Mathematica Slovaca

Anatolij Dvurecenskij
Gleason theorem for signed measures with infinite values

Mathematica Slovaca, Vol. 35 (1985), No. 4, 319--325

Persistent URL: http://dml.cz/dmlcz/136401

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1985

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/136401
http://project.dml.cz

Math. Slovaca 35, 1985, No. 4, 319—325

GLEASON THEOREM FOR SIGNED MEASURES
WITH INFINITE VALUES

ANATOLLJ DVURECENSKIJ

The Gleason theorem for signed measures with infinite values on the lattice of all
closed subspaces of a Hilbert space whose dimension is a nonreal measurable
cardinal number #2 is proved.

1. Introduction

Let H be a Hilbert space over the field of real or complex numbers. Let £(H)
denote the orthocompleted complete lattice of all closed subspaces of H. A signed
measure on £(H) is a function m: L(H)— Riu{—»}u{+»} such that (i) m is
o-additive on all sequences of mutually orthogonal elements; (ii)) m(O)=0; (iii)
from the values + it attains only one ; for the sake of definitness we consider +
as the possible value.

The famous Gleason theorem [5] asserts that a positive signed measure m on
a separable Hilbert space H, dim H=3, is induced by a positive Hermitean trace
operator T on H via the formula m(P) = tr(TP) (we identify P with the projector
T® onto P). Sherstnev [8] and the author [2] generalized this theorem to
bounded signed measures. Eilers and Horst [4] and Drish [1] proved this
theorem for positive signed measures and for bounded signed measures on
a non-separable Hilbert space. Sherstnev [7] studied positive measures on ideals
of a Hilbert space. Positive signed measures on £(H) with m(H)=® are
investigated by Lugovaja and Sherstnev in [6].

Here we show that the Gleason theorem may be generalized to signed measures
with m(H)=o on a Hilbert space whose dimension is a nonreal measurable
cardinal number #2. We recall that a cardinal I is said to be real measurable iff
there exists a positive measure u+ 0 on the power set of I with u({a}) =0 for each
ael.

2. Notations
Let H be a Hilbert space over the field C with the elements x, y, ..., whose
dimension is a nonreal measurable cardinal #2. By [|x]| = (x, x)"* we denote the
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norm of x € H. We call T an operator if it is linear on H and its domain, 2(T), is
dense in H. If O# x € H, then by P, we denote the subspace of H generated by x.
By Tr(H) we denote the class of all bounded operators T on H such that for every

orthonormal basis {x,, a € I} of H the series E(Txa, X,) absolutely converges and
ael

it is independent of the basis. If P, e L(H), a€ A, then the equality P= ® P,

aeA
means that {P,, a € A} are mutually orthogonal elements with the join P.

A bilinear form is a function t: P(t) X D(t)— C, where 2(t) is a linear
submanifold of H (not necessarily dense or closed in H, named the domain of
definition of t), such that it is linear in the first argument and antilinear in the
second.

If t(x, y)=t(y, x) for all x, y € 9(t), then ¢ is said to be symmetric (SBF) ; if for
a SBF ¢ we have t(x, x) =0 for all x € 9(t), then it is said to be positive. Let t be
a SBF and B =0 be a selfadjoint operator. Then by t- B we mean a SBF defined by
toB(x, y) =t(B"?*x, B"*y) when the corresponding assumptions on the domains of
t and B"? are satisfied.

3. Signed measures on ideals

A nonempty class M < £(H) is said to be an ideal if
(i) M+{0};
(ii) if Q<P, Pe M, then Qe M;
(iii) P@®Q € whenever P, Qe M:
(iv) if P., P,e M, then P.vP, e M.
If A is an ideal, then @4 = {x € H: P, € M} is a linear submanifold of H. Define

Pu=v{P: Pe}. A map m: M— R,is a signed measure if m (éP,) =>m(P).
i=1 =1
A signed measure m is J-bounded if sup|m(Q)| <= for every Pe M.

Q=P

Theorem 3.1. The o-additivity of an #-bounded signed measure m on an ideal
of H whose dimension is a nonreal measurable cardinal implies the total additivity
of m, i.e.,

m (Q P)= 3 m(P.)

whenever P.e M, ac AcI, and @ P,e M.

aeA

Proof. If we put P= @ P., then our theorem follows from the results of Drish
aeA

[1] applied to the restriction of m to £(P). Q.E.D.
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Theorem 3.2. Let m be an #M-bounded measure on an ideal M with dim P, =3 of
a Hilbert space H whose dimension is a nonreal measurable cardinal number. Then
there exists a unique SBF t determined on 94 such that t.P e Tr(H) whenever
Pe M, and

m(P)=tr(t.P). 3.1

Conversely, every SBF t defined on %4 for which to. P € Tr(H) whenever P € M,
determines by (3.1) an J(-bounded signed measure on M.

Proof. Let O+ P e M. Then thereis P’ € M, dim P’ =3, such that P<P’'. Hence
we may assume that dim P =3. Due to the theorem of Drish [1] we conclude that
mp=m|L(P) is a bounded signed measure on £(P) and therefore there is
a Hermitean operator Tp € Tr(P) such that ms(Q) = tr(T»Q), Q < P. The operator
Tr may be extended to a Hermitean trace operator T on H with m(Q) = tr(T-Q)
if Q<P.

Define a SBF t on 94 via the identity t(x, y)=(Tex, y) where P=P,vP,,
x,ye Dy, dimP=3, Pe M. The corectness of this definition can be verified as
follows. If xe 94 and xe P, i=1, 2, then

(Teux, x) = ||x|?m(P.) = (Tux, x).
Now let Pe (. Then

sup |toP(x, x)| = sup [t(Px, Px)|= sup |[P:||m(P.)<sup [m(Q)| <.
llxll=1 lixll=1 lixll=1 Q=P

Therefore there exists a unique Hermitean operator Tp on H such that
(Tex, y)=toP(x,y), x,yeH. (3.2)

Let {x., a €I} be an orthonormal basis of H whose subset, {ys}, is a basis of P.
Then

2(Toxe, x) = Zt(n, ) = Zm(Py) = m(P).

Hence the series on the left-hand side of the above equality converges absolutely
by Theorem 3.1 and Ty € Tr(H).

Now let ¢t be a SBF in 9. Define a function m on # by m(P)=tr(toP), Pe M.
Then m is an /{-bounded signed measure on . Q.E.D.

Corollary 3.3. Under the conditions of Theorem 3.2 an M-bounded signed
measure on an ideal M exists iff there is a unique system of Hermitean operators
{Te, Pe M} such that

tr(TeQ) = tr(To), Q<P. (3.3)

In this case m(P)=tr(Ts), Pe M.
Note 1. The assumption dim P4 =3 is not superfluous.
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Note 2. An J(-bounded signed measure m is not necessarily bounded. Indeed,
let dimH=8,, M ={P: dimP<®»} and m(P)=dimP, Pe (. Then m is an

M-bounded signed measure and sup m(P) = .
PeM

A sequence of signed measures {m,} on an ideal J#{ converges weakly to a signed
measure m if lim m,(P)=m(P) for each Pe /.

Theorem 3.4. The class of all #M{-bounded signed measures defined on an ideal 4
with dim P4 =3 of a Hilbert space H, whose dimension is a nonreal measurable
cardinal number, is a weakly sequentially complete real vector space.

Proof. Let {m,} be a sequence of -bounded signed measures on an ideal (,

and let there exist a finite limit lim m,(P) = m(P) for each P € /M. We show that m

is an /{-bounded signed measure on /(. Let P =@ P.. Then the restrictions of m,

i=1
to L(P), n=1 satisfy the Nikodym theorem for logics [3]. Therefore m is a signed
measure and the o-additivity of m, is uniform with respect to n. Corollary 3.3
implies that for any n there is a SBF ¢, and a system of trace operators { T¢, P € /(}.
Let xe H, Pe Ml and y=Px. Then

(Tix, x) = t.(Px, Px)=t.(y, y) = ||y|[’m.(P,)— || y||>m(P,).

Therefore the limit T, = w —lim T} exists, and Tp is a Hermitean operator of trace

class.
Now if Q<P and {x.} is an orthonormal basis in Q, then

tr(ToQ) = Z(Tpxa, Xa) = Zm(Px.,) =m(Q),

and m is an #{-bounded signed measure. Q.E.D.

Note 3. If #t=%(H) and m is a bounded signed measure, then there are two
measures m;, m;=0 such that m = m, — m,. The author does not know whether
a similar result is valid for measures on an arbitrary ideal #(# ¥(H). This problem
is related to the decomposition of a SBF ¢ into positive SBFs t,, t, such that
t=t—t.

4. Signed measures on £(H)

Now we shall investigate signed measures m: £(H)— Ryu{»}, such that
m(H) = «. Clearly, if m(P)<® and Q <P, then m(Q) <. A signed measure m

is said to be (i) f-bounded if sup |m(Q)| <» whenever m(P) < (ii) o-finite if
Q<P
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there is a sequence of mutually orthogonal elements {P:} such that m(P:;)<oo,
i=1, and H=®P..
i=1

As within the proof of the Gleason theorem, the basic role is played by the
Hilbert space of dimension three. The next fundamental Lemma 4.1 may be
proved in the same way as the Lugovaja—Sherstnev lemma for the positive signed
measures with m(H) =« [6].

Lemma 4.1. Let dim H =3 and let m be a signed measure on £(H), m(H) = .
For any P e $(H) with dimP =2 and m(P) < », if a one-dimensional Q satisfies
m(Q) <o, then Q<P.

Corollary 4.2. Let dim H=n=3 and let m be a signed measure on ¥(H) with
m(H)= . Let P satisfy dinP=n—1 and m(P)<. If Q is an onedimensional
subspaces of H with m(Q) <, then Q<P.

Proof. If dim H =3, the assertion follows from Lemma 4.1. There remains the
case of dim H>3. It is clear that Q LP. Since dim (Q*A P)=2, where Q* denotes
the orthocomplement of Q in H, there is x;€ Q*AP. We have Q LP,, LP* and
dim(Qv P, v P*)=3. From Lemma 4.1 we conclude that

m(QvP,vP*)=oo, 4.1)

On the other hand, dim ((Qv P, vP*)AP)=2. Hence there is
x21x;, x,e(QvP,vP*) AP and QvP,vP,=QvP,vP".

This implies m(Q v (P, ®P.,)) < «, which contradicts (4.1).
Denote
M= {P: Pe $(H), m(P)< o} 4.2)

P.=\/{P: Pe M.}, (4.3)
where m is a signed measure on Z(H).
The next corollary characterizes the signed measures on finite dimensional
Hilbert spaces.

Corollary 4.3. Let dim H=n=2 and let m be a signed measure on ¥(H) with
m(H)=. If there is Qo with dimQo=2 and m(Qo) <, then m(Q) < iff
Q<P..

Proof. Use Corollary 4.2 successively. Q.E.D.

and

Theorem 4.4. Let m be a o-finite f-bounded signed measure on ¥(H), with
m(H) = o, whose dimension is a nonreal measurable cardinal number #2. Then
there is a unique SBF t such that

_(tr(toP) if toPeTr(H),
m(P) _{ © elsewhere.

Moreover, m is totally additive on M.

(4.4)
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Proof. We prove that A, from (4.2) is an ideal for which dim P,, =3. It suffices
to prove that if P., P, € M, then P.v P, € M... Suppose that x and y are linearly
independent vectors, x Ly. The o-additivity of m implies that there exists a Py,
dim P, =3 such that P,x#0, P,y+#0. Let z€ Py, ||z]| =1, be such that (z, x) =
(z, y)=0. Hence, if m(P; v P,) =, then m(P,v P.v P,) =, Due to Lemma 4.1,
we have P.v P, € M,, and A, is an ideal. Now m restricted to the ideal 4, is an
Mm-bounded o-additive measure on /. and, according to Theorem 3.1, m is
totally additive.

Theorem 3.2 guarantees that there is a unique SBF ¢ defined on %,, = {x: x € H,
m(P.)<o} such that m(P)=tr(tcP) whenever Pe M,. Indeed, if {x.} is an
orthonormal basis in P, then

tr(toP)=Dt(xa, xa) = >, m(P.,) = m(P).

Therefore the formula (4.4) holds. Q.E.D.

The notion of a signed measure which attains infinite values may be defined on
an ideal, too, and a formula analogous to (4.4) may be proved.

Taking into account Corollary 4.3 and Theorem 4.4, respectively, we see that in
order to prove the formula (4.4) it suffices to assume that m is an f-bounded signed
measure on £(H) for which there is a Q such that dimQ =3 and m(Q) <.

Note 4. It is clear that if . ig(fm m(P)>—o, then m is an f-bounded signed

measure. For a finite dimensional Hilbert space these notions are equivalent
(Corollary 4.3). The author does not know the answer to the next question: Are
there o-additive signed measures bounded from below, i.e. do we always have

PirLl(fH) m(P)>—o whenever m(H) =7
Example. Let H be a separable Hilbert space, dimH =R,. Let {x.} be an

orthonormal basis in H. Let us put y, = (x; + ...+x,.)/\/;. Then the function m
defined by

—n if P=P,, forsome n=1,
m(P)={ 0 if P=0,
o if P#P, forany n=1,
is an f-bounded non o-finite signed measure, which is not bounded from the below.
Also, it would be of interest to examine the Jordan decomposition for signed
measures with infinite values, and the total additivity of m on the whole of £(H).
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TEOPEMA TMIU30HA JJI1 OBOBIMIEHHBIX MEP ITPUHHUMAIOIIUX
BECKOHEYHBIE 3HAYEHUWA

AHatonuii [IBypedyeHCKHIi
Pe3ome

B pa6ote nokasana TeopeMa InM30Ha i OGOGIIEHHBIX Mep, NMPUHUMAIOLIKX GECKOHEYHbIE
3HaYEeHHU Ha pellleTKe BCeX Y3aMKHYTBIX MOANPOCTPaHCTB I'unb6epTOBa NPOCTPAHCTBA, Pa3MEPHOCTh

KOTOpOro HEM3MEPHUMOEe KapAMHAIbLHOE YHCIO #2.
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