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KYBERNETIKA — VOLUME 385 (1999), NUMBER 5, PAGES 555-586

('-OPTIMAL CONTROL FOR MULTIRATE SYSTEMS
UNDER FULL STATE FEEDBACK!:?

JOHANNES AUBRECHT AND PETROS G. VOULGARIS

This paper considers the minimization of the £*°-induced norm of the closed loop in
linear multirate systems when full state information is available for feedback. A state-space
approach is taken and concepts of viability theory and controlled invariance are utilized.
The essential idea is to construct a set such that the state may be confined to that set
and that such a confinement guarantees that the output satisfies the desired output norm
conditions. Once such a set is computed, it is shown that a memoryless nonlinear controller
results, which achieves near-optimal performance. The construction involves the solution
of several finite linear programs and generalizes to the multirate case earlier work on linear
time-invariant (LTI) systems.

1. INTRODUCTION

Multirate sampled data systems arise in many applications in which it is desirable to
use multiple sampling rates for controlling a continuous-time system. The impetus
to use multiple sampling rates could result from, for instance, differing bandwidths
of input signals or differing limitations of the physical sensors and actuators used to
implement a control algorithm. In addition, if the exogenous inputs or the regulated
outputs are continuous signals, a multirate model can be used to approximate these
continuous signals to any degree of accuracy. As a result, it is important to be able
to design controllers for multirate sampled data systems that perform optimally in
some sense.

In this paper the notion of optimality is with respect to £*° performance. In
particular, we are interested in minimizing the £>°-induced norm of the closed loop
map. In the linear time invariant (LTI), case this amounts to minimizing the corre-
sponding £! norm. This £! problem can be solved using input-output techniques and
duality theory (e.g., [5]). For linear multirate sampled data (LMRSD) systems the
problem is solved in [3] using again an input-output viewpoint and lifting techniques
developed in [7, 8, 9] that convert the problem to an LTI however nonstandard,
problem.

1Supported by NSF grant ECS-9308481 and ONR grants N0014-96-1-1181 and N0014-97-1-0153.
2 A version of this paper was presented at the 5th IEEE Mediterranean Conference on Control
and Systems held in Paphos (Cyprus) on July 21 -23, 1997.
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Although the problem of £*°-gain minimization is solved in the input-output
framework for both LTI and LMRSD systems certain characteristics of their solutions
may not be desirable. In particular, considering the £!-optimal control problem with
full state feedback it was shown [4] that, unlike the H*-optimal case, optimal as
well as near-optimal controllers can be dynamic and of arbitrarily high order. This
result motivated a new, state-space, approach to the £! problem when the state is
available for feedback. Recent work in [12, 13] towards this direction has shown
that static nonlinear state feedback performs as well as linear dynamic feedback.
In other words, full state feedback #'-optimal control need not require dynamics if
nonlinear controllers are admissible. Moreover, a constructive, finite-step, algorithm
for near-optimal nonlinear state feedback is furnished. The approach in the work
of [12, 13] is to construct controlled invariant sets in the context of viability theory
and differential inclusions (e.g., [1, 2, 6, 10, 11]). It is precisely this work that we
generalize to the multirate case in this paper. We show that a memoryless nonlinear
controller can be constructed to achieve near-optimal performance.

We note that the method of constructing controlled invariant sets has been used
extensively throughout the control literature from a variety of contexts (see [13]
and references therein) including dynamic programming, systems with control con-
straints, construction of reachable sets, and time-varying system analysis.

The remainder of this paper is organized as follows. Section 2 presents some
background material. Section 3 presents the problem formulation. Section 4 dis-
cusses the notion of a multirate controlled invariance kernel. Section 5 introduces
machinery necessary for the construction of an £!-optimal multirate controller, and
outlines an algorithm to construct such a controller. Section 6 presents an explicit
formulation of this algorithm and an example, Section 7 contains an example il-
lustrating an application of this algorithm and Section 8 contains some concluding
remarks.

2. MATHEMATICAL PRELIMINARIES

First, we give some basic notation: Rt denotes the set of nonnegative real numbers
and Z% denotes the set of nonnegative integers. For M € R™*", let M(; j) denote
the ijth element of M, let M(; .) denote the ith row of M, and let M(. ;) denote the
jth column of M. Also, let M(; ;.y denote the portion of the ith row of M which
includes the jth through the right-most column. Define |M(; ;| := Z?=1 | M )],
and |M| = max; |[M(;;|. Similarly for £ € R", let z; denote the ith component
of z and define |z| = max; |z;|. The appropriate definition of | - | will be apparent
from context. Let ¢°(Z1) denote the set of bounded one-sided sequences in R™.
For £ = {£(0), f(1), F(2),-.} € £2(2*), define ||f]| := supiez+ [f()]. A causal
operator H : L (2Z%) — £2(Z2) is called stable if ||H|| := sup see H{’{Tﬁﬂ < 0.
1#0

A set-valued map F : X ~ Y is a mapping from individual points ¢ € X
to sets F(z) C Y. The domain of a set-valued map F is defined as dom(F) =
{z € X : F(z) is non-empty}. Finally, we give the definition of lower and upper
semicontinuity of a set-valued map which is required in later developments.
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Definition 2.1. ([1},p.56) Let X and Y be Banach spaces. A set-valued map
F : X ~ Y is called lower semicontinuous if for any z € dom(F), y € F(z),
and sequence z, € dom(F) converging to z, there exists a sequence of elements
yn € F(zn) converging to y.

A set-valued map F' : X ~» Y is called upper semicontinuous if 1) dom(F) is
closed and 2) for any £ € dom(F) and any € > 0, there exists a § > 0 such that
z' € dom(F) and ||z’ — || < A together imply

sup inf ||y —y| <e.
y’EF(:c’)!lEF(I)“ ”

In our developments the spaces X and Y in the above definitions will be product
spaces of the real numbers R with itself. It should also be noted that some elements
of viability theory will be adapted for use in this paper with multirate systems. For
a more complete treatment of viability theory, the interested reader should consult
(1, 2].

Let 1 denote a column vector of appropriate length with unit elements. For
M € R**™ and m € R™, let Set(M,n) denote the subset of R™ associated with M
and m, defined by the constraints

Set(M) = {z: Mz <m}.

This notation is used to develop the definition of the Rack operator which appears
below.

Definition 2.2. Let M € R™("+1) and m € R"*!. Define Rack[M, m] as the set
of matrices M and vectors m such that

vE Set(M, m) CR"
<~

(:}) € Set(M, m) c R™*!, for some w € R.

The Rack operator, then, allows a group of constraints on n variables to be rewrit-
ten as a group of constraints of the first n — 1 variables. Often, it will be necessary
to apply the Rack operator multiple times upon a single matrix in order to remove
multiple variables from the constraints. Accordingly, the notation Rack*[M, m] will
be used to denote k such applications of the Rack operator when the removal of k
variables from the constraints is desired.

In the sequel the functions ¢3;(€) and ¢3,(€), as defined below, will be used to
define £'-optimal control laws.
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Definition 2.3. Let M € R™*("+1) be a matrix and m € R" be an associated
vector, such that M and m describe a set of inequalities

ME<m.
Define M| = M(;,1;n) and My = M. n41). For each row of My, let

Z*t = {j:(Mu); >0}
Z= = {j:(Mmu); <0} (1)
z2° = {j:(Mu); =0}.

If Z* and Z~ are non-empty, the functions ¢,T,, :R®™ - R and ¢, : R™ — R are
defined such that

(m)j+ — (M) (+,9€

o
o) = ezt (M) g+

o (m)j- = (M1)gj- o€

o) = ez (M) -y . K

The functions ¢3;(€) and ¢3;(€) are intimately connected with the Rack operator,
as may be seen by comparing Definition 2.3 with the Fourier-Motzkin algorithm
contained in [13]. In fact, these functions provide upper and lower bounds upon a
variable which has been removed by use of the Rack operator, such that

v € Set(M,m) CR™ and we {w:dy(v) <w<dh()}CR
)
(v) € Set(M, m) C R™+1,
w

Note the form of the functions qS,T, and ¢,, depend upon both M and m, although
only the matrix M is explicitly indicated by the notation. However, in practice,
there will be a unique vector m corresponding to each M used to formulate the
functions ¢}'[, and ¢p;.

3. PROBLEM FORMULATION

In this paper, the £!-optimal control problem for a linear multirate system with state
feedback available is considered. The system equations are given by

z(t+1) = Az(t)+ Ew(t) + Bu(t)
z(t) = Ciz(t) + Di1w(t) + Diou(t) (3)
where £ € R™ contains the state of the system, w(t) € Rt contains exogenous inputs,

u(t) € R™ contains control inputs, z(t) € R? contains regulated outputs. The mea-
sured inputs of the system (i. e. the states) are sampled at rates of 1T, [T, ..., I, T.
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The control inputs are delivered to the system at rates of kT, k2T, ..., k,T. It is
assumed that T is the least common sampling interval among all of the inputs and
the outputs. The noise enters the system discretely at a rate of T' time units. The
assumption that the noise enters at the fastest sampling rate simplifies the solution
of the £'-optimal control problem, but is can be removed through straightforward
extensions of the algorithms which appear in this paper. It is also assumed that the
sampling intervals of the inputs and the outputs are all synchronized, such that the
jump discontinuities in the inputs and the outputs occur at the same time instant.
State feedback is assumed to be available such that the measured outputs (denoted
as y € R™) are the states.

The controllers, Kmuiti, which are admissible for this systems are memoryless
multirate controllers which are, in general, a nonlinear function of the state. By
memoryless, it is meant that the controllers may be defined without introducing ad-
ditional state variables to the system. And, multirate refers to the above stipulation
that the inputs and the regulated outputs may appear at different rates.

Given an admissible controller, Kmuiti, define Tyy (Kmuni) to be the forced dy-
namics from w to z with zero initial conditions. Similarly define Tzw(Kmui) and

Tuw (’Cmulti)-

Definition 3.1. An admissible multirate controller, Kmulti, is said to be internally
stabilizing with a performance (resp., strict performance) of v if 1) the unforced
dynamics (w = 0) are globally exponentially stable and 2) the forced dynamics with
zero initial conditions satisfy ||Tw (Kmuti)|l < 7, (resp., ||Trw(Kmuti)l] < 7), with
both ”wa(lcmulti)”: “Tzw(szulti)” < 00.

The optimum performance problem can now be postulated as

Yopt = ’cinf {|Tzw (k)|| : Kmuti is admissible and internally stabilizing} .
multi

We point out that arbitrary time variation does not offer any advantage over
multirate if the controller is linear [3]. Moreover, it can be deduced from the devel-
opments of Section 5 and Section 6 that a memoryless nonlinear controller can at
least match the performance of any linear one. In fact, if may perform better [15].
Finally, it also can be concluded from the results of Section 5 and Section 6 that
a dynamic controller does not outperform a memoryless periodic one. Hence, the
class of admissible controllers is not restrictive.

4. MULTIRATE CONTROLLED INVARIANCE

In this section, the concept of a multirate controlled difference inclusion, which may
be used to represent a dynamic system, is introduced. For a particular multirate
controlled difference inclusion, the structures which are of particular interest are
multirate controlled invariant sets. If a multirate system begins within such a set,
then it will be confined to that set for all time under the action of the associated
controlled difference inclusion. This invariance property will be exploited in the
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construction of a controller which solves the stated £!-optimal control problem. Due
to the requirements of this control law construction method which will be detailed
in Sections 5 and 6, it is necessary to consider simultaneously the behavior of the
multirate system at each step of a time interval of R time steps (i.e. RT time units),
where R = LCM(ly,l2,...,ln, k1, ks, ..., k,). As a consequence, the definition of a
controlled difference inclusion must be appropriately adapted in order to be used to
model multirate systems. Specifically, it must be altered such that the behavior of
the multirate system for R time steps is described. This requirement is met by the
following definition.

Definition 4.1. Let F : R™ x Rfm ~» R™ be a set valued map. Define

F(z) = {U werm  F(z, 0. ..,un_l)} .
1€{0,...,R-1)

Then, z(j + R) € F(z(j)) is the multirate controlled difference inclusion defined

by F.

In the above definition, the variables u°, ..., uf=! represent the control inputs at
times Rj, ..., Rjy(r-1). Also, the time interval described by a multirate controlled
difference inclusion will always begin and end at time steps at which the system has
access both to all the states and to all the controls. Note that the shortest length of
time between such time steps is in fact R time steps. Another important detail of the
above definition is that the output of the multirate system can only be considered
every R steps when modeled with a multirate controlled difference inclusion. How-
ever, when applied to an £!-optimal control problem, multirate controlled difference
inclusions clearly also must satisfy the required bounds on the outputs of inter-
mediate steps. This will be accomplished by appropriately defining the set-valued
map F(z,u’...,uR"1). Finally, note that, while the above definition accomodates
multirate controllers and systems, it does not explicitly restrict the system or the
controller to be multirate. This over-generality will also be addressed in the sequel
by appropriately defining the set valued map F(z,u’,...,u®~1).

As previously indicated, the concept of the controlled invariance of a multirate
controlled difference inclusion is integral to the construction of an £!-optimal control
law. The essential idea is to define a set which will insure that the required output
£%°-norm bounds are met and to then search for the largest subset to which the
multirate system can be confined under some admissible control law for all time.
If such a set exists, then an £!-optimal controller can be constructed. Formally, a
controlled invariant set for a multirate controlled difference inclusion satisfies the
following definition.

Definition 4.2. Consider the multirate controlled difference inclusion defined by
F. A set K C R" is multirate controlled invariant under F if Vx € K, there exists
v eR™, i€ {0,...,R— 1}, such that F(z,u°,...,uf"!) C K.

Clearly, it is desirable to find the “largest” multirate controlled invariant set of
a particular multirate controlled difference inclusion. Therefore, an important type
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of multirate controlled invariant set is the multirate controlled invariance kernel,
which is the largest multirate controlled invariant set in the scnse given by the
below definition.

Definition 4.3. Consider the multirate controlled difference inclusion defined by F.
Let the set K be a subset of R™. The multirate controlled invariance kernel of K
for F', denoted as CINV(K )R, is the largest closed subset of K such that for all z €
CINV(K )R, there exist u' € R™, i € {0,..., R — 1}, such that F(z,u°,...,uf'"!) C
CINV(K) . Here, the term largest implies that CINV(K')p contains all other closed
subsets of K with the above invariance property.

An algorithm for the construction of the multirate controlled invariance kernel
is given in the following proposition, which follows almost immediately from the
version of the Controlled Invariance Kernel Algorithm contained in [4].

Proposition 4.1. Let F : R™ x Rftm ~» R™ be a lower semicontinuous set valued
map. Also, assume that the set

Un F (zn,ug, .. .,uf"l)

is bounded if and only if the sequence {ui} € R, i € {0,...,R— 1} and z, € R"
are bounded. Let K C R" be a compact set. Define Ky = K, and recursively define
the subsets Kg; of K, for j =1,2,..., by

Kr. = {:l: € Kp(j-1): F(:L‘,uo, .. .,uR_l) C Kp(j-1),

2

with u' eR”‘,ie{O,...,R—l}}.

Then ) o
CINV(K)g = ﬂj:o Kp,.

The construction of a multirate controlled invariance kernel CINV(K)p is integral
to the construction of the £!-optimal control law developed in this section for multi-
rate systems. It is important to note that in the most general sense, the definition of
multirate controlled difference inclusions allows the control input to be non-causal
and to depend upon unavailable state information. As discussed in the following sec-
tion, this potential difficulty can be avoided by imparting to the multirate controlled
difference inclusion a form which depends upon the particular multirate system of
interest.

5. FORMULATION OF MULTIRATE CONTROLLED DIFFERENCE
INCLUSION

In this section, the multirate controlled invariant set CINV(OBJECTY) is defined
and its role in the construction of an admissible e-suboptimal multirate controller
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is described. The following assumptions are made for the remaining discussion of
multirate systems in order to simplify the construction of the controller and the
arguments of the proofs which follow.

Assumption 5.1.
1. rank(E) = rank(C,(t)) = n
2. rank(B(t)) = m.

The first two assumptions simplify greatly the construction of the control law. It
should be noted that is possible to remove the rank assumption on E with arbitrarily
small perturbations to E. The rank assumption on each C; may also be removed,
but this must be done by introducing new, non-trivial outputs in order to avoid
numerical difficulties and to insure a reasonable bound on the plant states. The
final assumption insures that there will be no control redundancies, and it may be
removed by arbitrarily small perturbations to B.

For most remainder of the discussion of the construction of £'-optimal control
laws for multirate systems, it also will be assumed that both the states and control
input only have rates of T' and 2T, such that R = 2. The states and control variables
with the same sampling rates will be grouped together, such that z; (u1) contains
all states (control inputs) which appear at rates of T, and x5 (u2) contains all states
(control inputs) which appear at rates of 2T". Also, define n., := dim(z,), z,, :=
dim(z2), ny, = dim(u;), ny, := dim(uz). This assumption that the multirate
system possesses only sampling rates of T and 2T will greatly simplify and clarify the
presentation of the multirate control law construction algorithm. But the algorithms
presented here may be extended to the general multirate problem, and this extension
process is described at the close of Section 6. In the sequel, we will write z and u as

T = <zl) and u= (uz)
To u

such that {; = "'=Iﬂx, =k == km.., =land lh, y1=-=l, = k"‘“1+1 =
-+ = kyn = 2. Note that uy appears above u; in u, opposite to the usual manner.
This is done to simplify the formulation of the algorithms which follow.

The first step in constructing an £'-optimal controller is to use the state equations
given by (3) to formulate a multirate controlled difference inclusion which will be
suitable for use in Proposition 4.1. As previously indicated, this multirate controlled
difference inclusion must be peculiarly defined in order to insure that the resulting
controller is causal and that only available state information is used to produce
control inputs.

To understand these difficulties, suppose a multirate system begins at an even
time step 2j. Then, defining z* := z(t), it is clear from (3) that z2/+! = Az% 4+
Bu% 4+ Ew¥ . It is important to note that since both all states and all control inputs
are available at even time steps, as indicated in Section 4, each element of z% is
known and each element of u* may be prescribed. Therefore, as in the LTI single
rate case, the state dynamics from time step 2j to time step 2541 can be represented
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by the following controlled difference inclusion:
it ¢ {Amzi + Bu% + Ew¥, for some u € R™ : |w¥| < %} . (4)

Here, as an £!-optimal controller is sought, a bound on the £*°-norm of the exogenous
noise is assumed, such that |w?/| < % At even time steps 2j + 2, the state may be
written as

£21? = AgW! 4 Bu¥+! 4 Byt (5)

If the state dynamics from time step 2j + 1 to time 2j + 2 were represented by
a controlled difference inclusion in the simple form of (4), the standard LTI single
rate technique of [13] could be used to construct a control law. However, unlike (4),
some of the elements of the state and the control input are not known at time steps
25+ 1 (i.e. :1:2"+1 and u2’+1) And the resulting control law, therefore, could be
non-causal or utlllze unavailable state information. In order to properly construct a
controlled difference inclusion for a multirate system, its structure must inherently
insure that the resulting controller both will be causal and will not use unavailable
state information.

To preserve the causality of the controller, when the controlled difference inclusion
is defined to describe the transition from time step 2j + 1 to time step 2j + 2, the
unavailable control inputs at time 25 + 1 (i.e. u%’“) may be equated to uz". ThlS
insures that the u; may only be updated at even time steps. The resulting controlled
difference inclusion would then have the following form:
2j

12j+1€{A1:2j+1+[B[ 0 | 0 Bn](u

2j+1
u2i+1) +Ew !

for some u € R™ : Jw*!| < %}
where the B = [ By Bi1] system matrix has been split according to the dimensions of
u; and uy. If the state were fully available at time step 2j + 1, the above controlled
difference inclusion could be used to formulate a controller in a manner analogous to
the LTI single rate case. But if By is non-zero, then the controller will still depend
in general upon :cg 7+1 which is unavailable. We will, however, in the sequel use this
technique of explic1tly including 4% in the equation for z% 2 in order to preserve
the causality of the controller.

The problem of insuring that the equation for z%*2 is written only in terms
of available information is more complicated than insuring causality. However, a
solution may be obtained by considering the problem of removing the dependency
of the controller upon unknown states (i.e. :L'2'7+ ) as the problem of “estimating”

2% In this context, an estimate for .’cg’ *1 is a set which contains all possible
values of :::2" +1 given the available information. The best estimate is then the

smallest such set, with a smgle point corresponding to an estimate with zero error.
Once an estimate for zz’ *1 has been obtained, we will then seek a control law
which will work for any 5’ 2i+1 contained in this estimating set. In constructing this
estimating set, elements of the set-valued estimator developed in [14] will be used.
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The first step is to insuring that the controller will not depend on z2/%2 is to pro-
duce a set-valued estimate of x%’“. This may be done by modifying the set-valued
estimator which appears in [14]. Recall that this algorithm describes a procedure
to construct an online, set-valued cstimator. At each time step, this set valued
estimator produces the set of all possible states, which are consistent with all the
available measurements. In general, thesc measurements could be noise corrupted
combinations of the state. It was shown in [14] that the centers of these set valued
estimates were optimal estimates in an induced-norm sense. Such a point estimate
is not needed in the present case. However, a simplified version of the algorithm
of [14] will be used to produce an estimating set for 1'§]+1. The simplifications
result from the fact that there is no measurement noise and the fact that due to
the assumed two-rate structure of the system, only a single step of the algorithm
of [14] is required. (In the case of the gencral multirate problem, multiple steps
of the algorithm of [14] will be required, as will be discussed subsequently.) One
significant modification will be made in constructing this estimating set, due to the
online nature of the algorithm of [14]. This online algorithm requires specific values
for the measurements and the control inputs at each timne step. Since an estimating
set must be produced off line and since an explicit control law has yet to be chosen,
specific values for the measurements and the control inputs will not be available,
and, thus, they will be represented symbolically.

We now proceed construct a set-valued estimate for :cng, by beginning at time
step 25 at which we have noise frce measurements of the entire state. Then, we move
one time step forward to construct the set-valued estimate for the state at time step
2j+1. This can be done by noticing that 24! = Az% + Bu* + Ew? . In addition,
in the context of £'-optimal control, a bound on the £*-norm of the exogenous
noise exists, such that it will be assumed that |w?| < }, This information may be
grouped together to form an equivalent matrix inequality in the following manner:

-1 A B E r2i+! 0
I —-A —-B -FE z 0
0 0 0 vI u? s 1 (6)
0 0 0 -1 w 1
::MQI‘- :=Tn‘“"

In order to form the estimating set for x§j+l we will apply the Rack operator
to the above set of inequalities in order to produce a set of equivalent inequalities
containing only z?/+1 22/ and u%. Accordingly, if we write

(M, m®*) € Rack’[M"*", 7]

then
2j+1
S
g2+l
est est est est 2 est
[ Mt Mt M M 2 <m (7
N— 4 x J

~
=Mest .
u?
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is the aforementioned set of inequalities equivalent to (6), which defines the estimat-
ing set for x§]+1. This may be seen by noticing that, since z%*!, z2/ and u% are
all known at time ¢ = 2j + 1, the only unknown quantity in (7) is z%’“. There-

fore, the intersection of all of the inequalities contained in (7), provides limits on
the possible values of :cg“'l. Since (6) contains all available information relevant to
producing an estimating set for :(:3“'1, the best possible estimating set for a noise

level of |w?| < % 1s given by x%“’l € Esty (zf’“,xzj, u2j>, where

zfj'H
2+1 25  2f 2j+1 Tng est
Bty (e, 0%, u%) = Qa0 [ M M Mg M ; |<m
u?
(8)
The above construction process for Est;,(:cf”l,;c?j,u?j) 1s summarized in the fol-

lowing algorithm.

Algorithm 5.1. (Construction of Estimating Set for 1:3”1 with |w| < %)

1. Specify y¥ > 0.

2. Let
-1 A B E 0
M = (]) _OA _OB ;f and m®t = (1)
0 0 0 —9I 1

3. Let

(Mest,mest) € Rack? [Mest,mest] .
Then the cstimating set for 22! for a noise level of |lw?| < % is given by
x?jﬂ

Est., (xf“’l,xz’,u"”) = { a2t pest

Now that an explicit form for the estimating set for zg“'l is available, it is
possible to insure that the controller will not depend upon x%j“ by insuring that the
controller will work for any 227! € Est., (22! £2 £%). This will be accomplished
by allowing ng *1 in the controlled difference inclusion defined below to assume any
value in Est,(z¥*!, 2% u%). By also writing this controlled difference inclusion to
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insure that causality is maintained, as was done previously, the set-valued map F,
is obtained, where

F, (xzj,u2j,u2-i+l)
A*' 4+ [ B 0 | 0 B u Ew?*!
T +[ B | n ) g2+ | T Ew :
|C'122j + D11w2j + Dlguzjl <1, |C1w2j+1 + D w2j+l + D12u2j+l| <1,

Vz2+! ¢ Est, (zf“’l U ’) V|w¥] < —, and V|w¥*!| < }
7 7

where ) ) . .
g2t = [A11 Ar2)z¥ + [By Big)u¥ 4 Ey w¥ ()

with [A11 Ai12] (resp. [Bi1 Biz)) representing the first nz, (resp. ny,) rows of A
(resp. B). Note that the multirate controlled difference inclusion defined by F, is
equivalent to two time steps of the system equations (3) for ||w|| < 1/v and ||lu|| £ 1.
Also, note that F., does not depend on ug" , since us is only available at times
t =2j, j €{0,1,...}. And, since £ *! may take any value in Est,(z?*1 2%/, u%),
the multirate controlled difference inclusion is effectively independent of z2J+1

Now, define the set OBJECT,, such that

OBJECT,OY = {1‘ ER": |Clx + Dyjaw+ Dlzul <1, (10)

for some u € R™ and V |w| < i—}

Then, if OBJECT.(: is non-empty, it may be shown straightforwardly that F, satisfies
the hypotheses of Proposition 4.1. As a result, Proposition 4.1 may be used to con-
struct the multirate controlled invariance kernel CINV(OBJECTS), when it exists, of
OBJECTg. A simple recursive argument following the general structure of Proposi-
tion 4.1 may also be used to show that the convexity and compactness of OBJECT_(;
implies the convexity and compactness of CINV(OBJECT,(;), when it exists.

As indicated in Section 4, the concept of the multirate controlled invariance kernel
is integral to the formation of an £!-optimal controller. Specifically, the controlled
invariance kernel of interest is CINV(OBJECT ). Clearly, if the state is confined at
time steps 2j to OBJECT.Y then the £*°-norm of the output at time steps 25 will
be less than or equal to one. The £%°-norm of the output at all intermediate times
will also be less than one due to the definition of the multirate controlled difference
inclusion F,. This ability to bound the £°°-norm of the output at all times, suggests
the following two step algorithm for the construction of an optimal control law.

The first step of the algorithm is to construct the multirate controlled invariance
kernel CINV(OBJECTO) for a particular ¥ > 0, using the algorithm described in
Proposition 4.1. Practically, CINV(OBJECTY) will be difficult to form if the infinite
intersection ﬂ ;=0 K3;j does not converge within a finite and suitably small number of
steps. An alternative is to truncate the invariance kernel algorithm at a point when
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additional iterations produce only an incremental change which is small in some
sense. This issue will be commented upon in the Section 6. If it is determined that
CINV(OBJECT?,) is empty, then v has been chosen too small. In fact, it can be shown
that if CINV(OBJECTg) does not exist for a particular v, then it is not possible to
find a controller with a performance level of y. Therefore, if CINV(OBJECTY) does
not exist, ¥ should be increased, and the algorithm should be re-run.

If v is not too small, then the second step of the algorithm may be run. This
second step is to determine the set of all controls by which the state can be con-
fined within the multirate controlled invariant set CINV(OBJECTS). A memoryless
multirate controller may then be chosen from this set of potential controls. By con-
struction, this controller will have a performance level of . If this performance level
is not small enough or a performance level closer to the optimal value is desired,
then v should be decreased by an appropriate value and the algorithm should be
re-run from the first step. An explicit description of this two step process is given
in the following section.

6. EXPLICIT MULTIRATE CONTROL CONSTRUCTION ALGORITHMS

In this section, explicit algorithms are discussed which may be used to construct
memoryless multirate controllers for the two-rate problem in which both the state
and the control may only appear at rates of T and 2T. The extension of this
process to the general multirate problem is described at the close of this section.
These algorithms require an explicit form of the multirate controlled invariance
kernel CINV(OBJECTS). As previously discussed, confinement to CINV(OBJEC 1‘91)
is desirable, since, if the state belongs to CINV(OBJECTg), then a bound on the
£*°-norm of the output will be insured. The control law is then defined such that it
ensures the invariance of CINV(OBJECTP,).

In Section 6.1, an explicit algorithm is developed to construct CINV(OBJECTPY).
The case of zero D system matrices is addressed first, and then the results are gener-
alized to the case of non-zero D system matrices. In Section 6.2, a control algorithm
is formulated which insures that CINV(OBJECT:) remains controlled invariant.

6.1. Construction of the multirate controlled invariance kernel

In order to construct CINV(OBJECT?,), the methodology of Proposition 4.1 will be
utilized. Since the state must be confined to OBJECTg, the set K¢ in Proposition 4.1

will be set equal to OBJECTS. Then, matrices M3; and associated vectors my; will
be computed, such that Kj; = Set(Maj, my;), where the Ky; are as defined in
Proposition 4.1.

6.1.1. Case OfDu = D12 =0

The first case of the construction of CINV(OBJECTS) addressed is that of a system
with a D system matrix which is zero (i.e. Dj; = Djz = 0). The first step in
constructing CINV(OBJECTg) for this case is to substitute Dy; = 0 and Dy = 0
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into (10) and (9) in order to obtain simplified versions of OBJECT] and F,. The

result is that
OBJECT) = {2%%?:|C1z%+?| < 1}
such that
£%+7 € OBuECT) = [ _%1 ]xzm <1

Also
2i 2j . 2j41 2i+1 ui .
F, (a: TR T ):{A:c 1+ +[ Br 0 | 0 By ] W2+ + Ew?t! .

ICl:z:2j <1, |, |C13:2H1| <1, V::;Hl € Est, (zfj+l,:z:2j,u2j) , V]w¥| < 1,
~
and V [w¥+| < -l—}
7
where
sz‘H = [All A12] % + [Bu Blz] u + El’wzJ. (11)
Following Proposition 4.1, we start by initializing Ko = OBJECTS. Defining
_{ & _
Mo—(_cl) and mo—l
it follows that Set(Mjy, mo) = Ko = OBJECT).
To construct Ks, it is clear that z2/ € K, necessarily requires that
. ) ) . 1
[Au Alz] A1 + [Bll 312] w2+l + E1w2’+1 C Ko, sz’“ < -'}-
This condition may be rewritten in matrix notation as
22+
u? gigg 1
[LW()A Mo[B[ 0] Mo[o Bn] MoEl 421 <mg, Yw i+ < ; (12)
=M, w+!

In order to remove the noise variables from the above inequality, the matrix
M, is defined using a row-by-row analysis. For each row of My, there are three

possibilities:
1. If 2 |(MoE),| > (mo)i, the K is empty, and so is CINV(OBIECTS).
2. If % I(MoE)(l,;)l = (mo)i, then ¥ < Yopt.

3. If ;} !(MoE)(I,;)l < (mo):, then v < Yopt.
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If ¥ > 7opt for all rows, then define M% using a row-by-row analysis such that

(MoA Mo[B1 0] Mo[0 Bul)q,,
m(0); — £ [(MoE) |

My, =

In order for z% € K it also will be necessary that |C) z%/*!| < 1. This is
equivalent to .
Mo+ < 1.

Splitting M and My according to the columns which correspond to the known and
unknown states, the two control variables, and the noise, this new constraint can be
appended to those defined by M%, to yield

P2+
1
2j+1
(Mo)1  (Mo)nn 0 0 Ty . < < 1 ) (13)
Myt (M) (My)m (M) u? -\1
~ 7 u21+1 W_/

::771—%

::’]W*=[(ﬁ§)| (ﬁ%)n ('A_'!%)m (ﬁé)lv]

At this point, we would like to remove u?*! from the above inequality. In the
case of the LTI single rate problem, in which all states are sampled at all time
steps, this would be done by applying the Rack operator m times (once for each
element of u?/+1). This can not be done in the case of the multirate systems being
considered here. The problem stems from the fact that using the Rack operator to
remove control inputs from a set of constraints implicitly allows those controls to
depend upon each of the remaining variables. Thus, if the Rack operator was used to
remove the columns corresponding to u*+1, there would be an implicit assumption
that u%*! could depend upon z3’*'. This would allow the controller to depend
upon state information which is not available at time step 2j+ 1. To avoid this type
of difficulty, it will be necessary to remove :1:3J+l from (13) before the Rack operator
is applied. This will be done in a manner similar to that which was used to remove
w2+ in order to create M%. That is, a row-by-row analysis of M;_ will be used to

identify a scalar region over which each row of (M%)" varies. Then we insure that

(13) holds for all possible values of :vgzj“) € Est, (:cfj“, z, uzJ). Note that this
will satisfy the inherent requirement of F,, that F, C Ko for all possible values of
:c%’ +1

The first step of removing the z27*! variables is to identify the combinations of
.the z37*! variables which must be estimated. Since each row of (13) has to hold
independently, it is necessary to determine the range over which each nonzero row

of (Ml) varies. To this end, let
3/n

1. M(; contain each row (.I_VI_%)(. ) with |((M'5)n)

-
(3,2)
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£0

2

2. Xll_g contain each row (1\_4-%) i) with ‘(( 1) )(J- 9

Using this notation and splitting Mn and M ; in the obvious ways, (13) may be
rewritten in the following form

n

x:l’-j+1
(Hg); 0 (m)m (m)lv g2it!
e O W (v g
My (Myu (Mym (M u

u2i+1

The vector est, which contains each variable which must be estimated, may then be
defined as . )
est 1= (M—L) :cg”l.
/1

Let the dimension of est be dim(est) = e.

We now need to determine scalar regions over which each est;, i € {1,...,¢}
varies. To accomplish this, we first form an individual estimating set for each est
and the available information (i.e. 22! £2  u?). Let Est; be the estimating set
for each est;, foralli=1,...,e. Then using the notation of (8) we may write

(MESt.' ) mESf..‘)
0 Mest Mest Mest Mest
I11 v I1
mest

—9
€ Rack™=2 1 0 0 0 ((M%)")(;,;) , 0

—0 0
-1 0 0 0 M
(@7u),,
and

est;

g2+

Est; = | est; : Mg, 12- < mEg,

22
u?d

As the estimating set of est;, Est;, is the set of all possible values of est;, given the
available information, just as Est, contained all possible values of 1:2'7 +1 Bach row
of Est; defines an inequality constramt upon est;, and, therefore, each row of Est;
corresponds to either an upper bound or a lower bound on the value of est;. Taking
the intersection of all of the upper bounds produces the desired upper bound on
est;. However, since it will not be known a priori which individual upper bound is
the most restrictive, this upper bound will not have a constant functional form. To
produce upper bounds with a constant functional form, we will divide the space of
the measured data (i.e. x2’+ , 2%, and u?) into regions in which the upper bounds
on all the est; variables have a constant functional form. To that end, define the
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regions Region(I®), IR € {1,..., LR}, LR € Z* such that each est; may be bounded
by a function with a constant form within each Region(I{®), such that we may write

. . A/
est; < af-R +bi-R (zf’“ z% uz’) , Vie{l,...,¢e} (15)

for all (z3*1, 2%/ u2/) € Region(I®), where each afR is a scalar constant and each b
is a constant vector. These regions may be obtained from the inequality constraint
descriptions of each Est; by utilizing algebraic manipulations and linear program-
ming methods.

By sectioning the space of the measured data into regions, it is possible to remove
the unmeasured variables, the zg’ *1 variables, from (14) in a row-by-row manner
similar to that by which the noise variables were removed from (12). Over each

region corresponding to some index I®, we want to insure that (14) will hold for any
est € Est. Therefore, for each row ofT\/I_;, let

mrd(1f), =1 - a:'n

and
MRY(1®) i,y = [((Mg)x)(’_,:) ((Mg)m)

Also, let

()| 18" 01

@) (C))

mr®=1 and MR = [(Mg)I (Mg)m (M;)w].

Note that M R} and mr{ will be the same over each Region(I®). Using the above
notation, the following inequality holds for each Region(i®):

xf“l
M RY(IR) z% mr(IR)
el I N S D (16)
MRI(I™) u¥ mr] (I7)
w2+l
:=MR,(IR) :=mr,(IR)

Once M R;(I®) and mry(I®) have been constructed for each Region(I®), the con-
straints no longer depend upon z2’*!. Therefore, the u?+! control variables may be
removed by using the Rack operator without forcing the control law to depend upon
x%’ *1 For each region corresponding to some index I®, define the matrix M, (IR)

and the vector m;(I?), such that
(M (1%), m, (17)) € Rack™ [M Ry(I?), mri (I7)] . (17)
Dividing M1(I%) in the obvious manner results in the following set of constraints
2241

[(MI(IR))I (MI(IR))" (MI(IR))u]] 22 < ml(ln)'

u?
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Note that the Rack operator is not applied 2m times to (13), as this also would
remove the columns which correspond to u?. As previously discussed, such a use
of the Rack operator would implicitly allow u* to depend upon z3’*!, yielding a
non-causal control law. To remove u% from the above constraints using the Rack
operator (and, thereby, yielding constraints only in terms of the states) without
producing a non-causal controller, z2+! must be written in terms of z%/, u%/, and
w? by using the system equations. This yields, for each region corresponding to

some index %, the following inequality

[(MI(IR))I (A1 Ar2]+ (MI(IR))”] z2

+ [(My (1)), [Bi1 Bia] + (Mi(1R)) | (M1(I1R)), E:] ( T < my(I%).

w ]
_ (18)
To this inequality, the final condition necessary to insure that z2/ € K,, namely
that |[C,2%| < 1, must be added. This condition is equivalent to

Myz¥ < 1.

Appendiﬁg this inequality to (18) yields
%

M%) | == | + Mi((®)nw¥ <my (%) (19)
u?l

where

M, (1%,
_ [ Mo 0
| (MF), [An A]+ (M(B), (ML(IR)), [Bun Bua] + (My(17)),,

— 0
MI(IR)II = [ (Ml(IR))I E; J

o 1
(= ( my (I7) ) |

The next step is to remove w? from (19) for each Region({®). This will be done in
a row-by-row manner similar to that used to remove w?*! from (12), although there
is one critical difference. In the latter case, it was simply assumed that |w?+!| < }7

In the present instance, inside of each region associated with some index I%, the
noise is actually more restricted. This is due to the fact that inequalities defining
each region (i.e. (15)) restrict the value that 27+1 may have relative to the values
of £27 and u?. This clearly restricts the value that the noise w% may hold.

The unique relationship that each Region(I®) has with some region in the space
of the w? variables also may be seen from the definition of the Rack operator, which
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was first used to construct each Est;. By the definition of the Rack operator, for
each z%+! 2% and u? which satisfy the conditions of Est;, there corresponds some
w? with |w?| < %+ Tracing the consequences of this fact through the formulation
of each Region(I?), the unique relationship of each Region(I®) with some region of
space of the w? variables may easily be seen.

In order to remove w? from (19) it is necessary to determine a scalar bound on
each row of (M (I®));;. Due to the unique relationship that each Region(I?) has
with some region in the space of the w? variables, such a bound may be found by
using algebraic manipulations of the constraints which define each Region(I?) and
the state equations (3). The result is that for each Region(I?), we may write

(M) ;) € wmax™)i, Vi
It is now possible to remove w? from (19) by defining the matrix MI%(IR) such that

B (ML (™)),
@)~ (@ (7)), — L wmax (IR),

My (1F)

The next step is to remove u? from the constraints defined by MI%(IB) in order

to yield a set of constraints, which depend only upon 2. These constraints will
define K5, to whose construction the entire above process has been leading. To effect
this removal, one must essentially determine the set of states for which a control law
exists, which will insure that the constraints defined by Mlé(lR) are satisfied, no

matter which Region(I®) occurs. Since it is not known a priori which Region(I®)
region will occur, the control must be chosen such that Set (Mlé(IR), 1) is satisfied

for all Region(I®). To insure this, define matrix Ml% such that

Set (E%, 1) =("),, Set (Mlé(z"), 1).

This intersection may be effected by simply collecting all the constraints defined by
each MI%(IR) into a single matrix inequality. The redundant constraints could then
be removed by using a linear program in order to simplify later computations.

Before finally constructing K, note that by definition % € K, only if % € K.
Therefore, if My and m, are defined such that

_ Mo _ mo
Mg—(Nz) and mg-(n2)

(N2, n3) € Rack™ [M1§:1]

where

then Set(M2,m2) = K2. Given M3, the above process may be repeated recursively
to yield K2;, j € {2,3,...}. As indicated in Proposition 4.1, the intersection of this
infinite sequences of sets equals CINV(OBJECTS).

The above iterative construction process is summarized in the following algorithm.
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Algorithm 6.1 (D33 = D33 = 0 Control)
1. Specify ¥ > 0 and initialize

(G 1
Mo— ("Cl) and mo = (1)

2. Let the index j = 0.
3. For each row of M;,
(a) If %- |(M; E)q,;)| = (mj), increase v and restart.
(b) Otherwise, set
( MJ_%) _ (M4 M:'[BllO] M;[0 Bu])q,,
) (mj) — 2 [(M; E)q,y|

(’"f%), = L

4. Define _Mj% and ﬁjg_ as

— [M, 0]
%§=[”%
5. Let
(a) ﬁ?% contain each row (Mj %)(‘ 5 with |((HJ %)n)(. ‘)’ =0.
(b) H;% contain each row (Hj%)(_ ) with ((Hi%)n)(i -)‘ #0.

6. Use the set valued estimate Est., (z'fj H 22 2 ) to form the regions Region(I®),
IR e{1,...,LR}, LR € Z* within each Region(I?), such that we may write
. . A/
est; < al" +8)" (23 2¥ w¥)
Vie{l,...,e}, ¥ (zf"“,xz-",uz") € Region(I®).

7. For each I®, let R
mr;+1(ln); =1-al
and

MR, (1R, = [((-M—’.'%)I)(i,:) ((ﬁ;,})m) ) ((mg)lv)(‘_,:)] — [ 0]

mr;-).H =1 and MR?+1 = [(H:%)l (H;%)m (H;})IV] )
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8. For each IF let

:cfj“
MRY,,(I%) 28| _ [ mrfa () 90
MRY,,(IR) wd o | T\ met (R ) 20
j+1 i+l
2541
:=MR;41(IR) u?rt i=mrjp(IR)

9. For each IR, define Mj4+1 and mj41 by

(M; 41(17), m;41(I7)) € Rack™ [MR;(I?), mr; (1%)] .

10. For each {7, define M +1(I7) and ;11 (I7) as

Mi1(1®) = [(Mj1(0®))a M1 (M 41(1%)n]

mi (%) = (mj:(l")>

where
(M 1("a = :(Mj+1(IR))1[A11A;4[(1)2]+(MJ’+1(1R))H]
(M1 () = | (M1 (1R))1 [ Bia 1;)12]+(Mj+1(1’*))m ]
(M () = (MyoaI) ] ‘

11. Use the set valued estimate Est, (zfj'H, % uzj) to determine bounds wmax(I%)
such that
(M 1(%)1) ¢y < winax(IR)s, Vi

12. For each I® and each row of (_M,-H(IR))I, define

((MJ’H(IR))I)(.',;)
(mj+l(ln))z - %wmaX(lR)l.

M3 (F)ay =

13. Construct _1\7]-_,_1% such that

Set (MJ'+1% ' 1) = ﬂmez"‘"““‘"" Set (MH'I%’ 1) .
J
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M; m;
wr= () 0 e ()

J

14. Set

where -
(Nj42, nj42) € Rack™ [Mj+1§x1] .

15. Let j = j + 2 and return to Step 3.

The algorithm will restart whenever v < 7,pt. Otherwise,

CINV(OBJECT?,) = {ﬂ:o Set(sz,mzj)} .

Note that the construction of the M>; and the my; does not require the solution
of linear programs. However, linear programs are required for a computationally

efficient implementation by removing redundant constraints in the matrix description
of the various sets in the above algorithm.

6.1.2. Case of Dy1, D12 #0
Suppose now that Dy; # 0 or Dy2 # 0. Define

V() = {c ERP:

1
(+—-Dnw
Y

<1, VlwISl}.

Assuming V is non-empty, use a row-by-row analysis to construct M 1 such that

V = Set (M_%,l) .

Then

OBJECTS = {-’C ER": M_%(Clz + Diau) < 1, for some u € 'Rf"} )

Defining My and mg such that
(Mo, mo) € Rack™ [[M_3C1 M_yDys), 1]

it follows that Set(Mo, mo) = OBJECTS. Intialize Ko = Set(Mg, mg). Note that

if Dyy = D1y = 0, then M_, = (I'”‘" ) In this case, My = [ Gy ] and
: —Ipxp "

mg = 1, which are precisely the definitions given in the Di;(j) = Di2(j) = 0
Control Algorithm.

To construct the sets K;, j € {1,2,...}, an algorithm which is nearly identical
to the D11(j) = D12(j) = 0 Control Algorithm may be used. Other than the above
alteration to the definition of My, alterations need only be made in Algorithm 6.1 at
the points at which constraints were added to insure that ||z|| < 1. These conditions
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were of the form of |C12%*!| < 1 and |Cyz%| < 1. Clearly, these constraints will
not insure that the £°°-norm of the regulated outputs remains less than one when
the D system matrices are non-zero, as they were intended to do. Therefore, in the
case of non-zero D system matrices, the above conditions must be replaced, with,
respectively

2j+1 2j+1

'M_%[(Cl)x (C)u] (z§j+1) +M_1[(Di2)t 0 |0 (D12)u] (U:ﬂj )

<1

and . _
IM_% 012:2] -{-M_l5 D12u21‘ <1

Note that the matrix D;2 has been split in the first expression according to the sizes
of u; and uy, in order to insure that the controller is causal. Also, the matrix C;
has been split according to the sizes of z; and z;. As a result of the above changes,
(13) becomes

2541

Z
M_1(Cit M_y(Co)u M_y[(Diz)i 0] M_y[0 (Di2)u] 2j+1
<1

1 2 -

(M%)I (M%) 11 (M%) 111 (Mf) v u.f
~ ~ u2]+1
::ﬁ%=[(ﬁ§)1 (ﬁ%)” (M%)Hl (Mé)lv]

(21)
and (19) becomes

[ M__%Cl M_%Dlg ] (:L'2j>
L O6(R), [An Aw)+(M09), - (M), [Bu Bial+ (M), | \u
=(F, 7)),
0

+

wi < 1.
= \my

(22)
With these changes, Algorithm 6.1 may be used to construct the sets Kj;, j =
2,4,6...

(M (17)), Ey

~ /

:=(M1(1R))”

6.2. Using the multirate controlled invariance kernel to construct
memoryless controllers

As previously indicated, once CINV(OBJECTS) has been constructed, it can be used
to construct a memoryless multirate controller which meets the specified output £*°-
norm bounds. Consider first the case where both u; and u; are a scalar control
inputs. That is where the system has only two control inputs: u; which is sampled
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at a rate of T time units and uz which is sampled at a rate of 2T time units. Given
that CINV(OBJECTS) has been constructed using the algorithms in the previous
sections, it can be written in the form

CINV(OBJIECT]) = Set(Moo, Moo ).

In order to construct a control law with the desired performance level, we will identify
the range of values of the control u which will insure that the state is transfered from
Set(Moo, Moo) to Set(Me, M), under the action of F,. In order to identify this
range of control values for u; at times steps j = 1, 3, ..., Step 3 through Step 8 of
Algorithm 6.1 are used to construct matrices M Roo (1) and vectors mrq, (I%) for all
Region(I®), by replacing M; in Step 3 of Algorithm 6.1 with M. Note that since
unique M Roo(I?) and mre, (1) exist for each Region(I®), a unique control law must
be constructed for uf’“’l for each Region(I®).

Using Definition 2.3, the functions d)LRm(,R) R® - R and ¢1_WR“,(IR) R =R
may be defined, for all Region(I®), such that

(m"OO(IR))1+ - ((MROO(IR))l)(H,;)I

d’x[ﬁw(lﬂ)(l‘) = ,+r2iznl+ ((MRoo(IR))ll)H
_ . (mroo(lR))l- - ((MRW(IR))I)(I-,:) T
Oupaqm(®) = min (MR (™)) - '

Note that, for each index ¥, Z,-+ is non-empty if and only if Z; is non-empty.

For each Region(I®), both ¢LRM(1R)(1‘) and ¢;,,Rm(m)(:c) are continuous func-
tions. And, by construction, if either is used as a control law for ufj“ inside of
each Region(I®), CINV(OBJECT,(;) will be multirate controlled invariant under F,
assuming that an appropriate control law is used for ufj and ugj. In fact, from
the definition of F,, it is apparent that any convex combination of the above func-

tions is also a valid control law for uf“’l. Accordingly, we define for ufH'l in each
Region(Ift) the control law
9117 2) = adirp_any(@) + (1= @) S _amy(2), @ €[0,1]. (23)

If the assumption of Definition 2.3 that Z* and Z~ are non-empty does not hold
for some index If, then the Rack operation produces no constraints on the control
in Region(I?). Therefore, §;(I®;z) may be set equal to any value, such that the
assumption of the non-emptiness of Z+ and Z~ is non-restrictive.

To form a control law which holds for any Region(I?), §1(z) may be defined as

G1(z¥ 2% u¥) = {G1(I%; z), where (¢¥*!, 2% u¥) € Region(1%)} .

Following the pattern of the LTI control construction method, [13], to determine
also the range of control values for u, at times steps j = 1, 3,..., we would apply
the Rack operator to M Roo(I?) and mre, (1) in each Region(I®) to yield

(MR (I%), M7 (I7)) € Rack [M R (I7), mreo (1)) .



#1_Optimal Control for Multirate Systems under Full State Feedback 579

Then we could attempt to use Definition 2.3 to construct functions ¢-;'71—2 (m) and

;TE(,‘,(IR)' However, Z* and Z~ will be empty in each Region(I®) due to the fact
that all the columns corresponding to u%j *1 are zero. Therefore, no constraints are
placed upon the control inputs u§j+1 and no control functions (i.e. ¢* and ¢~) can
be constructed. This simply reflects the fact that u, cannot be altered at time steps
i=13,...

Now, we proceed to construct the range of control values for u; at j =0, 2, 4,...
First, we define

(Moot1(I7), meo41(I?)) € Rack [MRo(IF), Mo (IF)] .

Then, following Step 9 of Algorithm 6.1, the set M oo 41(I®) is constructed by re-
moving any element of xf’“, replacing it with an equivalent expression which con-
tains only =%, u*, and w?, and adding the output constraint. Then, following
Step 10 through Step 12 of Algorithm 6.1, the noise variable w? is removed to yield
—_— R . + -— .

M 411 (I%). Then, we may define the functions ¢ﬁm+1§(”’) and ¢ﬁm+,§(l") using
Definition 2.3, construct control functions zl(lR;x) analogously to §;(I®;z), and
define h; analogously to §;. Then, h; provides a control law for u; at j =0, 2, 4, ...

To construct the range of control values for u; at j =0, 2, 4,.. ., first construct
M, m € Rack [M 411 (IR), Mg 11 (1F)
co+14r Moot1} ac co+1% » Mool .

. o, . + p—
Then, using Definition 2.3, we may define the functions ¢1‘7w+15('n) and ¢A~lw+l§(1R)'
Then, define ha analogously to 51. Then, Zz provides a control law for u; at j =
0, 2, 4,... Note that since usy is only updated every two time steps, hy also will be
the control law used for u, at time steps j =1, 3, 5,...
Utilizing each of the above steps, a control law which makes CINV(OBJECTg)
multirate controlled invariant under F, is g, where

. zz(-"—‘(i)) )
= - s =0,24,...
90) ( (2 () ) ’

s ha(=2(j — 1)) .
9() = (al(x(j),z(j—l),g(j-l)))’ i=1,3,5,...

Note that the control input value for u; changes only every two steps, as required
by the multirate structure of the system.

For the case in which dim(u;) > 1 or dim(uz) > 1, an appropriate controller
may be formulated by extending the logic of the above algorithm. To illustrate the
technique, we will focus on the construction of g;, with the construction of the other
elements of § being analogous. For clarity, consider a situation in which both u,
and u; have a dimension of two. Then, let

(MRoo(I?), MFeo (1)) € Rack [M Roo(I), mreo (17)] .
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Construct ¢ r..qm)(®) and B3y 1m)(%) and, likewise ¢LTW(IR)($) and
- (z) for each Region(I?). Define g1,(I%;z) : R® — R for each Region(i?),
MR (IR)

such that

gulfz)=adis @ +1 =gy a0, aclo,1].

Then, define 12(1%;2) : R™ — R such that

F12(%2) = B ¢an(1")(x) (ﬁll(fR; Z))

0D 8@, ). P01

Then, set §1(I%;z) : R® — R equal to

MG (5“(1"?“”))‘

g12(I%; z)
To form a control law which holds for any Region(I®), §(z) may be defined as
71 (z2j+1,:c2j,u2j) = {EI(IR;:(:), where (221! 2% u¥) e Region(1®)} .

The above iterative process is necessary to construct the desired controller when
u; and up are not scalars due to the structure imposed upon the problem by the
Rack operator. When constructing CINV(OBJECTS), the Rack operator is used
successively to remove one control input at a time from the matrix which describes
the inequality constraints on system and control inputs. Therefore, it is possible
to construct the controller for the entire system by constructing a controller from
each of the matrices produced by the Rack operator in reverse order. In order to
produce hi(z) and hy(z) a process similar to the one described above would be
used, beginning with Moo+1(I") and meo41(I%). The primary difference is that four
successive Rack operations are used to construct the two elements of h;(z), followed
by the two elements of Ez(m), as all components of the control input may be altered
at the even time steps. It is clear that the above process may be extended to a
system with dim(u;) > 2 or dim(uz) > 2 by continuing to work back through the
matrices produced by the Rack operator such that g;3(I%; z), for example, would be
constructed from §12(I%; ) and §11(I%; z). And, after constructing MOO_H%(IR), the

control law for time steps j = 0, 2, 4,... can be formulated, such that 7113(9:), for
example, would be constructed from hj2(z) and hii(z).

The above process produces a controller which renders CINV(OBJECTY) multirate
controlled invariant under the action of F,,. To produce a controller which has a
performance of v, we define

po(z¥) = inf {ﬂ ert:z¥ep CINV(OBJECT?,)}
pi(z¥* 2% u¥) = inf {ﬂ eRY 2%t ¢ B Cinv(OBJECT)),

2j+1 2+1 95 9j
Vz*+! € Est(zy’ ,121,,‘21)}
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where CINV(OBJECT}) is the closed subset of CINV(OBJECTY) to which the state
will be confined at the time steps 2j+1, j =0, 1,... under the action of the control
law g. This set may be constructed by using a similar method to that used to
construct set valued estimates. Specifically, the Rack operator may be used to map
the set CINV(OBJECTS) forward in time, utilizing the state equations (3), the known
form of the control law g, and the assumption that ||Jw|| < 1/7.

Using these scalings with the previously constructed control law g, the new control
law g results, where g is defined such that

06 = we)i ().

po(z*
t=20,24,..
X . . 2j+1 2]
2j+1 22} — 241 42 ,25)5 d
g(-’lf X ) - pl(l‘ y T, U )g(p1($2j+l,:82j,u2j)’ p1($2j+1,1'2j,u2j)),
t=1,3,5,...

Using the above definitions, the following proposition may be proven in a manner
similar to that used in [12].

Proposition 6.1. Assume that each state z and each u appears only at a rate of T'
or 2T (i.e. ), = "':I"zx =k, = ~-:-/<rm“l =1 and ln,1+1 = =lh=kn, 1=
.= km = 2). Also, assume that CINV(OBJECT,(:) exists. Then, the control law g,
as defined above, is internally stabilizing with a performance of v for the multirate

system defined by (3).

When using the algorithms in this and previous sections to construct ClNV(OBJECTS),
it is possible that an infinite number of iterations of the appropriate algorithm will
be required. To address this problem, it is possible to construct an algorithm which
produces an internally stabilizing controller in a finite number of steps. This finite
termination algorithm essentially defines an auxiliary set Kg; for each set K'g;, such
that p successive of the Kg;’s will belong to their corresponding I’{'RJ, ’s only when all
of the Kg,’s are close to their limit sets in CINV(OBJECT?Y). It can be shown that
the final Kg; is controlled invariant, such that an e-suboptimal control law may
be constructed, and the algorithm terminates. The formulation of this algorithm
follows that of the finite termination algorithm in [13].

In the general multirate case, in which the system being considered has sampling
rates different from, or in addition to, T" and 27. The general technique of con-
structing a controlled invariant set and then using this set to construct an optimal
controller remains largely the same for the general multirate problem, with a few
modifications being necessary. The controlled difference inclusion F'y must now span
R time steps. It must be defined such that the unavailable control inputs at each
time step are equated to their previous values. In addition, set valued estimators for
each of the unmeasured states at each time step are constructed in a manner anal-
ogous to that used to construct Esty. An analogue to Algorithm 6.1 may then be
constructed. Note that the space of the measured variables must again be sectioned
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as one moves back in time in order to insure that the set valued estimator at each

time step has a constant functional form.

7. EXAMPLE

As an example of the implementation of Algorithm 6.1 and of the construction of a
memoryless multirate controller, consider the multirate system

[0 1 0] 00 1 01
z(t+1) = 00 1 |z@®)+ |0 1 Ju@+]|0 1 1 |w®)
[ 1 0 0 | 10 0 01
(1 0 0]
2(t) = 0 1 0 (=x(t) (24)
|0 0 1]

where

Lh=1 b=I13=2 k=1 k=2

such that z, 3, and u; appear at a rate of 2T'; and z; and u; appear at a rate
of T. Note that as previously indicated the control inputs are ordered such that

u . . o
u(t) = ( 2). Since both z2 and z3 are unknown at odd time steps, an estimating
u

set must be constructed by using Algorithm 5.1. The resulting estimating set is

Est, (zf“'l, z¥, uz’)

( 2j+1 )
[0 0 1]-1 0 0]-1 0 (:1’1“\ %
pitt 0 1 -1|l1 0 -1|1 =1 2 s

_) (= 1 0 <11 -1 01 o0 z3 <5\
“)\e¥t) |0 0 -1]1 0 0]1 0 el Il I
0 -1 1 (-1 0 1 ]|-1 1 z* 1
-1 0 1|-1 1 o}-1 ofl|l—-—- g

‘ - "\ W ) N/

As both Dy, and Dy, are zero, Algorithm 6.1 may be used to construct the multirate
controlled invariance kernel, CINV(OBJECT.(;). Choosing 4 = 8, which implies that
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||lwlleo < %, the algorithm converges to

(71 0 0 *
0 & 0
0 0 1
-2 2 0
CiNv(OBJECT)) = J z: i 8 E Y
0 -4 0
0 0 -1
L L % _% 0 J J

Having obtained CINV(OBJECT?,) for v = 8, a controller may be found which insures
that the system remains within this controlled invariant set by utilizing the result
of Section 6.2. One possible controller, which results from this type of construction
and which achieves a performance of ¥ = 8 has the form u(z, j) = (u’(z)), where

ui(z)
u1(j) = hi(z(j)) : for j even
= g1(z1(j), z(j = 1)) :for j odd
uz(j) = ha(z(j)) : for j even

= ha(z(j - 1)) : for j odd

and
_ 1 1 . 1 . 1 ,
hl(J) = 5 max{—poi—za(])}+—2— min {POE—QS(])}

. 1 7 ; 5 . | ) 5 }
hz(J) = Emax{po-é-—:h(J), Pog—zz(])}+§ mm{—po%—rl(]), —po——zz(])}

8
( %max{—p1%—1'1(j-—1)_"2(j—1)» W
_,,1%_zl(j_1)+x3(j—1)+ul(j—1)—uz(j—l)} i 200i) <
+: min {m%—m(j) — 21(J=1)+z2(j-1)—u2(j-1), z2(7=1)
Pl%—371(1'—1)'*‘1'3(1'—1)+“1(j‘1)_"2(j_1)} /

() = W
%max{—P1%—1?1(j)f$1(j—1)+22(j—1)-u2(j—1), 1

mpnG-Drng-DbuGo-wG-0} [
1 1 -
-{—;min{plg—zl(j\l)—-uz(j-l), z3(j—-1)

| -1l D)as( o) G- 1) -uG- 1)}

V.



584

J. AUBRECHT AND P.G. VOULGARIS

o = max{ 21}, gle2), sl 31 = 21) + 220301}
( max{2ea() ~ z2G = D+ oG- Db mG-1), )
8(@1() +21(G = 1) = 2(j = )+ ua(G - 1)), N
“2es(i = ) 4wl =)=l - D+ D), [ A
1G] 1= 22l = D+ 2l - D+ uG =1}
P1 = 3
max { = 2(21(3) = 22(G = 1) + 23 = ) + w (G - ), )
—2(z1(§) + z1(F — 1) —22(j — 1) +u2(j - 1)), P
Aeali - DG = D) Sl - D+uaGi-1), [ o
| G i - e - D4z - D+ wG -1}

Note that po(z(7)) and pi(z(j), z(j — 1)) are the Minkowski scaling functions which
were mentioned in Section 6.2. The calculation of p; requires the construction of
CINV(OBJECT)). It can be shown that CINV(OBJECT)) = CINv(OBIECTY).

x1

x2

x3

.........................

.....

...................

.......

1 L
o 100 200
time index

time index

i i
100 200
time index

Fig. 1. Time history of state variables with ||w||e < 5.

300

Using the above controller, a simulation was run with initial conditions of
(z1,z2,23) = (—=1,—3,1). The disturbance w(t) was chosen with a uniform dis-
tribution such that ||{w||c < &. The time history of the state variables from this
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simulation appears in Figure 1. Clearly, as the C} system matrix is the identify ma-
trix, ||z||co remains less than one in this simulation, thereby confirming the efficacy
of the controller.

8. CONCLUSIONS

A state-space approach was taken and the concepts of viability theory and controlled
invariance were used to produce a method for the construction of near optimal control
laws for multirate systems when full state information is available for feedback. The
algorithm which was constructed explicitly in this paper is limited in applicability
to two-rate systems, in which all the controls and all the states appear only at rates
of T and 2T. But, as previously discussed, the extension of this algorithm to the
general multirate system is straightforward. The resulting optimum control laws
are static and contain R different piecewise linear elements, where R is the least
common multiple of all the sampling rates, which are sequentially applied to the
multirate system. This construction method is attractive due to the desirable static
nature of the resulting control laws. Thus, it can potentially serve as an alternative
to the well-known input-output synthesis methods.

(Received April 8, 1998.)
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