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Asymptotic Comparison of Two Constructions for

Large Digraphs of Given Degree and Diameter

Mária Žd́ımalová, Ľubica Staneková

Abstract. We compare the asymptotic growth of the order of the digraphs
arising from a construction of Comellas and Fiol when applied to Faber-
-Moore digraphs versus plainly the Faber-Moore digraphs for the corre-
sponding degree and diameter.

1 Introduction
Determination of the largest order n(∆, D) of a digraph of maximum in- and
out- degree ∆ and diameter at most D is known as the directed version of the
degree-diameter problem. The corresponding directed Moore bound has the form
n(∆, D) ≤ 1 + ∆ + ∆2 + · · · + ∆D. For an account on history and current devel-
opment in the problem we refer to the recent survey [4].

Interest in constructions of large digraphs of a given maximum degree and di-
ameter is motivated by potential applications to the design of large interconnection
networks. From the point of view of testing properties of large digraphs it is of
practical advantage to restrict to those that are vertex-transitive. Setting the well
known Kautz digraphs of diameter 2 aside, the current largest vertex-transitive
digraphs of a given degree and diameter at least 3 have been constructed in [1], [3],
and [2]; cf. [4].

The construction of [1], a variant of which is equivalently described also in [3],
yields ‘large’ digraphs of given diameter and degree from ‘small’ digraphs by an
operation called ‘digraph composition’. Various modifications of the construction
give the same orders of the resulting digraphs provided that the order of the suitable
starter digraphs are the same, even though their degree and diameter may slightly
differ. Nevertheless, differences turn out to be negligible in asymptotic terms when
analysing the magnitude of the order in terms of degree and diameter.

The authors of [1] claim to have obtained best results in the case when their
construction take the digraphs of Faber and Moore [2] as input. It is then far
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from clear how the order of such digraphs, compares with the order of the Faber-
-Moore digraphs of the corresponding degree ∆ and diameter D. The aim of this
contribution is to compare the asymptotic growth of the two orders. We describe
the constructions of [1] and [2] in Section 2 and analyse the asymptotic growth of
the order of the resulting digraphs in Section 3.

2 The Constructions
We begin with introducing the construction of Faber and Moore [2]. For any given
D ≥ 2 and ∆ ≥ D their construction gives a family of large vertex-symmetric
digraphs Γ∆(D) which can be described as follows. The vertex set of Γ∆(D) consists
of all the distinct words x1x2 . . . xD of length D that are D-permutations of an
alphabet of ∆ + 1 letters. Adjacencies are given by:

x1x2 . . . xD →



x2x3x4 . . . xD+1, xD+1 6= x1, x2, . . . , xD

x2x3x4 . . . xDx1

x1x3x4 . . . xDx2

x1x2x4 . . . xDx3

. . .
x1x2x3 . . . xDxD−1

These digraphs have order

(∆ + 1)D =
(∆ + 1)!

(∆−D + 1)!
,

diameter D and are ∆-regular. Note that for D = 2 the digraphs Γ∆(2) reduce to
the Kautz digraphs.

On the other hand, details of the basic construction of Comellas and Fiol [1]
are as follows. Let Γ = (V,A) be a digraph, serving as ‘input’ for the construction,
and let n ≥ 2 and t ≥ 1 be integers. Out of this data we introduce a new digraph
Γ◦ = (V ◦, A◦) by letting

V ◦ =
{
(p0p1 . . . pα . . . pn−1|α);α ∈ Ztn, pi ∈ V

}
and defining its arc set A◦ as the set consisting of all arcs of the form

(p0p1 . . . pα . . . pn−1|α) → (p0p1 . . . qα . . . pn−1|α + 1) ,

with subscripts taken modulo n, where qα is adjacent from pα in Γ.
The fundamental result of [1] is:

Theorem 1. [1] Let Γ be a vertex-symmetric ∆-regular digraph of order N in which
for every ordered pair of vertices u, v there exists a directed path of length exactly
k from u to v. Then, for all n ≥ 2 and t ≥ 1 the digraph Γ◦ is a vertex-symmetric
∆-regular digraph of order tnNn and diameter at most (k + t)n− 1.

It was shown in [1] that the Faber-Moore digraphs Γ∆(D) have the property
that any ordered pair of their vertices are connected by a directed path of length D.
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Therefore, any Faber-Moore digraph Γ∆(D) can serve as input for the construction
of Comellas and Fiol, with k = D. Let Γ◦∆(D) be the resulting digraph. Since, in
the above notation, we have

N =
(∆ + 1)!

(∆−D + 1)!
,

the digraph Γ◦∆(D) has order

nt

[
(∆ + 1)!

(∆−D + 1)!

]n

,

degree ∆, and diameter at most n(k + t) − 1 = n(D + t) − 1. As indicated, our
aim is to compare the order of this graph with the order of the corresponding
Faber-Moore digraph, that is, with the order of the digraph Γ∆(n(D + t)− 1).

3 Asymptotic Analysis
In the preceding notation our main result is:

Theorem 2. Assume that the values of D ≥ 2, n ≥ 2, and t ≥ 1 are fixed. Then,
for all sufficiently large ∆ the order of the digraph Γ◦∆(D) is smaller than the order
of the digraph Γ∆(n(D + t)− 1).

Proof. In order to simplify the computations we let l = ∆+1 and E = n(D+t)−1.
The inequality in the statement of the theorem is then equivalent to

nt

[
l!

(l −D)!

]n

<
l!

(l − E)!

We begin with proving that for all sufficiently large l we have:(
l

l −D

)ln

<

(
l

l − E

)l

. (1)

Indeed, it can be checked that (1) is equivalent with

−Eln−1 < −nln−1D + g(l) ,

where g(l) is a polynomial in the variable l of degree n− 2, and the last inequality
is obviously valid for all sufficiently large l.

Next we show that for all sufficiently large l the following inequality holds:

(2πl)
n−1

2 (l −D)Dn
√

2π(l − E)nt < eDn−E(l − E)E
√

2π(l −D)n . (2)

Asymptotically, the dominant terms on the left-hand side and the right-hand side
of (2) are the (Dn+ n−1

2 + 1
2 )-th and the (E + n

2 )-th power of l, respectively. Thus,
the validity of (2) for sufficiently large l is automatic if Dn < E, which is obviously
satisfied.
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Let A = (l −D), B = (l − E), and C = 2πl. Combining (1) and (2) we have:(
l
A

)ln(
l
B

) < 1 <
1
nt
· C

1−n
2 · eDn−E · BE

ADn
· [2πA]

n
2

[2πB]
1
2

.

Because of the fact that

lim
l→∞

(
l
A

)ln(
l
B

) ≤ 1 and lim
l→∞

1
nt
· C

1−n
2 · eDn−E · BE

ADn
· [2πA]

n
2

[2πB]
1
2

= ∞

we obtain

lim
l→∞

(
l
A

)ln(
l
B

)
1
nt · C

1−n
2 · eDn−E · BE

ADn · [2πA]
n
2

[2πB]
1
2

= 0

which is equivalent to

lim
l→∞

nt

[ (
l
e

)l · √C(
A
e

)A · √2πA

]n

(
l
e

)l · √C(
B
e

)B · √2πB

= 0 .

To be able to use Stirling’s formula, we rewrite the above as follows:

lim
l→∞

nt

[ (
l
e

)l · √C · l!
l!(

A
e

)A · √2πA · A!
A!

]n

(
l
e

)l · √C · l!
l!(

B
e

)B · √2πB B!
B!

= 0 . (3)

From Stirling’s formula we infer that for all sufficiently large l we have

1
2

<

(
l
e

)l · √C

l!
< 2;

(
A
e

)A · √2πA

A!
< 2 and

(
B
e

)B · √2πB

B!
>

1
2

.

Using these inequalities in combination with (3) gives

0 = lim
l→∞

nt

[ (
l
e

)l · √C · l!
l!(

A
e

)A · √2πA · A!
A!

]n

(
l
e

)l · √C · l!
l!(

B
e

)B · √2πB B!
B!

≥ lim
l→∞

nt ·

(
l!
2

2 ·A!

)n

2l!
B!
2

= lim
l→∞

1
4n+1

·
nt ·

(
l!
A!

)n
l!
B!

≥ 0 .
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Since n is constant, from this above chain of inequalities we have:

lim
l→∞

nt ·
(

l!
A!

)n
l!
B!

= 0 .

It follows that for all sufficiently large l we have nt(n!/A!)n < l!/B!, which is
equivalent to

nt

[
l!

(l −D)!

]n

<
l!

(l − E)!

which is exactly the inequality we wanted to prove. �

It follows that, asymptotically for a fixed diameter, the order of the digraphs
arising from the construction of Comellas and Fiol applied to the graphs of Faber
and Moore is smaller than the order of the plain Faber-Moore digraphs (for the
accordingly amended diameter) for all sufficiently large degrees.
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