + 1 equation

0
_/ / ulﬁ_go(x’ylay27t77-) dyT d:ET =0.
QrJY., T

From this we conclude that u; = uq(z,y1,t), i.e. it is independent of 7.

Step 2. Scale y; = x/e in uy and consider

O _kaSpa 0.
_/QT(uE—u—gul)< E +e W)—(u—i—sul)ﬁdxdt

+ / acVue - (Vy+e7 1V, +e72V,,)p. drdt = fo-dzdt.
QT QT

2

Multiplication by €*~2 on both sides of the equation and a limit passage, where

Theorem 4 is used, yields the ~ —k + 2 equation

0
_/ / u26_80(x’y17y27t77-) dyT d:ET =0.
QrJY; T

From this we conclude that us = ua(x,y1,ys2,t), i.e. it is independent of 7.

Step 3. Next we choose test functions ¢.(z,t) = p(x,2/e,2/c%,t) and consider
the equation

0
—/ ugﬁdxdt—i—/ a:Vue - (Vy +€_1Vy1 +€_2vy2)g05 drdt = fpedxdt.
ap Ot Qr Qr

Multiplication by €2 on both sides and a limit passage yields the ~ —2 equation
/ / a[Vgu+ Vy,ur + Vy,ua] - Vy,0(x, y1,92,t, 7) dy- dzr = 0.
QT Y.,

Step 4. Next we choose test functions p.(x,t) = ¢(x,x/e,t) and consider the

equation

0
— / Uge P qedt + / a:Vue - (Vg + 5_1Vy1)<p5 drdt = foedxdt.
op Ot Qr Qr

Multiplication by €' on both sides of the equation and a limit passage yields the
~ —1 equation

/ {/ a[Vgau + Vy,u1 + Vy,usldys dr| - Vy, (2, y1,t) dyr de dt = 0.
r Ly,
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Remark 7. Theorem 5 easily generalizes to the case of IV spatial scales and
more than one temporal scale. The difference is that the number of intervals to be
studied increases. Also, one needs to prove a generalization of Theorem 4 to the case
of N scales.

Remark 8. In the present paper we have analyzed a prototype problem in order
to understand analytically the mechanism when more fine scales are added to the
problem. We see that the occurrence of phenomena like resonances increases and
we can obtain a variety of local effects, which in the end has a large impact on the
global behaviour of the solution. Especially we note that by adding spatial scales
the problem becomes more and more sensitive to a perturbation with respect to the

number k.

5. APPENDIX: MULTIPLE SCALES EXPANSIONS

Let us revisit the expansion (3). By the chain rule we have

Qu. (0 0 5
5 —(at—l—s aT)(u—l—sul—i—aug—i—...)

and

—div(aVu.) = — (div, +e~ divy, +e 2 divy,)[a(Vou + Vi, ug + Vy,us)
+e(Vaur + Vyug + Vyus) +..)].

The three relevant powers of € to study are —2, —1 and 0. Below we will use the fact
that we can not verify the existence of the terms V ui, Vy us and Vy,uz in L? by
the multiscale compactness Theorem 5. We therefore omit their contribution also in
the formal expansion. With higher regularity they might exist and this would lead
to a more complex array of local problems. We just point out in the cases k = 1 and
k = 2 that there occur, formally, two time derivatives in the zero order equation.
However, the local time derivative vanishes after averaging in local time. Compare
with Remark 1 where this is explained and with Remark 2 above. The structure
of the hierarchy of equations will depend on k > 0. It turns out that there are
7 significantly different cases to consider, namely: 0 < k < 2, k =2, 2 < k < 3,
k=3,3<k<4, k=4andk > 4. We choose k = 1 for the case 0 < k < 2 in order
to point out the above remark.

k=1
~ —=2: —divy, (a(Vzu + Vy,us + Vy,uz)) = 0;
~—1: Ou/0t — divy, (a(Vzu + Vy,u1 + Vy,u)) = 0;
~0: Ou/0t + Ouy /0T — divy(a(Vau + Vy, ur + Vy,u)) = f.
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k>4

150

Ou/OT — divy, (a(Vyu + Vyur + Vy,ug)) = 0;
Ouy /0T — divy, (a(Vau + Vyur + Vy,ug)) = 0;
Ou /0t + Ous /0T — divy(a(Vyu + Vy ur + Vy,uz))

ou/oT = 0;

—divy, (a(Vzu + Vy,ur + Vy,uz)) = 0;
duy /0T = 0;

—divy, (a(Vzu + Vy, u1 + Vy,uz)) = 0;
Ou/0t — divy(a(Vau + Vy, u1 + Vy,u2))

I
&H

ou/oT = 0;

Ouy /0T — divy, (a(Vau + Vy,ur + Vy,ug
Oug /0T — divy, (a(Vau + Vyur + Vy,ug)) =
divg(a(Vau + Vy,ur + Vy,u2)) = f.

Ou/0t —
Ou/0T = 0;
duy /0T = 0;

—divy, (a(Vzu + Vy, u1 + Vy,uz)) = 0;

Ous /0T = 0;

divy, (a(Vyu 4+ Vy,ur + Vy,ug)) = 0;

Ou/ot — divy(a(Veu + Vy,ur + Vy,ug)) = f.

Ou/0T = 0;

Ouy /0T = 0;

Oua /0T — divy, (a(Vau + Vy ur + Vy,ug)) = 0;
—divy, (a(Vzu + Vy, u1 + Vy,uz)) = 0;

Oufot — divy(a(Veu + Vyur + Vy,ug)) = f.

ou/oT = 0;

duy /0T = 0;

dug /0T = 0;

divy, (a(Vau + Vi, u1 + Vy,ug)) = 0;

—divy, (a(Vzu + Vy,u1 + Vy,uz)) = 0;
Ou/ot — divy(a(Veu + Vy,ur + Vy,ug)) = f,

=f.



where

1]
2]
8]
[4]

[5]

1
(e, 1) = / oz, g1 ya,t,7) dr.
0
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