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CONTINUOUS EXTENSION 
OF ORDER-PRESERVING HOMOGENEOUS MAPS 

ANDREW D. BURBANKS, COLIN T. SPARROW AND R O G E R D. NUSSBAUM 

Maps / defined on the interior of the standard non-negative cone K in R.N which are 
both homogeneous of degree 1 and order-preserving arise naturally in the study of certain 
classes of Discrete Event Systems. Such maps are non-expanding in Thompson's part metric 
and continuous on the interior of the cone. It follows from more general results presented 
here that all such maps have a homogeneous order-preserving continuous extension to the 
whole cone. It follows that the extension must have at least one eigenvector in K — {0}. 
In the case where the cycle time x(f) °f the original map does not exist, such eigenvectors 
must lie in dK — {0}. 
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1. INTRODUCTION 

We study classes of maps motivated originally by applications to Discrete Event Sys­
tems. We first consider a general setting, and then apply our results to a particular 
class of maps. 

In Section 2, we consider the general case of maps which are defined on the 
interior of a closed cone ifi , taking values in another closed cone K2, which are 
continuous and order-preserving with respect to the usual partial orderings induced 
by K\ and K2. We examine the problem of extending these maps, in a natural 
way, to the whole of K\. We give conditions, in considerable generality, (both finite-
and infinite-dimensional) under which a natural extension exists and is continuous. 
(There are also interesting examples in which some of the conditions do not hold 
and the extension is not everywhere continuous.) 

Specifically, we consider order-preserving continuous maps / from the interior of 
K\ to K2, where K\ satisfies a geometrical condition (which generalizes the notion 
of a polyhedral cone), K2 satisfies a weak version of normality, / satisfies a weak 
version of homogeneity of degree 1. Our results show that all such maps have a 
continuous extension to the whole of K\. We state these general results without 
proofs; the interested reader is referred to [1]. 

In Section 3, we examine the case of maps / defined on the interior of the standard 
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non-negative cone K in E^ which are both homogeneous of degree 1 and order-
preserving. Our results imply that such maps always have a continuous extension. 
We examine briefly connections between properties of the extension and existence 
of the cycle-time vector for such maps. 

2. GENERAL RESULTS 

We first give some basic definitions. 

Definition 2.1. A closed cone (with vertex at zero) in a topological vector space 
X is a closed convex subset K C X such that (1) Kn(-K) = {0} and (2) XK C K 
for all real A > 0. The cone structure induces a partial ordering: We write x <K y if 
y — x G K (or simply x < y, if K is obvious from the context). If K has non-empty 

o o 

interior, K 7- 0, we write x <<y \iy — x € K. 

In what follows, we usually let K\ be a closed cone in a Hausdorff topological 
o 

vector space X\ with K\ ^ 0 and let K2 be a closed cone in a topological vector 
o 

space (t.v.s.) X2l and consider maps / : K\ -> K2 that are both (1) continuous and 
o 

(2) order-preserving in the sense that, for all x,y G K\, 

x <Kl y implies f(x) <K2 f(y). 

Definition 2.2. When considering the extension of such maps to points x G dK\, 
o 

on the boundary of K\, it will be natural to consider sequences (xn G K\ : n > 1) 
such that xn —r x as n —> 00 and xn ^> x for all n. We will call such sequences 
allowable. 

o o 

Assuming that K\ ^ 0, if we take any u £ K\ and define xn :-= x + n - 1 u , then 
liuin-^oo xn— x and xn > x for all n > 1 (by convexity). So such a sequence always 
exists. 

2.1. Natural extension 

Under the assumption (Condition A) given below, namely that the images under / 
of decreasing sequences must converge, it follows that a natural extension exists. 

o 

Definition 2.3. Let / : K\ -» K2 where K\,K2 are closed cones in Hausdorff 
topological vector spaces X\,X2, respectively. Suppose that if x\ > x2 > • • • > 

o 

Xk > • • • is any decreasing sequence in K\, then the sequence (f(xj) : j > 1) 
converges in K2. If / , K\, and K2 satisfy these conditions, then we shall say that 
Condition A is satisfied. 

Condition A holds in some useful cases: 
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Lemma 2.4. Let K\ be a closed cone in a Hausdorff t.v.s. X\ with K\ ^ 0. 
Assume that K2 is a closed cone in a finite-dimensional Hausdorff t.v.s. X2. Let 

o 

/ : K\ -> K2 be a continuous order-preserving map. Then Condition A holds. 

Note that there are interesting closed cones K which are not finite-dimensional, 
but which have the property that decreasing sequences converge. This motivates the 
following definition. 

Definition 2.5. Let K be a closed cone in a Hausdorff t.v.s. X. We say that K 
has the monotone convergence property if whenever (yj : j > 1) is a sequence in K 
and 2/j+i < yj for all j > 1, there exists y G K with limj_>00 yj = y. 

Example 2.6. Any finite-dimensional closed cone has the monotone convergence 
property. 

Example 2.7. Let H be a real Hilbert space and X be the set of bounded self-
adjoint linear maps A : H —> H. Equip X with the strong operator topology: if 
(Aj '• .7 > 1) -s a sequence in X, then Aj -> A in the strong operator topology if 
and only if ||-4j(a;) — -4(x)|| -> 0 as j -> oo for all x G H. Let X be the cone of 
nonnegative-definite bounded self-adjoint operators in X, so that (Ax,x) > 0 for all 
x G H. It is a standard result that K has the monotone convergence property (see, 
for example, [8]). 

Example 2.8. Let (S,M,fi) be a measure space and let X = L1(5, M,n) denote 
the usual Banach space of /i-integrable real-valued maps. Let K denote the closed 
cone in X of maps which are greater than or equal to zero /i-almost everywhere 
(two maps in X being identified if they agree //-almost everywhere). The monotone 
convergence theorem from real analysis implies that K has the monotone convergence 
property. 

We use the monotone convergence property and the previous remarks to gener­
alize Lemma 2.4 to the case where X2 need not be finite-dimensional: 

Lemma 2.9. Let K\ be a closed cone in a Hausdorff t.v.s. X\ with K\ ^ 0. Let 
K2 be a closed cone in a Hausdorff t.v.s. X2 and suppose that K2 satisfies the 

o 

monotone convergence property. Let / : K\ -> K2 be a continuous order-preserving 
map. Then Condition A is satisfied. 

We now state our first extension theorem: 
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Theorem 2.10. Let K\ be a closed cone with non-empty interior in a Hausdorff 
t.v.s. X\. Let K2 be a closed cone in a Hausdorff t.v.s. X2. Assume that / : 

o 

K\ —r K2 is order-preserving and continuous and that Condition A is satisfied. 
o 

Suppose that x e K\ and that (xn G K\ : n > 1) is an allowable sequence with 
limn.^oo %n — x. Then: 

(a) There exists z = zx G K2 such that limn_>0o f(xn) = zx. 
o 

(b) Further, if (yn G K\ : n > 1) is another allowable sequence such that 
limn_>oo yn = x, then limn_*oo f(yn) = limn_>oo f(xn) = zx-

(c) Further, if we define F(x) := zx for all x G K\, then F(x) = / (x) for all 
o 

x G K\, i. e., F is an extension of / . If x G ifi and (a:n G K\ : n > 1) is any sequence 
such that limn_»oo xn—x and a;n+i <C xn for all n > 1, then limn_>0o -^(-^n) = -Z?(^)-
(In fact, if (yn e K\ : n > 1) is any sequence such that yn > x for all n > 1 and 
limn_>oo yn = x, it follows that limn_+oo F(yn) = F(x).) 

That the above limits all exist and take the same value, namely F(x) as defined 
in the theorem, is our intended meaning of the term "natural" extension. 

Remark 2.11. The extended map F is also order-preserving since, if x,y G K\ 
o 

and x < y, we may take u G K\ and note that 

F(x) = lim f(x + n~lu) 
n—>oo 

< lim /(y + n_1M) = F(y). 
n—>oo 

Theorem 2.10 also implies that F : K\ -+ K2 is continuous at 0 G K\. However, 
as we show in detail in [1], the map F need not be everywhere continuous, even if 
K\ and K2 are finite-dimensional closed cones. 

2.2. Continuity of the extension 

The aim of this section is to give some further conditions on / , K\, and K2, in 
considerable generality, which ensure that F : K\ —> K2 is continuous. 

We begin with a geometrical condition on K\ which generalizes the polyhedral 
property of a cone. 

Definition 2.12. Let K be a closed cone in a Hausdorff t.v.s. X. If x G K, we 
shall say that K satisfies Condition G at x if, whenever (xn G K : n > 1) is a 
sequence in K with limn_^oo xn — x and A < 1, there exists an integer n* such that 
Xx < xn for all n > n*. We shall say simply that K satisfies Condition G if K 
satisfies Condition G at x for all x G K. 

o 

In [1], we exhibit a map / : K\ -> K2 where K\ is a normal cone for which 
Condition G does not hold. The map is the harmonic mean (A-1 + B~l)~l of two 
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nonnegative-definite symmetric real 2 x 2 matrices A, B. This is a map from the 
cone C x C = K\ to C = K2, where C is the cone of such matrices. Its extension 
is order-preserving, homogeneous of degree 1 and continuous on the interior of K\, 
but is not continuous at certain points on the boundary dK\. 

Definition 3.12. Recall that a closed cone K in a Hausdorff t.v.s. X is called 
polyhedral if there exist continuous linear functionals ipj:X->R, 1 < j < N < oo, 
such that 

K ={xeX : ifj(x) > 0 for 1 < j < N}. 

Lemma 2.14. Let K be a closed cone in a Hausdorff t.v.s. X. It follows that K 
is polyhedral if and only if K is finite-dimensional and satisfies Condition G. 

We are grateful to Cormac Walsh, who pointed-out the converse part of the 
lemma. 

The next condition that we will need to ensure continuity of F is a weak form of 
homogeneity. 

o 

Definition 2.15. We say that / : K\ -» K2 is homogeneous (of degree 1) if for all 
o 

x G K and A > 0, 
/(Ax) = Xf(x). 

o 

Definition 2.16. Let K\ be a closed cone with K\ / 0 in a Hausdorff t.v.s. X\ 
o 

and let K2 be a closed cone in a Hausdorff t.v.s. X2. Let / : K\ —r K2. We say 
that / satisfies Condition WH at x G K\ if, for every real a, 0 < a < 1, there exists 

o 

8 > 0 and an open neighbourhood V of x in X\ such that for all y G V fl K\ and for 
all real A G [1 - 5 , 1 ] , 

/(Ay) > af(y). 
If / satisfies Condition WH at x for every x G K\, then we shall say simply that / 
satisfies Condition WH or that / is weakly homogeneous. 

o 

Example 2.17. If / : K\ -» K2 is continuous, it is easy to prove that / satisfies 
o o 

Condition WH at every x e K\ such that f(x) G K2. 

Example 2.18. If there exists 5* > 0 and a map (p : [1 — <5*,1] —r (0,oo) with 
limA-^i_ (p(X) = 1 such that 

/(Ay) > ip(\)f(y), 
o 

for all y G K\ and A G [1 — 5*, 1], then / satisfies Condition WH. 

The final condition that we shall need is a variant of normality for the cone K2. 
We call this the weak normality (WN) or sandwich condition. 
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Definition 2.19. A cone K in a normed linear space, not necessarily finite-dimen­
sional, is said to be normal if there exists a constant M such that ||x|| < M||y| | 
whenever 0 <K X <K V-

Definition 2.20. Let K2 be a closed cone in a Hausdorff t.v.s. X2. We shall say 
that K2 satisfies Condition WN (or is weakly normal) if, whenever (xn), (yn), and 
(zn) are sequences in K2 with 0 < xn < yn < zn for all n > 1 and limn_>00 xn = 
limn_^oo zn = I/, for some y G K2) it follows that limn_>00 yn exists and equals y. 

Lemma 2.21. Let K2 be a closed cone in a normed linear space. Then K2 is 
normal if and only if K2 satisfies Condition WN. 

We now state our second extension theorem; we use the above additional condi­
tions to ensure that the extended map F is sequentially continuous: 

Theorem 2.22. Let K\ be a closed cone with K\ ^ 0 in a Hausdorff t.v.s. X\, K2 
o 

a closed cone in a Hausdorff t.v.s. X2 and / : K\ —> K2 a continuous order-preserving 
map. Assume that Condition A is satisfied, that K\ satisfies Condition G at some 
x G dK\, that / satisfies Condition WH at x and that K2 satisfies Condition WN. 
Define the extension F as in Theorem 2.10. Then F is sequentially continuous at x. 

Corollary 2.23. Let K\ be a closed polyhedral cone with K\ ^ 0 in a Hausdorff 
t.v.s. X\. Let K2 be a closed cone in a Hausdorff t.v.s. X2 and assume either that 
(i) K2 is finite-dimensional or, more generally, that (ii) K2 has the monotone con-

o 

vergence property and satisfies Condition WN. Let / : K\ -> K2 be continuous and 
order-preserving and satisfy Condition WH on K\. Then / has a sequentially con­
tinuous extension F : K\ -> K2 that is order-preserving and satisfies Condition WH 
on K\. 

3. THE POSITIVE CONE 

In this section, we focus on maps / defined on the interior of the standard non-
negative cone K = R+ in RN which are both homogeneous of degree 1 and order-
preserving. In this case, the partial ordering induced by the cone is exactly the usual 
partial product ordering on RN. These maps arise naturally in the study of certain 
classes of Discrete Event Systems. Such maps are non-expanding in Thompson's 
part metric and continuous on the interior of the cone, so that continuity is no 
longer required as an explicit assumption. 

First, we work in a more general setting. Recall the definition of Thompson's 
part metric: 
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Definition 3.1. Let v,y denote elements of a cone K. We say that v and y are 
comparable if there exist reals a > 0 and (3 > 0 with ay <K V <K Py- The notion 
of comparability divides K into disjoint equivalence classes called the components 
or parts of K\ for v G K we let If (t>) denote the set of points that are comparable 
with v. 

Definition 3.2. Let v^y denote comparable elements of a cone K. We define the 
positive real quantities, 

M(v/y) := mf{P>0:v<py}, 

d(v,y) := max{log M(v/y),log M(y/v)}. 

The restriction of J to each part K(v) is a metric, called Thompson's (part) metric. 
By defining d(v, y) := -f-oo if v, y are non-comparable elements of K, we extend J to 
the whole of K (but only the restrictions to each part are actually metrics). 

o 

Remark 3.3. Let K\ be a normal cone with K\ ^ 0 in a Banach space X\ and 
_ o 

K2 be a normal cone in a Banach space X2. Let d\ denote the part metric on K\. 
_ o 

It is known that d\ gives the same topology on K\ as the topology induced by the 
norm on X\. See Proposition 1.1 in [7] for a proof and references to the literature. 

o 

See also [9]. If / : K\ -> K2 is homogeneous of degree 1 and order-preserving, then 
o 

there exists v G K2 such that f(x) is comparable to v in K2 for all x G K\ (i. e., the 
interior maps to a single part). If K2(v) is the part corresponding to v and d2 is the 
part metric on K2(v), then 

d2(f(x\),f(x2)) < d\(x\,x2), 

o o 

for all x\,x2 G K\, i.e., / is non-expanding on K\ in the part metric. It follows 
o 

automatically that / is continuous as a map from K\ to K2. Thus, in this case we 
o 

do not need to assume explicitly that / : K\ -> K2 is continuous. 

3.1. Topical maps on the positive cone 
o o 

Let K\ = K2 = K := R+ , the standard positive cone in RN-. Maps / : K -> K 
that are order-preserving and homogeneous of degree 1 are a specific example of 
the general case above; they are non-expanding with respect to the part metric on 
o 

K. In fact, if homogeneity holds, then being order-preserving is equivalent to being 
o 

non-expanding, see [3]. Hence these maps are continuous on K. Such maps are 
sometimes called "topical" in the literature and are of interest for certain classes 
of discrete event systems. They may be viewed as the image under the bijection 

o 

(component-wise exponentiation) exp : RN -> K of maps g : RN —> RN that are 
additively homogeneous and order-preserving and, consequently, non-expanding in 
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the supremum (i^) norm. To each such map g there corresponds a map / : K -> K 
with 

f(x) = (exp ogo\og)(x). 

With suitable modifications of the proofs to take advantage of full, rather than 
weak, homogeneity, our results imply the following corollary. This result was proved 
previously, by more direct means involving the comparison of various component­
wise limits, by [2]. 

Corollary 3.4. All homogeneous order-preserving maps / : K -> K with K = R+ 
have an extension F : K -> K that is homogeneous, order-preserving, and continuous 
on the whole of K. 

Remark 3.5. We can also show, see [2], that the extended map F is non-expanding 
in the extended part metric, mapping each part of if to a part. 

Corollary 3.6. Let / : K —> K, with K = R+, be an order-preserving homo­
geneous map with the order-preserving homogeneous (and continuous) extension | 
F : K —> K. Then F has at least one eigenvector in K — {0}. 

i 

P r o o f . Let U C K denote the intersection of the positive cone with the surface 
of the (£2) unit hyper-sphere, i 

U:={xeK: \\x\\2 = 1}, 

and let 7r denote the projection (normalization), 

7T : K - {0} -> n , x H>
 X 

Щ\2 

We have seen that / has a continuous extension F to the whole cone K. If F(x) = 0 
for some x G II then, by definition, F has an eigenvector with eigenvalue 0 and we 

o o 

are done. This happens, for example, in the case / : R\ —> R\ with f(xux2) := 
y/x\x2(l, 1), where all x G dU are mapped to the vertex 0. Suppose, on the other 
hand, that F(x) ^ 0 for all x G II, then the projected map 7r O F : U -> n is well-
defined and continuous on n . Further, n is homeomorphic to a compact convex set. 
Hence, by Brouwer's fixed point theorem, 7roF has at least one fixed point in n . By 
homogeneity, it follows that F itself must have at least one eigenvector in K - {0}. 

• 

In fact, we can prove a stronger result: 



Continuous Extension of Order-preserving Homogeneous Maps 2 1 3 

Lemma 3.7. Let C be a closed cone with non-empty interior in a finite dimensional 
Banach space X. Let F : C -> C be a continuous order-preserving homogeneous (of 
degree one) map that maps the interior of C into itself. Then F has an eigenvector 
in C — {0} with nonzero eigenvalue. 

o 

P r o o f . (Outlined.) If u G C, there exists c > 0 such that F(u) > cu. Take a > 1 
and define g(x) := (a/c)F(x), so that g(u) > au and the sequence (gm(u) : ra > 1) 
is unbounded in norm. Theorem 2.1 in [6] then implies that there exists x G C with 
||x|| = 1 and t > 1 such that g(x) = tx. (The assumption of compactness of the 
map g, in the statement of that theorem, can be weakened.) 

It follows that F(x) = (tc/a)x. A simple limiting and compactness argument, 
letting a -» 1, shows that F has an eigenvector with eigenvalue not less than c. In 
fact, if we define 

c := sup{fc : 3x G C, ||x|| = 1, F(x) > kx}, 

then we deduce that there exists an eigenvector of F with eigenvalue c. • 

Definition 3.8. From the viewpoint of applications, a natural question is whether 
o o 

the map / : K -> K has a cycle-time vector, defined formally by 

*(/) := lim (fh(x)) 
k-ìoo 

1/k 

If this limit exists for some x G K, then it follows, from the fact that / is non-
o 

expanding, that it exists for all y G K and takes the same value everywhere. Thus 
the cycle time is naturally regarded as a property of the map itself. 

o 

Existence of an eigenvector x G K in the interior with, say, f(x) — Xx for some 
A > 0, implies directly the existence of the cycle time with x(f) — ^1> where 
1 := ( 1 , 1 , . . . ,1). Thus our above result establishes the following corollary: 

o o 

Corollary 3.9. If x(f) does not exist, for / : K -» K homogeneous andorder-
preserving on the positive cone K, then the extended map F has at least one eigen-

o 

vector in dK — {0} with nonzero eigenvalue and there are no eigenvectors in K. 

The cycle-time vector is known to exist for certain classes of maps in general 
dimension N. Specifically, a nonlinear hierarchy of such maps may be built from 
simple maps by closure under a finite set of operations, see [4]. The cycle-time also 
exists for all order-preserving homogeneous maps with N = 1,2. 

However, x(f) n e e c i not exist in general for N > 3, as illustrated by a family of 
maps introduced by [5]: consider a sequence of reals (ak G [0,1] : k > 1) and let 
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crk := J2j=i ak w ^ h CT° := 0. Then there exists a homogeneous order-preserving 

map / : K -> K with K := R\, such tha t for all k > 0, 

/ f c ( l , l , l ) = ( l , e x p ( o - f c ) , e x p ( A : ) ) . 

For suitable choices of the sequence (ak), we can arrange tha t the sequence (ak/k) 
does not converge and, hence, tha t x(f) does not exist. 

Construct ion of a particular family of such maps, for which there is no cycle t ime, 
reveals t ha t the projected map TT O F fixes a continuum of points on one edge of H. 

4. CONCLUSION 

We have presented results on the continuous extension of maps defined on the interior 
of closed cones, firstly in considerable generality and secondly applied to the case of 
the s tandard positive cone. 

Our general results have applications in other areas, particularly to operator-
valued means, where the existence of continuous extensions is a natural question. 
In this case, it is also relevant to consider maps which are not order-preserving. For 
further discussions, see [1]. 

For the positive cone, we have shown tha t all homogeneous order-preserving maps 
have a continuous extension to the boundary of the cone and tha t non-existence 
of the cycle t ime restricts the fixed-point set of the extended map. It would be 
interesting to have a characterization of the possible fixed-point sets and to clarify 
connections between existence of a cycle t ime and properties of these sets. 
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