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FUNDAMENTAL VECTOR FIELDS ON TYPE FIBRES
OF JET PROLONGATIONS OF TENSOR BUNDLES

\
DEMETER KRUPKA

1. Introduction. In this paper the problem of constructing the fundamental vector
fields [9] on the type fibres of the jet prolongations of tensor bundles is considered.
This is one of the most important problems of the theory of invariant Lagrangian
structures [3], [4], [7].

The well-known direct method of finding these vector fields follows from their
definition, and is based on the formulas for the action of the structure group of
tensor bundles on their type fibres. Examples [4] show, however, that the
corresponding computations are rather complicated and in the cases of higher jet
prolongations practically non-realizable. In this paper we determine the fundamen-
tal vector fields by a simple differentiation procedure which makes use of their
relation to the jet prolongations of the so called induced vector fields on tensor
bundles (2], [5], [6]. :

Throughout these notes the standard summation convention will be used unless
otherwise stated. The symbol x will denote the composition of jets, and R" will
denote the n-dimensional real Euclidean space; we shall write R =R"'. For the
sake of simplicity all our manifolds and maps will belong to the category C~.

2. The jet prolongations of projectable vector fields. The purpose of this section
is to recall the definition and main properties of the jet prolongations of projectable
vector fields on fibred manifolds [2], [S], [6]. Throughout, &: Y—X denotes
a locally trivial, finite-dimensional fibred manifold. We set n=dimX, m=
dimY —dimX.

Let = be a ;-projectable vector field on Y and & its w-projection. Denote by a,
and a, the local one-parameter groups of = and &, respectively. For every local
section y of & and every sufficiently small ¢, a,yag,' is a local section of s, and the
r-jet prolongation j'a,yas' of a,yas' is a local section of the r-jet prolongation 7, :
FY>X of m. Setting

r_(,x}/) {dt ]ao,wa.}’ao: }

(V]

we obtain a vector field on #'Y, j'Z, called the r-jet prolongation of =.
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There exists a simple description of this vector field. To obtain it, let us introduce
some special charts on $'Y. To every y,€ Y there exist a chart (V, ¥) on Y with

centre y, and a chart (U, @) on X such that U=x(V) and the map vy:
V—R"XR™ is of the form

() =(ea(y), vo»)),

where y,: V—R"™ is a map. The coordinate functions defined by such a chart are
called the fibre coordinates on Y.

Let (V, y) and (U, @) be as above, let x;, y,, where 1 <i<n, 1<o<m, be the
corresponding fibre coordinates. We set for every jiy e ;' (U)

xi(j;Y) =x,-(x),
Yo(jxv) =yor(x),
2o (j¥) =Diy.ye ' (@(x)),

20...0(i7v) = Dy... D, (yoy @~ Y@ (x)),

where D; means the i-th partial derivative operator. The functions x;, Yo, ..., Zi,. 0>

1<i<sn,l<o<m, 1<i,<...<i,<n, are some fibre coordinates on #"Y which
are said to be associated to the fibre coordinates x;, y,.

Let F be a function on s; '(U), and denote by D, F, DF, ..., D, F the partial

derivatives of F with respect to X, Yo, - .., Zi,...i.0» Tespectively. We define a function
d,F on 7;},(U) by the formula

d,F =D F +D/F- 2o + DioF - Z4io + ... + E Dil,..i,oF'zil.A.i,a-

ih<=...=si,

The following is proved in [6]:

Lemma 1. Let = be a n-projectable vector field, let

be its expression in some fibre coordinates x;, ¥, on Y. Then in the associated fibre
coordinates on $'Y,

where for every s, 0<s<n-—1,

—_ —_
Sy i — d, Siyigo — iy iy DkEj-
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3. Fundamental vector fields on left L, -spaces. In this section X will denote an
n-dimensional manifold.

We begin by recalling some notation and definitions. Let L, be the Lie group of
all invertible r-jets with source and target at the origin O0e R". An r-frame at
a point x € X is an invertible r-jet with source 0 € R" and target x. The set #'X of
all r-frames carries a natural structure of a principal L;-bundle [1] called the
bundle of r-frames on X. The projection of this bundle will be denoted by x,. The
right action of L, on %X is defined by the map (y, g)—y=*g.

Let Q be a left L,-space. We shall denote by #,X the fibre bundle with type
fibre Q, associated to #"X. The equivalence class of a pair (y, q) € F X X Q with
respect to the standard equivalence relation in X X Q [8] will be denoted by
ly. gl

Every local diffeomorphism a of X gives rise to a local automorphism %'a of
F'X defined by

Fa(y)=jrmaxy,

where jia denotes the r-jet of a at x, and to a local automorphism Foa of FoX
defined by

Foa(z)=[Fa(y), ql,

where z =[y, q]. Both ¥ a and Foa are said to be induced by a. The definition of
the induced local automorphisms is naturally extended to vector fields.

Let FZX®FoX denote the Whithey sum of X and FoX. To each pair
(v, 2) e FXDFX there is uniquely associated a point g € Q such that z =[y, q].
We define the relative image maps » and %, by

x(y,2)=%,(2)=q.

x, is obviously a surjective diffeomorphism between the fibre over x =, (y) in
FoX and Q.

Let x€X, y ex;'(x), let & be a vector field defined on a neighbourhood of x
such that £(x)=0. Denote by F,& the induced vector field on F5X, and define
a vector field on Q, &,, by the relation

Tx, - FoE =Eqox,,

where Tx, is the tangent map to #x,. The following statement gives us a description
of the Lie algebra of fundamental vector fields on Q.

Lemma 2. Let x € X be a point. To each fundamental vector field = on the left
L;-space Q there exists a vector field & defined on a neighbourhood of x, such that
E(x)=0and £ =§&,. Conversely, if £ is a vector field on a neighbourhood of x and
E(x)=0, then &, is a fundamental vector field on Q.
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Proof. Let £ be a fundamental vector field on Q. There must exist
a one-parameter subgroup g, of L such that

— d
2@={5 @0}
for every q. It is easily seen that g, can be chosen in the form g, =joa,, where o, is
a one-parameter group of local transformations of R". Let y € 7, '(x) and choose
a map f of a neighbourhood of 0 € R" to X such that y =jof. For every sufficiently
small ¢, B, = fa,f™" is a local diffeomorphism of X satisfying (3,(x)=x. The induced
local diffeomorphism &'f, satisfies '

FBY) = frobexief =js(fof ' of) =y +g..
For q e Q and z =[y, q] this relation implies that

9.:a =%y, 9. q1) = %.([y*4., 1) = %,FB.(2),

which in turn implies that

2@)=Tx- | § FobD)] =Eola).

Conversely, let & be a vector field on a neighbourhood of x, and assume that
&(x)=0. Let  be the local one-parameter group of §. Then 3,(x)=x for all r and
there exists a curve g, in L;, such that

F r(Y)':)'*g:-
Let z =[y, q] be any point. Then
% FoB(2)=%,([y*9:; 4]) = 9. q = 9. %,(2).

On differentiating this relation with respect to ¢ we directly obtain that &, is
a fundamental vector field on Q.
This completes the proof of Lemma 2.

4. Fundamental vector fields on the type fibres of jet prolongations of tensor
bundles. In this section, X is an n-dimensional manifold, Q a vector space
endowed with a tensor representation of the group Gl,(R), mo: FoX —X the
bundle of tensors of type Q on X, and 7,,,: ' FX — X its r-jet prolongation.
Recall that $"F},X is a fibre bundle with type fibre T;,Q, the space of all r-jets with
source 0 € R™ and target in Q, associated to the bundle # *'X of (r + 1)-frames on
X [3]. In our previous notation, #'#6X = F;"'X, where P =T,Q.

Let x € X, let (U, @) be a chart on X such that x € U and ¢(x) =0. Denote by x;
the coordinate functions defined by this chart, and by q,, where o runs over an
appropriate set of multi-indices, some global coordinates on Q. Let x":
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FXOFLX—->Q be the relative image map introduced in Section 3. Fibre
coordinates X;, o on F,X, associated to the coordinates x;, are defined by

%(q)=x70(q), Go(@)=qoox (o™, G),

where ¢ e g'(x).
Let now & be a vector field on U,

d
£=& ax;
It is known that in the associated local coordinates Xis Go,
Fhe=& 2+ D& G0 =
1] axi ') U o aq-'A b

where C5¥e R are some constants determined by the tensor character of Q. Using
Lemma 1 we obtain

where @}, Oi.,, ..., O, .., are some uniquely determined vector fields on
g (U) symmetric in the subscripts.

Let x“*Y: F'X®FFoX—T,Q be the relative image map, let y=
jo''@ e F ' X be the (r + 1)-frame at x = ¢ ~'(0) defined by the chart (U, @) on
X. We shall prove the following

Theorem. The vector fields Tx{*"- @i, Tul*™P Ok, ..., THCV-Ol 4.\
1<k,< ... <k, <n, span the Lie algebra of fundamental vector fields on the left
L;*'-space T,Q.

Proof. By definition, $ %X = F;"' X, where P =T,Q. We shall verify that for
every local diffeomorphism B of x, "' = j"Fof. Choose z =[jo '@, jif] €
F»'X, and write z in the form

2=Jo1o(Fo@ 'o(id X f)o@).
Then by definition,
Fe'B@)=[F'BG @7, jofl=1Uo" (Be™), jif]
= joo—' o FoBp o ((id X f)o@B™")

= joo-10(FoB o Fop ' o(id X f)o@of™)
=" FoB (o o(Fop ™ o(id X f)o@)),

which shows that F*'g = j"#of. Consequently, for every vector field & on X the
relation F'g = j"FLE holds, and we see that we may apply the results of Section 3
to the bundle $"FoX.
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Let x € X be a point. According to Lemma 2, for every vector field & defined on
a neighbourhood of x and such that §(x)=0,

TH( D FoE =Dy Tx( V- O+
+ E .Dkx E T}f(r+l) @kl k,

k<. <k, 4y

12

where the derivatives of & -are considered at the point ¢(x) =0. Since the numbers
D&, ...,.Dy,...D: & are independent, each vector field from the collection
TS O, TS ™ Oty ooy TV -O, 1o, 1<k, < ... <k,.;<n, is a funda-
mental vector field on T,,Q, Lemma 2 also shows that this collection of vector fields
spans the Lie algebra of fundamental vector fields on T,Q:

5. Example. The purpose of this section is to study the fundamental vector fields
on the 2-jet prolongation of the bundle of second order, covariant symmetric
tensors. Our method should be compared with the direct approach [4].

Let o: #6X — X be the bundle of second order, covariant symmetric tensors on
an n-dimensional manifold X. Then the type fibre Q = R"*©OR"* is the symmetric
tensor product of the dual vector spaces of R". Let e; be the canonical basis of R",
e' the dual basis. To every tensor g € R"*© R"* there are uniquely associated the
numbers g;(g), where g;(g) = g;(g), by the formula

g=g;(g) e Qe

The functions g;;, where 1 <i <j <n, are canonical coordinates on Q, associated to
the canonical basis ¢, of R". The corresponding canonical coordinates g,, gi.,
Ju.i» Where 1 <i<j<n, 1<k <I<n, are defined as follows. For jif € T>Q we set

9:Gof) = 9,f(0), G5 (Gof) =Diguf (0), g5 (j3f) =D« Dlgiif(0)~

The group GI,(R) acts on Q in the obvious way. Let a} be the standard canonical
coordinates on Gl,(R), let (a, g)—a-g denote the left.action of Gl,(R) on Q. In
our coordinates,

gi(a-g)=ai(a™")-aj(a™") gu(g).

Let now (U, @) be a chart on X, x; its coordinate functions. To every § € n5'(U)
one can associate the numbers §;(g), where §,(§)=g,(g), by the relation

g= g'.,(g) dx; @dX,

The functions X; = x71o, J;, where 1 <i <j <n, are some local coordinates on X
which are said to be associated to the local coordinates x; on X.

Let us describe the induced vector fields on FoX. Let x € X, let (U, @) be
a chart on X such that xe U and ¢@(x)=0, let x; be the corresponding local
coordinates. Assume that § is a vector field on U such that £(x) = 0, and denote by
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B. its local one-parameter group. In what follows we identify the groups Gl,(R)
and L). By definition,
F'BGop ) =joBo™" =jo®  +jowBe ™",
where jopB@ 'eL,. Let g emg'(x),
g =3,(d) dx, Odx; =[jo@p ", §;(g)e' Oe'].
With the aid of the definition of the action of Gl,.(R) on Q,
FoB(@)=[F'BGop™), Gs(9)e' O€']
=[jop ™ +jo@Be ™", §y(g)e' O€') o
=[jbp™", atGsoB: @ )al(beB: '@ )du(d)e O]
=[jo@ ™", DB DB - Gu(g)e' O’
=Dux:f; ' DB " Gu(d) dx, Odyx;,
which means that in our local coordinates
%(FoB(9)) =xBmo(9),
35(FoB.(§)) =DxiB:" D - Gu(g)-
Writing
3
E - Ei ax-'

we immediately obtain
C) 3
FE=8& — Ei ==
=837+ 25 55

where

- d _ - -
=i = {c_i; 9sF, bﬁ.} = =D& §is — Di&i " Gua-
o

Our aim is to determine the 2-jet prolongation of F5E. Using Lemma 1 we
obtain

. 3’ 3 i
FPFE=E 5z D&6; - > D,DE 65—

q=<r

- z DquDr&"@;qn

P=As,

where the vector fields ©;, 65, ;. depend on gy, Gx.ii, Gu.ii» and &'(0)=0.
Consider the relative image map *®: #XPF*F6X — T2Q and put

— 3 s = 3
O; =T 0;, O, =Tx® -6;, O, =Tx® 6,
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where y = j3g . Let i> gr.i» Ju.; be the canonical coordinates on T;Q. Obviously
di; = 9y 0%;3), g~k,ij =Gk, ij 07‘;3), Qu.,—,- =G ij OKS),
which implies that

8.8 1w 8 _ 8 oo 8 _ 3
Y OGu.ii OGu.i

~ 2 ’{ 4 b
¥ 3Gy 99y ¥ Ok OGu.

Taking into account these remarks one immediately obtains the following formulas,
with necessary symmetrization on the right-hand side understood:

@ z(éngq + 6/rgsu) a + E(élrgp sj + 6]rgp si + 6prgs r/) a

1<j i<j

+ Z (61rgpq sj + 6]!‘qu si + 6prgsq if + 6‘1’9!’5 l]) a

p=q.is<j P‘l ij

]
=3 (0t + 6,0.) 5,
qll

isj

2 (6lq6irgk,si + 6kq6irgl.sj

k=l isj

9

+ 6lq6pgk si + 6kq ]rgl si + 6kq61rgs 1/) a k(
ij

6-:)qr E(drgs, + 6]rgﬂ) a

i<j Pq ij

In these formulas §; denotes the Kronecker symbol.

These are the desired vector fields spanning the Lie algebra of fundamental
vector fields on the left L}-space TA(R"*OR"*).
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®YHIOAMEHTAIJIbBHBIE BEKTOPHBIE ITOJISI HA THUITOBBIX CIIOSX
IXET-TPOJOIXEHUNA TEH30PHBLIX PACCIIOEHHUM

Hemerep Kpynka
Pesiome

IMycre F4X TensopHoe paccioenne Tuna Q Ha MHOroo6pasuu X, rae Q HEKOTOpPOe BEKTOPHOE
NPOCTPAHCTBO TEH30pOB, F'F X ero r-gxet npoponxenue. F'FLX paccMaTpPHUBAETCH KaK PaccoeHHe
¢ tunosbiM cnoeM T,Q u CTPYKTypHOiA rpynnoii L7+, accouupoBanHOe ¢ paccioeHneM (r + 1)-penepos
Ha X. B atoit pabore o6cyxaaeTcs npo6iaeMa HaXoXaeHHs (PyHAAMEHTANIbHbIX BEKTOPHBIX MOsEl Ha
T,.Q cBa3aHHbIx c aeiicteueM rpynnsl L;*! Ha T,Q. [Toka3biBaeTcs, 4TO 3TH BEKTOPHbIE MOJIS MOXHO
NOJNYYUTh M3 IXKET-NMPONOJKEHHIA HHAYLMPOBAHHBIX BEKTOPHBIX Mojei Ha FHX.
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