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ON VECTOR LATTICE-VALUED
MEASURES-I

T.V. PANCHAPAGESAN—SHIVAPPA VEERAPPA PALLED

Introduction. The present paper prepares the background for [14], the back-
ground being the study of vector lattice-valued outer measures and the study of the
Carathéodory extension of vector lattice-valued measures. In [14] we introduce the
theory of V-valued contents and study the V-valued outer measures induced by
such contents. This study enables us to prove in [14] that every Vu/{strict. o}
— valued Baire measure p, on a locally compact Hausdorff space T admits
uniquely regular Borel and weakly Borel extensions when V is weakly (o, ©)-dis-
tributive. This result obviously includes the known result of Wright ((i) = (ii) of
Theorem 3.3. of [20]) as a particular case. At this point we would like to remark
that there is an error in the proof of Lemma 2.1. of [20], as it is tacitly assumed at
the end of p. 280 of [20] that the sequence {U.,} is increasing. This need not
happen though {B,}. is an increasing sequence.

Also, the study made here is interesting in itself as it unifies the Carathéodory
estension procedure in the known special cases of numerical measures and spectral
measures in Banach spaces [12].

If V=C(S) is a Stone algebra and if each f, is a constant function on S, then

f. = implies \7(an0= o for each non-null clopen subset K of S. But this is

1 n=1

<s

n

not necessarily true if f, are non-constant functions in C(S) with \/f, = . This
n=1

odd behaviour of infinity in the present setup makes us impose certain restrictions
on Vu{o}-valued measures and we call such measures Vu {strict. ©}-valued
measures (see definitions 4.7 and 4.9). It turns out that an extended real valued
measure is always an Ru{strict. ©}-valued measure.

Here we assume that V is weakly (o, ®)-distributive and prove that a bounded
V-valued or a Vu({strict. ©}-valued (See definitions 4.7 and 4.9) measure u on
a ring & of sets admits the Carathéodory extension.

However, in this connection we may recall here the work of Fremlin [4],
Matthes [10] and Wright [18, 19] in the extension problem of V-valued
measures. They have proved that the weaker hypothesis of weak o-distributivity of
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the vector lattice V would itself ensure the solution of the extension problem of
V-valued measures. But the extended measure in their work is not required to be
defined and countably subadditive on #(%), the hereditary g-ring generated by &,
as it is required in the Carathéodory extension procedure. Thus it is not known
whether the Carathéodory extension is still possible when V is just weakly
o-distributive and not weakly (o, ®)-distributive. Also see Riecan [22] and
Volauf [23].

In § 1 we give the basic definitions and known results from [16, 17, 18, 20], which
are needed in the sequel. In §2 the notion of an onter measure is extended to
vector lattice-valued set functions and some basic results of such outer measures
are obtained.

As a preliminary to the Carathéodory extension procedure of vector lattice-valu-
ed measures, we develop in § 3 the theory of induced vector lattice-valued inner
measures. In §4 we introduce the notion of Vu{strict. }-valu d measures. Any
bounded V-valued measure is Vu{strict.©}-valued. An extended real valued
measure is VU ({strict. ©}-valued when V =R. We prove that when V is weakly
(0, )-distributive, every Vu{strict. ®}-valued measure on a ring R admits the
Carathéodory extension. The classical Carathéodory extension of extended real
valued measures follows as a particular ca e of this theorem. § 5 is devoted to the
study of measurable covers and outer regularity of Vu{strict. ©}-valued measures
to obtain the og-ring of all u*-measurable sets as the completion of #(&), the
o-ring generated by . The last section deals with applications to positive operator
valued measures in Banach spaces and the Carathéodory extension theorem of [12]
for spectral measures in Banach spaces is obtained as a particular case of the
general situation studied in §4.

1. Preliminaries

Throughout this paper V will denote a boundedly g-complete vector lattice with
V its Dedekind completion. V* = {x € V: x =0}. We adjoin an object + notin V
and extend the partial ordering and addition operation of V to Vu{®} in the
obvious way. The supremum of any unbounded collection of elements in V* or V*
is taken to be .

Definition 1.1. A Vu{®}-valued measure is a map u: #— Vu{x}, where R is
a ring of subsets of a set T such that

(i) u(E)=0 for E in R;
(i) u(@)=o0;
(ili) p (LIJ En> =n\__/1 ;u(E,), where {E.} is a sequence of pairwi e disjoint sets in

R with | JE, e ®.
1
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For each positive element h in V let
V[h]={bev: —rh<b<rh forsome positive reR},
where R denotes the real line.

Theorem 1.2. (Stone—Krein—Kakutani—Yosida) There exists a compact
Hausdorff space S such that V[h] is vector lattice isomorphic to C(S), the algebra
of all real valued continuous functions on S. When V is boundedly complete
(o-complete), then so is V[h], V[h] is a Banach space in the order unit norm, the
isomorphism is also isometric and C(S) is a Stone algebra (o-Stone algebra) in the
sense that S is extremally disconnected (S is totally disconnected with the property
that the closure of every countable union of clopen subsets of S is open).

For details one may refer Kadison [6] and Vulikh [15].

We shall use the terms Stone algebra and o-Stone algebra in the above sense.

From the results of Wright [20] one can define a weakly (o, ®)-distributive
vector lattice as below.

Definition 1.3. A o-Stone algebra C(S) is said to be weakly (o, «)-distributive if
and only if each meagre subset of S is nowhere dense. Consequently, a boundedly
o-complete vector lattice V is said to be weakly (o, «)-distributive if for h>0 in
V, V[h] is weakly (o, ©)-distributive.

Proposition 1.4. A boundedly o-complete vector lattice V is weakly (o, ©)-dis-
tributive if and only if V is so.
For related results confer also Matthes [21].

2. Vector lattice-valued outer measures

The notion of an outer measure is extended here to V-valued set functions and
some basic results of such V-valued outer measures are obtained.

We refer to Halmos [5] for definitions of (i) ring of sets (ii) o-ring of sets (iii)
hereditary o-ring of sets (iv) algebra or field of sets (v) (R), the o-ring generated
by a ring R of sets anpd (vi) #(R), the hereditary o-ring generated by a ring R of
sets.

Definition 2.1. A set function u* on a hereditary o-ring ¥ is called
a Vu{x}-valued outer measure if it satisfies the following conditions :
(i) its range is contained in V*u{®};
(ii) it is monotone (i.e. u*(E)=u*(F) if EoF, E and Fe ¥);
(iii) it is countably subadditive (i.e. pu* (OE,.) < \7 Su*(E), Ee¥, i=
1 n=1 i=1
1,2,..);
(iv) u*(@)=0.
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Definition 2.2. Let u* be a Vu{®}-valued outer measure on a hereditary o-ring
%, M,. be the collection of all sets E in 3 for which

u*(A)=p*(AnE)+u*(A\E)

holds for every A in . The members of M,. are called u*-measurable sets.
Remark. A set E in ¥ is in M,. if and only if

u*(A)=p*(AnE)+pu*(A\E)
for every A in .

Definition 2.3. A VU {®}-valued measure u on a o-ring & is said to be complete
if whenever E € ¥ and u(E)=0, then every subset F of E is in ¥.

Lemma 2.4. Let u* be a Vu{»}-valued outer measure on a hereditary o-ring .
Then M,. is a ring and u* is finitely additive on M,.. Further, for A € ¥ and E,
FeM,. with EnNF=0 we have

u*(An(EuF))=u*(AnE)+ u*(AnF). (1)

Proof. The proof is similar to that of Theorem A, §11 of Halmos [5].
Lemma 2.5. Under the hypothesis of Lemma 2.4, M,.. is a o-ring. If A € 3 and if

{E,}. is a disjoint sequence of sets in M,. with | JE, =E, then
1

W ANE)=V Su*(AnE). @)

n=1 i=1

Consequently, every set of outer measure zero belongs to M,.. and the set function
{i defined for E in M,.. by i(E) = u*(E) is a complete VU{»}-valued measure on
M,..

Proof. To prove (2) observe that by equation (1) of Lemma 2.4, for each n, we
have

u* (4n(UE))=Su*anE)
1 i=1
for every A in ¥ and that L'IJE,» € M,.. Hence for each n,
i=1
u*(A)=p* (An(L"JE,.)) +ur (A\UE,.)
i=1 i=1

> S u*(AnE)+ u* (A\CJE,.).

i=1 i=1
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Now taking the supremum on both sides of the above inequality as n varies from
1 to %, we obtain

u*(4)=V Sur(AnE)+u* (A\UE)
n=1i=1 i=1
so that

u*(A)=p* (AU<L°:JE.-)) +u* (A\DE)

i=1

as u* is countably subadditive. Replacing A by AnE in the above inequality we
obtain (2). The rest of the lemma follows on similar lines as the numerical
analogues in Theorems A, B and C, §11 of Halmos [5].

3. The inner measure ux induced by a Vu {®}-valued measure u

In this section as a preliminary to the Carathéodory extension procedure of
vector lattice-valued measures, we develop the theory of vector lattice-valued inner
measures induced by vector lattice-valued measures.

We fix the following notations in the sequel. R is a ring of subsets of a set X, u is
a Vu{x}-valued measure on R where V is a boundedly o-complete vector lattice

and R, = {E cX: E=JE,, E, ¢ %} . We say that u(E)<® or u(E) is finite if
u(E)eV. 1

Lemma 3.1. Let 4 be a Vu{®}-valued measure on R. If {E,}, is an increasing
(decreasing) sequence of sets in R with QE,, ER (ff] E.e® and u (E,)<x for

some n), then
o (OF) = §uce (n (1E) = )

Proof. The statement for an increasing sequence is an easy consequence of the
countable additivity of u. In the decreasing case the result follows from Lemma 3.1
of Wright [16] and Theorem II1.2.2 of Vulikh [15].

Lemma 3.2. Let A be in R, with A = JE,, = JF,, where {E,}. and {F.}. are
1 1
increasing sequences of members of R. Then
Vu(E,)=Vu(F.)

if p is a Vu{}-valued measure on R.
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Proof. Let A, =E.,nF,. Then A, ./'E.NnA=E, as k—>». Hence by
Lemma 3.1

u(E,)= v u(An)< v u(E.) 3)
and thus

Vu(E)< Vu(E). )

The reverse inequality can be proved similarly.

Definition 3.3. Let A be in R, and p be a Vu{o}-valued measure on the ring R.
Then the inner measure ux induced by u is defined on R, by

u*(A)=\?u(En)

where {E,}. is an increasing sequence of members of R with DE,, =A.
1

Note that if A is in R,, by definition of #,, A = OF,,, F,eR.Taking E, = UF,-,
1 i=1

we see that A = JE, and {E,}, is an increasing sequence of members of ®. Thus
1
ux has R, as its domain. .

Lemma 3.4. ux|R=u. Further ux is finitely additive, monotone and
V*u{w}-valued on R,.

Proof. The first statement follows from the definition of u* and Lemma 3.2.
The monotoneity and the non-negativeness of the range of ux are evident. We shall
now prove the finite additivity of px.

Let A, B bein R, with AnB=0.If A =DE,. and B =DF,,, where {E,}. and
1 1
{F,}. are increasing sequences of members of &, then obviously by Definition 3.3
us(AUB) = \/ u(E,UF,).
n=1
If either ux(A)= o or ux(B)= o, then by the monotoneity of ux, ux(AuB)=
o =pux(A)+ ux(B). Let ux(A) and ux(B) be finite. Let ux(A) + ux(B)=he V.

Then V[h] is boundedly o-complete and V[h]=C(S), a o-Stone algebra by
Theorem 1.2. Then as u is additive on ® and as E,nF, =@ for n=1,2, ...,

u*(AuB)=\:°/u(Enan)=\?(M(En)+u(Fn))Sh-

Thus ux(AuB)e V[h]=C(S). Let us identify V[h] with C(S). By the dual result
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of Lemma K of Wright [18] and by the fact that the finite union of o-meagre sets
is o-meagre, there exists a o-meagre subset M of S such that for s e S\M

ux(AUB)(s)= sup {w(E.) + u(F.)}(s)=lim {u(E.) + u(F.)}(s)

=lim pu(E,)(s) +lim pu(F,)(s) =sup u(E.)(s) +sup w(F.)(s)
=ux(A)(s) + pux(B)(s).

Since ux(AUB), ux(A)+ ux(B) are in C(S) and differ on a meagre subset of S,
px(AuB)=ux(A)+ ux(B) by Theorem 34 Chapter 6 of Kelley [7]. Thus ux is
additive on &, and hence finitely additive on %, by finite induction.

Lemma 3.5. If {A,}. is an increasing sequence of members in R, with

A,=A, then A eR, and

~Cs

ux(A)= \T/u*(An)-

Proof. For each n, let A, =
. ]

E,;, {E..;}j-: being an increasing sequence of
=1
members of R. If B,= |J E,, then B, c A, and {B,}, is an increasing sequence
i, j=1

of members of ® with A = DB,.. Hence A is in R,. Now, by Definition 3.3 and
1

Lemma 3.4, we have

u*(A)=\?M(Bn)<\?u*(An)$u*(A)-

Lemma 3.6 ux is countably subadditive on R,,.
Proof. Let {A,},. be a sequence of members of R, with their union A.
Evidently by Lemma 3.4. ux is finitely subadditive. Hence by Lemma 3.5

us(a)=Vus (UA) <V Sus(A).

n=1 i=1

4. Carathéodory extension of vector lattice-valued measures

In this section we prove mainly that the Carathéodory extension procedure is
valid for bounded V-valued and suitably restricted Vu{«}-valued measures on
aring R of subsets of X when V is a weakly (o, «)-distributive vector lattice. The
classical Carathéodory extension of extended real valued measures follows as
a particular case of this result.
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2 will denote a ring of sets, and L(R) (¥(R)) will he the o-ring (hereditary
o-ring) generated by R in the sequel.

Definition 4.1. Let u be a Vu{w}-valued measure on R and pux on R, be the
inner measure induced by u. The set function u* on ¥(R) induced by u is defined
by

u*(A)_—_/V\{M*(F):A cFe®R,)}

for A € %(R), where V is the Dedekind completion of V.

Lemma 4.2. If is a Vu{)}-valued measure on R, then u* is a V*u {®}-valued
set function on #(R). u*|R, =ux and u* is monotone.

Proof. The first statement follows from Lemma 3.4 and Definition 4.1. The
restriction of p* to R, coincides with ux by the monotoneity of ux. The
monotoneity of u* is obvious from Definition 4.1.

Definition 4.3. A V-valued measure u on R is said to be bounded if there exists
an h e V* such that u(E) < h for every E in R. Then we say u is bounded by h.

Note that a V-valued measure p on an algebra R of subsets of a set X is
necessarily bounded by u(X).

Lemma 4.4. Let u be a bounded V-valued measure on &, with u(E)<h for all
E € R. Then ux(F)<h for all F € R,. Consequently, u*(A)<h for all A € H(R),
where u* is the set function on H(R) induced by pu.

Proof. If Fe R,, then F= CJE,,, {E.}. an increasing sequence of members of
1

R. Thus u*(F)=\7u(E,,)sh. The last part follows from the first part and
1
Definition 4.1.

Lemma 4.5. (Countable subadditivity lemma) If V is a weakly (o, «©)-distribu-
tive vector lattice and if u* is the set function induced by a Vu{»}-valued measure
u on the ring R of sets, then

n* (QA,)S Vi ﬁ)u*(A.) (5

n=11-1

when u* (DA) €V, where A, e ¥(R), i=1,2, ....
=1
Proof. If the right-hand side of (5) is infinity, trivially inequality (5) holds.
Hence let \7 Su*(A)=heV.

n=11-1

By hypothesis that p* (D A,-) € V and by Definition 4.1 there exists an Foe R,
i=1
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such that ux(F.)e V and [J A, € Fo. Let u#(Fo)=hs. Let h=h,vh, in V. Then as
i=1

V is weakly (o, »)-distributive, V and V[h] are weakly (o, «)-distributive by
Proposition 1.4 and Definition 1.3. Further, by Theorem 1.2, V[h]=C(S), a
weakly (o, ©)-distributive Stone algebra. In the proof we shall hereafter identify
V[h] with C(S).

From Definition 4.1.,

u*(A:)=/V\{u*(F): AcFe®,}. (6)
For AicFe®R,, FNF,e R, and ux(FNnF,)<ux(F). Hence
u*(Af)slf}{u*(FnFa): AicFe®R,) S/V\{lu*(F): AicFe®R,}=pu*(A)
by (6). Thus for each i
p*(A)= /V\{u*(FnF(,): A cFeR,)= /é{u*(F):A,- cFe®R,, FcF,) (6')

so that u*(A;) is realized as the infimum of a decreasing net of elements in
V[h]=C(S) for i=1,2,.... Hence by Lemma 1.1 of Wright [16] there exists
a meagre set M; c S such that

u*(A)(s)=inf{ux(F)(s): AicFe®R,, FcF,}

for s € S\M;. This holds for i =1, 2, .... Since a countable union of meagre sets is

meagre, M=DM is meagre and for Se€ S\M and for i=1, 2, ...,

u*(A)(s)=inf {ux(F)(s): Aic Fe®R,, Fc F,}.

Since V[h]= C(S) is weakly (o, )-distributive, by Definition 1.3 the meagre set
M is nowhere dense in S, so that S\M is open and dense in S. Let so€ S\M. Then
there exists a clopen neighbourhood K of s, such that K< S\M. Then the
decreasing net {u*(F)xx: A, c Fe R,, F c F,} descends pointwise on the compact
set S to u*(A)xx, where xx is the characteristic function of K and hence by Dini’s
Theorem the convergence is uniform. Hence given £ > 0, for each positive integer i,
there exists an F, € &,, Fo2 F, 2 A, so that ux(F;) e C(S) such that

u*(A)xx + £/2' = px(F)xx.
Hence

2u*(A,)xK + 25/2‘ = ;u*(F.-)xx
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so that
V EU*(AI')XK te=\/ <2H*(Ai)XK + EE/T)
i—1 n=1 \i=1 i=1

n=1

i=

>V Sue(Fe (7)

By hypothesis {o/ u*(A;) e C(S) and it is clear that u* (CJF.) € C(S). Hence by
1 1

n=11—-

the dual result of corollary on p. 109 of Wright [16] and by the fact that ux is
finitely subadditive, we have from the inequality (7) that

{ \7 il‘*(Ai)} Xk HE= 57 (ZM*(A:')XK> t+e

n—1i=1 =1

n £l

lu*(Fi)xx) = Vl (u* <L=J| Fo xx)

n=

=V

= P (UF,) Xk =p* (UA.) Xk~ (8)
i=1 i=1
Since ¢ is arbitrary, giving special attention to the inequality (8) at s,

(V Suxa)) o= (JA) 0.

n=1i=1

Since s, is arbitrary in the dense set S\M and since C/ Zu*(A,-) and p* (0 A,-) are
n=1i=1

i—1

in C(S), the above inequality implies that

Y Sz (Ua)

1=

in C(S) and hence in V.
This completes the proof of the lemma.

Definition 4.6. If {g. }. is a sequence of functions in a Stone algebra C(S), we say

that \/ g.= « if there exists no g € C(S) such that g = g, for every n. We say that

n=1

V g. is strictly infinity (strict. ® in notation) if for each non-null clopen subset K of

n=1

SV (g.xx) = ©, where xx denotes the characteristic function of K.
n=1

We observe that the supremum of any unbounded sequence of non-negative
constant functions in C(S) is strict  in the above sense.
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Definition 4.7. Let C(S) be a Stone algebra. A C(S)u{®}-valued measure pu on
R of sets is said to be strictly infinity C(S)-valued (C(S)u(strict.®)-valued in
notation) if for each increasing sequence {E,}, of sets in R with u(E,) e C(S) and

{u(E,)} not bounded above, Vu(E,.)=strict.°°, in the sense of Definition 4.6.
1

If u is an extended real valued measure on R, then observe that u is strictly
infinity valued.

Lemma 4.8. If u is a C(S)u{strict. ©}-valued measure on a ring R of sets, where
C(S) is a weakly (o, »)-distributive Stone algebra, the set function u* induced by
u is countably subadditive on H(R).

Proof. Let {A;}; be a sequence of sets in #(R), with A =DA,~. If u*(A)is
1
finite, then by Lemma 4.5,

n*(A)s \_/ Z *(A).
Thus it suffices to prove that if u*(A)= o, then \7 iu*(A,-) = oo, If possible, let
n=1 i=1

i/ iu*(A,-)=hl € C(S) when u*(A)= . Since

u*(A)= C/(}){M*(F): AicFeR,}

and since u*(A,) is finite, there exists G; € R, such that A, = G, and ux(G;) € C(S).
As discussed at the beginning of the proof of Lemma 4.5, it can be shown that for
i=1,2,..

M*(A,)= A {u*(F):A, c;.:FG %oa Fg G,}
C(S)

so that each member in the infimum collection is in C(S). Hence by Lemma 1.1. of
Wright [16] there exists a meagre set M; = S such that for s e S\M,

u*(A)(s)=inf {ux(F)(s): Aic FeR,, Fc G,}.
Hence M = DM is meagre and for s S\M and for i=1, 2, ...
i=1

w*(A)(s)=inf (ux(F)(s): Aic FeR,, Fc G.)}.

Let so€ S\M. Then there is a clopen neighbourhood K of s, such that K = S\M. By
an argument similar to the derivation of inequality (7), given € >0, there exist sets
F, e R, with A, c F, < G; such that

w*(A)xx + 57 2 == pus(F)x
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and hence

Vi

n

ware) <[ () 20 o (07) ) 0

i=1

n

L"JF,.). But (JF, o A and since u*(A) =, by
i=1 1

By Lemma 3.5., u* <L°°JF,.> = \”/u* (
1 n=1

Definition 4.1, s (CIF,,) = . Let JF,=L,. Then L, e ®, and hence let L, =
, |

i—1

UE.,, where {E,;}; is an increasing sequence of members of #&. Then
j=1

B, = LnJ E, ; is an increasing sequence of sets in &, with OB,, =JL,=UJF.. Thus
1—1 1 1 1

0 = px (QF"> = {:/lt*(B,')-

Since { B}, is an increasing sequence of sets in R®. Since ux|R = u, \/ u(B;) = .
1
u(B)=u (UE.,)<us (UL)
b b

= ux(Ly) = (LlJF) s}::u*(F.-)e ()

since each u+(F,) e C(S). Thus {P,}. is an increasing sequence of sets in # with
u(B,)e C(S) and {u(B.)}7 is not bounded above. This implies by the hypothesis
on u that
V (u(B)x) = .
But
u(B.)xx < px (LIJF) X«
so that

¥ o (05 )2 Vismn -

This contradicts inequality (9) and hence the lemma.

Definition 4.9. Let u be a Vu{®}-valued measure on a ring R of sets. We say
that p is Vu({strict. ©}-valued on R if there exists an he V* such that u is
V[h]u{strict. ©}-valued and that for E € R with u(E)e V, u(E) is in V[h].

Remark. Any bounded V-valued measure u on R is vacously
Vu({strict.  }-valued on A.
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Theorem 4.10. (Outer measure theorem) Let V be a weakly (o, «)-distributive
vector lattice and let u be a VU {strict. © }-valued measure on a ring R of subsets of
a set X. Then the set function u* on H(®R) induced by p is a VU{»}-valued outer
measure on (R ) and is an extension of u. If u is bounded by h, then u*(A)<h for
all A e #(R).

Proof. In view of Lemmas 4.2, 3.4 and 4.4, it suffices to show that u* is
countably subadditive. But by hypothesis, there exists an h, € V* such that yu is
V[h,]u{strict. ®}-valued and V[h,] is a weakly (o, )-distributive Stone algebra.
Then by Lemma 4.8 u* is countably subadditive on #(R). Thus if {A;}; is
a sequence of sets in #(R), then

u* (gAi>$ \7 2“*(’4"): \7 i“*(Ai)

n=1 i= n=1i=1

Vim) v
so that u* is a Vu{»}-valued outer measure on ¥(R).

Definition 4.11. When the set function u* induced by u becomes
a Vu{®}-valued outer measure on ¥#(R), u* will be called the outer measure
induced by u. '

Lemma 4.12. Let u be a Vu {strict. ©}-valued measure on a ring R of subsets of
a set X and V be a weakly (o, »)-distributive vector lattice. Then the set function
p* induced by p is a Vu{»}-valued outer measure on #(R) and M,. is a o-ring
containing ¥(R), the o-ring generated by R.

Proof. u* is a Vu{}-valued outer measure on ¥(®) by Theorem 4.10 and
M,. is a g-ring by Lemma 2.5. Thus the lemma follows if we prove that R c M,,..

For this, let E€® and A € H(R). Then

u*(A)= Mus(F): A SFe .} = Nur{(FRE)U(F\E)), A = Fe®.}.(10)

Since E€ R and Fe R,, FNE and F\E are in ®, and hence by Lemma 3.4 (10)
can be rewritten as

u*(A)=/V\{u*(FnE)+u*(F\E): AcFe®R,)}.

Also,
u*(FNE)+ u*(F\E)=u*(AnE)+ u*(A\E).
Therefore,

u*(A)= A{ux(FNE)+usx(F\E): AcFe®R,}=u*(AnE) +u*(A\E).
v
This completes the proof of the lemma.

Remark. The notion of a o-finite Vu{}-valued measure can be introduced
here and it can be shown that in Lemma 4.12, u* is o-finite if u is o-finite.
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Lemma 4.13. Let u be a Vu({strict.©}-valued measure on R and let V be
a weakly (o, »)-distributive vector lattice. Then the outer measure u* induced by
u 1s a complete VU{®}-valued measure on M,. extending u to M,.. and $(R). If u
is bounded by h in V, then u— u*|¥(R) is further V-valued and bounded by h.
The extension fi = u*|#(R) of u to S(R) is unique when u is o-finite.

Proof. By Theorem 4.10 and Lemma 2.5 u* is a complete VU{%}-valued
measure on M,.. The uniqueness of the extension i of u to ¥(R) when u is
bounded or when u is o-finite follows from an argument analogous to the
numerical case (proof of Theorem A, § 13 of Halmos [5]) due to the availability of
Lemma 3.1. When u is bounded by h in V, u* and i are bounded by h, by
Theorem 4.10.

Finally, we have to prove that the range of u* on $(2) is contained in V if u is
bounded by h. Let # be the collection of all sets A in M,., for which u*(A)e V.
R c $. In view of Theorem B, §6 of Halmo [5], it suffices to show that £ is
a monotone class. Since u 1s bounded by h, u*(A)<h for every A € M,. by
Theorem 4.10. Let {E,}, be a monotone sequence of sets in $.

Then as p* is a V-valued mea ure on M,., by Lemma 3.1.

u* (OE) = C/u*(E,,) (if { E,}. is increasing)

1 1

and . B
u* (ﬂE,l> = Au*(E.) (if {E,}.is decreasing).

Consequently, as V is boundedly o-complete and 0<u*(E,)<he V for all n, we
obtain that p* (DE,.) €V and u* (ﬁ E,,) € V. Thus ¥ is a monotone class and
1 1

hence u* is V-valued on ¥(R).
Thus in the foregoing lemmas of this section we have proved the following
theorem.

Theorem 4.14. (Carath’odory extension theorem) Let u be a
Vu({strict. ©}-valued measure on a ring R of subsets of a set X and let V be
a weakly (o, ©)-distributive vector lattice, with V its Dedekind completion. Then
w*, the set function induced by y, is a Vu{®)}-valued outer measure and M,. is
a o-ring containing $(R). Further, p* 1s a complete Vu{®}-valued measure on
M.,.. and the restriction ji of u* to $(R) is a VU {®}-valued measure extending y to
P(R). If u is further o-finite on R, so is u* on H(R) and ji = u*|F(R) is a o-finite
VU{®}-valued measure extending uniquely u to $(R). If w is a V-valued measure
bounded by h on R, then ji = u*|¥(R) is a V-valued measure extending uniquely u
to $(R) and is also bounded by h.

Remark. Since R is a weakly (o, «)-distributive Stone algebra C(S), where S
is a singleton with discrete topology and since any extended real valued measure is
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Ru {strict. ©}-valued, the above theorem includes the classical Carathéodory
extension theorem of numerical measures as a pasticular case.

5. Completion and outer regularity
of vector lattice-valued measures

Throughout this section V will denote a weakly (o, «)-distributive vector lattice.

Let 4 be a Vu{®}-valued measure on a o-ring ¥. If #={EUN: E€e ¥, N a
subset of a set in & of u-measure zero} then ¥ is a o-ring. If ji is defined on ¥ by
i(EUN) = u(E), then ji is a complete VU {w}-valued measure on &. ji is called
the completion of u and & is called the completion of &.

In this section we obtain a sufficient condition to obtain M,.. as #(R), where u is
a o-finite VU {strict.©}-valued measure on a ring R of subsets of a set X. This
result can be compared with the numerical analogue.

Definition 5.1. Let u be a VU{strict. ©}-valued measure on a ring R of subsets
of a set X, where V is a weakly (o, «)-distributive vector lattice and let u* be the
outer measure on ¥(R) induced by u. Then u is said to be outer regular if for each
set E in #(R), there is a set F in $(R) such that

(i) EcF;

(ii) if G e #(R) with G cF\E, then i(G)=0 and
(ii) p*(E)=pa(F),
where i = u*|F(R).

A set F in $(R) satisfying conditions (i) and (ii) above is called a measurable
cover of E.

Theorem 5.2. Let V be a weakly (o, »)-distributive vector lattice satisfying the
countable chain condition. If u is a o-finite VU {strict. ©}-valued measure on a ring
R of subsets of a set X, then u is outer regular.

Proof. By hypothesis there is an ke V such that u(E)e V[h] if E€e R and
u(E)<o and p is V[h]u(strict. ©)-valued. Let A € #(R).

Case 1. Let u*(A)<o. Then clearly from the definition of u* it follows that
u*(A)e V[h]= V[h] since V=V as V satisfies the countable chain condition.
Also the finiteness of u*(A) implies that there is a set B, in R, with

A cB,, pux(Boy)e V[h].
Then as in the derivation of (6’) we have
p*(A)= A {ux(B): AcBeR,, BcBy}.
Vih]
As V satisfies the countable chain condition, by Theorem V. 1.2.1 of Vulikh
[13], there exists a sequence {B.}. of sets such that A c B, c By, B, € R, and
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u*(A)= "/‘f\lu*wn). (12)

Let F,= ﬁ B;. Then F,o A, F, e R,, {F.}. is a decreasing sequence and u*(F,) =
i=1

pux(F,)<ux(Bo) <o for each n. Let F=ﬁF,.. Then Fe ¥(R) and Fo A. By
1

Lemma 3.1 and by the monotoneity of u*,

w(A)<u*(F) = i(F)= AG(F.)< Aux(B,) = u*(A).
Thus
u*(A)=u(F), AcFed(R).
Let G e $(R) with Gc F\A. Then
a(F)=p*(A)<p*(F\G) = a(F\G) = a(F) - a(G),

and hence u(G)=0. Thus F is a measurable cover of A.
Case 2. Let u*(A)=c. Since u is o-finite on R, by the remark under

Lemma 4.12 u* is o-finite on #(2). Hence there exists a sequence {A;}, of sets in
H(R) with

AcUA, u*(A)<w for i=1,2, ...
1

Therefore by case 1, there exists a measurable cover F, in $(R) for each A,. Let

F=DF,-. Then Fe $(R) and u*(F)=o. If Ge $(R) with G < F\A, then
=1
GNnF e ¥(R) and GnF cF\AcF\A,

so that G(GNF,)=0. Then i(G)— i (DGnE)s V Si(GAF)=0. Thus F is
1 n—1 =1

a measurable cover of A and ji(F)=pu*(A)= .
This completes the proof of the theorem.

Proposition 5.3. Let V be a weakly (o, »)-distributive vector lattice. If u is
a Vu{strict. ©}-valued measure on R with u* its induced outer measure on ¥(R),
then the following hold:

(i) If Ee #(R) with F, and F, as measurable covers, then
ﬁ(Fl A Fz) = 0.

(ii) If pis outer regular, then u*(E) = i(F) for every measurable cover F of E.
(iii) Further if V satisfies the countable chain condition and u is o-finite, then

u*(E) = i(F) for every measurable cover F of E.
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Proof. (i) follows by an argument similar to the numerical analogue in Halmos
[5]. (ii) follows from (i) and (iii) follows from Theorem 5.4 and (ii) of the present
proposition.

We state and prove the following main theorem of this section.

Theorem 5.4. Let V be a weakly (o, »)-distributive vector lattice and u
a o-finite VU {strict. ©}-valued measure on a ring R of subsets of a set X. If u* is
the outer measure induced by u and if u is outer regular, then M,.= ¥(R) and u*
on M,. is the completion of i on ¥(R), where fi = u*| #(R).

Proof. Clearly $(R) = M,. since pu* is complete on M,.. It is easy to check that
u*|P(R) =i, where ji is the completion of @ on ¥(R). Thus it suffices to show
that M,.c $(R). Since by hypothesis u is outer regular, and p* is o-finite, the
proof of this is similar to the numerical analogue in Halmos [4] and hence we omit
details.

Corollary 5.6. If u is a o-finite VU {strict. ©}-valued measure on a ring R of
subsets of a set X and if V is a weakly (o, »)-distributive vector lattice satisfying
the countable chain condition, then u is outer regular, M,.= $(R) and u* on M,. is
the completion of i on ¥(R), where i = u*|L(R).

Proof. By Theorem 5.2 u is outer regular. Now the corollary follows from the
above theorem.

Remark. The corresponding analogue of the above corollary for a o-finite
extended real valued measure u on & is a consequence of the fact that R is
a weakly (o, »)-distributive vector lattice satisfying the countable chain condition
and that p is Ru{strict. ©}-valued.

6. Some applications to positive operator valued measures in banach spaces and
some characterizations of extendable spectral measures

The notion of positive operator valued measures in Banach spaces has been
introduced by us in [13]. In this section we give Carathéodory extension of
bounded positive operator valued measures in Banach spaces as a particular case of
Theorem 4.14 and consequently, the Carathéodory extension of spectral measures,
defined on a ring of sets, is obtained as a corollary, the latter generalizing
Theorem 4 of Panchapagesan [12]. We also obtain two characterizations of
extendable spectral measures in Banach spaces, which extend Theorems 8 and 9 of
Panchapagesan [12] to the case of a ring of sets. Then it is proved that if X is
a Banach space containing no subspace isomorphic to co, then a spectral measure
E(-) on X, defined on a ring of sets R is extendable uniquely to a spectral measure
E(-) on the o-ring #(R), generated by R, if and only if the range of E(-) is
bounded. This generalizes a known result on the extension of vector measures to

285



spectral measures on Banach spaces. (See ‘Theorem on Exten ion p. 178 of
Kluvének [8]). Lastly, Theorem 6 of Panachapages n [12] is extended to positive
operator valued measures in separable Banach spaces.

Before dealing with the applications, we give some definitions and results from
[13] to make this section self-contained.

Definition 6.1. Let R be a ring of subsets of a set ©. Let P(-) beamap: #— W,
where W is a W*(||-||)-algebra of operators on a complex Banach space X. (See
[11] for definition of W*(||-||) -algebras). Then P(-) is called a positive operator
valued measure in W (abbreviated as PO-measure (in W)) on R if the range of
P(-) is contained in H(W)* (the set of all real scalar type operators in W with their
spectra contained in the set of all non-negative reals), and 1f P( ) is countably
additive in the strong operator topology t, of W.

Further, the PO-measure (in W) P(-), is said to be a spectral measure (in W) if
the range of P(-) is contained in the set of all projections in W.

A PO-measure (in W), P(-), defined on R, is said to be bounded if there exists
a Te H(W)* such that P(0)<T for all ceR.

Throughout this section P( ) is a PO measure (in W), where Wi1s a W*(||-||)
algebra of operators on X.

Proposition 6.2. A PO-measure (in W), P(-), on R 1s a spectral measure 1f and
only if P(-) is multiplicative, i.e. P(cn8)— P(o)p(d) for o, § in R.

Proposition 6.3. H(W) is a boundedly complete vector lattice and P(-) is
a PO-measure (in W) on R if and only if P(-) is a H(W)-valued measure in the
sense of Definition 1.1. Further, H(W) is hyperstonian and hence is a weakly
(0, »)-distributive Stone algebra. -

Proposition 6.4. Let P be a o-complete Boolean algebra (abbreviated as B.A.) of
projections on X, in the sence of Bade [1]. If W is the algebra generated by ? in the
weak operator topology of B(X), then W is a W*(||-||)-algebra under a suitable
equivalent norm ||-|| on X. Further, W is the algebra generated by the complete
B.A.%° of projections on X in the uniform operator topology of B(X), where %°
denotes the closure of P in the strong operator topology of B(X).

Now we study the applications of results in earlier sections to PO-measures in
Banach spaces.

Theorem 6.5. (Carathéodory extension Theorem for bounded PO-measures
(in W)) Let P(-) be a bounded PO measure (in W), defined on a ring R of subsets
of a set ©.

(i) Then there is a unique bounded PO-measure (in W) P(-) defined on $(R),
the o-ring of sets generated by R, such that P(-)|® — P(-). Further, P(-)
arises through the Carathéodory exten ion procedure (of §4).

(ii) P(-) is a spectral measure (in W) if and only if P(-) is so.
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Consequently, every spectral measure E(-) on R (See definition 6.6) with its
range contained in a o- complete B.A .2 of projections on X is extendable uniquely
to a spectral measure E(-) on ¥(R), the o-ring generated by R, by the
Carathéodory extension procedure and the range of E(-) is contained in %°.

Proof. (i) The hypotheses of Theorem 4.14 are satisfied by P(-) due to
Proposition 6.3 and hence by Theorem 4.14 there is a unique bounded
H(W)-valued measure P(-) on ¥(R), extending P(-). Further, this extension
arises by the Carathéodory extension procedure of § 4. Again, as P(-) is a bounded
H(W)-valued measure on #(R), P(-) is a bounded PO-measure (in W) on #(R)
with range in H(W), by the first part of Proposition 6.3.

(ii) It suffices to prove that P(-) is spectral (in W) if P(-) is so. Let P(-) be
a spectral measure (in W). Then P(o) is a projection in W for each o€ R. Let
B, ={P(0): 0e R}YU{I—P(0): deR}. Then B, is a B.A. of projections and
B, B the B.A. of all projections in W. If B, is the o-complete B.A. of
projections which generates W in the weak operator topology (See definition of
W*(||- |)-algebras in [11]), then B5=RB and hence B is a complete B.A. of
projections by Theorem 2.7 of Bade [1]. From the definition of Px(-) and P*(-)
(corresponding to ux and u* respectively in §4) it is clear that the ranges of Px(-)
and P*(-) are contained in %, as B is complete. Thus P*(-) and hence P(-) are
projection valued in W., i.e. P(-) is a spectral measure (in W) on #(R).

For proving the last part of the theorem, let W be the weakly closed algebra
generated by ?°, which is a complete B.A. of projections by Theorem 2.7 of Bade
[1]. By Proposition 6.4, W is a W*(]| - ||)-algebra under a suitable equivalent norm
I |l on X and E(-) is a spectral measure (in W) on R, with its range contained in
H(W). Now from (i) and (ii) of the theorem and from the fact that #* is the
collection of all Projections in W, the last part of the theorem follows.

Remark. The above theorem is clearly a generalization of Theorem 7 of
Berberian [2] to Banach spaces when the operators in the range of the PO-measure
there commute with each other.

Now let us proceed to obtain some characterizations of extendable spectral
measures in Banach spaces.

Definition 6.6. Let X be a complex Banach space and E(-) a set functions
defined on a ring of sets R with values in B(X), the algebra of all operators on X.
Then E(-) is called a spectral measure on X if it satisfies the following conditions :

i1 E@=0
(ii) E(ond)=E(a)E(9) for o, 6 € R and
(iii) E (Oo,-) x =lim Y E(a)x, for each x € X, where {0.}7
1 n 1
is a disjoint sequence of sets in & with their union in R.
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When E( ) is a spectral measure, defined on a ring of sets R, it 1s clear that the
range of E(-), viz. E(®), is commutative and is contained in the B.A. of
projections

Bo={E(0): ce R}yu{I—E(0): 0€R}.

Using the results on extension of vector measures (See [8]) and the results in § 5 of
Panchapagesan [12], we obtain the following characterization theorems of extend-
able spectral measures, defined on rings of sets.

Theorem 6.7. Let E(-) be a spectral measure on a ring R of subsets of a set S,
with its range in B(X) Then E(-) can be extended to a spectral measure E(-) on
the o-ring $(R), generated by R, if and only if for x € X E(R)x is relatively weakly
compact in the Banach space X, where

E(R)x={E(0)x: 0 e R}.

When the extension E( ) exists as a spectral measure on ¥(R), then E(-) is
unique.

Proof. Let Bo={E(0): 0€e R}u{lI—E(0): 0eR}. Then B, is a B.A. of
projections on X and E(R) c RBo. If E(R)x is relatively weakly compact for each
x € X, then

N(x)={Px: pe Bo} =E(R)xu{x — E(R)x)}

is also relatively weakly compact and hence by Lemma 5 of Panchapagesan [12] %,
is contained in a o-complete B.A. of projections on X. Thus, in particular, the
range of E(-) is contained in a o-complete B.A. of projections on X. Hence E(-) is
extendable uniquely to a spectral measure E(-) on $(R) by the last part of
Theorem 6.5.

Conversely, if E(-) is extendable to a spectral measure E(-) on $(R), then for
x € X E(-)x is a vector measure on (%) which extends the vector measure E(-)x
on & and hence by the ‘Theorem on Extension’ on p. 178 of Kluvanek [8], the
range E(R)x is relatively weakly compact in X.

The uniqueness of E(-) on ¥(R) follows from the sufficiency part of the
theorem and the last part of Theorem 6.5.

Theorem 6.8. Let E(-) be a spectral measure on a ring R of subsets of a set S,
with its range in B(X). Then E(-) can be extended to a spectral measure E(-) on
the o-ring $(R), generated by R, if and only if the range of E(-) is contained in
a o-complete B.A. of projections on X. Then the extension E(-) on ¥(R) is also
unique.

Proof. The sufficiency part of the theorem follows from the last part of
Theorem 6.5. The condition is also necessary. For, from Theorem 6.6 it follows
that E(®)x is relatively weakly compact for each x € X and so by repeating the
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argument in the first part of the proof of Theorem 6.6 we obtain that the range of
E(-) is contained in a o-complete B.A. of projections on X.

The part concerning the uniqueness of E(:) on ¥(R) is a consequence of
Theorem 6.7.

When X satisfies some extra conditions, we can show that the boundedness of
the range of E(-) itself would suffice for the validity of Theorem 6.7. To this end
we need the following definition from [8].

Definition 6.9. A Banach space X is said to have the B-P property if, given

{x.}7, a sequence of elements of X such that > x, € X for every finite set m of

nerw

possible natural numbers, with 2 [{x., x*)| <o for every x*e€ X*, the Banach
n=1

dual of X, then there exists an element x € X with x = Ex,..
1

Theorem 6.10. If X is a Banach space containing no subspace isomorphic to c,,
then a necessary and sufficient condition for a spectral measure E(-) on X, defined
on a ring R of subsets of a set S, to be extended uniquely to a spectral measure
E(:) on $#(R), the o-ring generated by R, is that the range of E(-) on R is
bounded in B(X). Consequently, when X is a weakly complete Banach space, the
spectral measure E(-) on R is extendable uniquely to a spectral measure E(+) on
P(R) if and only if the range of E(-) is bounded.

Proof. If X is a Banach space containing no subspace isomorphic to c,, then X
has the B-P property by Theorem 5 of Bessaga and Pelczynski [3].

Let sup {||E(0)||: 0 € &} =M < . Then for x € X E(-)x is a vector measure on
the ring ® with its range E(R)x bounded by M||x|| in X. Hence from the Theorem
on Extension on p. 178 of Kluvanek [8] and from the fact that X has the B-P
property, it follows that {E(o)x: o€ ®R} is relatively weakly compact in X.
Therefore by Theorem 6.7 E(-) is uniquely extendable to a spectral measure E(-)
on F(R).

Conversely, if E(-) is extendable to a spectral measure E(-) on $(2R), then by
Theorem 6.8 the range of E(-) is contained in a o-complete B.A. of projections,
which is bounded by Theorem 2.2 of Bade [1].

The last part of the theorem is due to the fact that a weakly complete Banach
space does not contain any subspace isomorphic to c¢,. (See Theorem 5 and
Corollary 6.8 of Bessaga and Pelczynski [3].

Remark. From Theorem 6.7 it follows that there is a complete analogue of the
‘Theorem on Extension’ on p. 178 of Kluvanek [8] for spectral measures. For
brevity, the details are omitted.

We shall conclude this section with an application of §5.
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Theorem 6.11. If P(-) is a bounded PO-measure in a separable Banach space
X defined on a ring R of subsets of a set © with its range contained in H(W), then
P(-) is outer regular in the sense of Definition 5.1. Further, M,.= ¥(R) and P*(-)
on M,. is the completion of P on #(R), where P(-)=P*(-) |#(R). (P*(-) is the
outer measure induced by P(-)).

Proof. By Proposition 6.3 P(-) is an H(W)-valued bounded measure (in the
sense of Definition 1.1) and H(W) is a weakly (o, «)-distributive Stone algebra.
Since the latter part of the theorem follows from the outer regularity of P(-) in
view of Theorem 5.4, it suffices to prove that P(-) is outer regular.

Since P(-) is a bounded PO-measure, there exists T € H(W)* such that P(o)< T
for every o € ®. From the definition of partial ordering in H(W) it is clear that

IIP(o)|| <] T|l, where [|S||=sup [|Sx||, ||:]| on X being that occuring in the
llxll—1

definition of the W*(||-||)-algebra W.

The outer regularity of P(-) can be proved exactly on the same lines of the proof
of Theorem 5.2 if we can shown that for each decreasing net { T..} of operators in
H(W)* which is norm bounded there exists a decreasing sequence {T,} such that

{T.}={T.} and AT,=AT. in H(W). For this, because of Theorem 3 of [11], it
suffices to show that a decreasing sequence {T,} = { T} exists such that lim T,x =

lim T.x, x € X. But, since X is separable, by following an argument similar to the

classical Hilbert space case it can be shown that on norm bounded sets of H(W) the
strong operator topology is metrizable. Consequently, as the ran e of P(-) is norm
bounded in H(W), the result follows.

Remark. The above theorem generalizes Theorem 6 of [12] to PO-measures in
separable Banach spaces. We also remark that the proof of Theorem 6 in [12] is
erroneous, as Theorem 5 of Lumer [9] does not apply there. We do not know
whether Theorem 6 of [12] is still valid without the additional hypothesis of
separability of the Banach space.
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O MEPAX CO 3HAYEHUSMU BO BEKTOPHBIX CTPYKTYPAX -1
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IMoka3aHbl TOXE MPUMEHEHUS 3TOR TEOPHH AJISl CNEKTPAJbHBIX U OrPAaHUYEHHBIX ONEPATOPHBIX MepP
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