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1. Introduction

The extension theory of groups developed by Schreier has achieved recently a final

form of high aesthetic value (cf. [20], [21], [16], Chapter XII, §48-49, pp. 121–131,

[24], Chapter 2, §7, pp. 192–200). Any group which is an extension G of a normal

subgroup N by a group K is determined by two identities describing the action of

K on N and ensuring the associativity of the extension G by the choice of a system

of representatives in G for the factor group G/N isomorphic to K.

In [5], Section II.3 Chein discusses the possibilities how to generalize the extension

theory of groups to quasigroups and loops. There he documents that there is huge

variety of procedures for obtaining classes of extensions with completely different

properties. Till now many authors have used these constructions to realize loops in

classes investigated by them. In particular, in the last years constructions of loop

extensions became a popular method (cf. e.g. [18], Section 17, [7], Section 5, [14], §2,

§3, [15], §4, §5, [12], §7, [6].)

In contrast to this, in this paper we investigate thoroughly and systematically a

variation of extensions which yields loops as extensions of groups by loops such that

This research was supported by the DAAD-MÖB project 2005/2006 “Loops in Group
Theory and Lie Theory”.
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these extensions can be described by the same type of identities as in the group

case. This class of extensions seems to us to be the most natural generalization of

Schreier’s theory to loops.

Although our extension theory is structurally very close to the group case we show

in the second part of this paper that it gives examples of loops in all traditional com-

mon, important loop classes. Moreover, this is true already for the central extensions

of abelian groups by abelian groups as well as for Scheerer extensions (cf. [18], Sec-

tion 2), which are for instance needed in the classification of Bol loops. Only for

the subclass of semidirect products the Schreier construction restricts essentially the

type of extended loops. Although we can construct Schreier semidirect products of

groups which are proper right Bol loops, any such semidirect product which satisfies

the left inverse property is a group. Hence to obtain proper loops having the inverse

property it is necessary to use more general constructions for semidirect products

(cf. [3], [4], [1], [2], [25], [11]).

In general, the group generated by the right translations or by the left translations

of a proper loop L is a big subgroup of the permutation group of the underlying set

of L (cf. [18], Sections 17, 18, 19 and 29). This is the case for the group generated by

the left translations of a proper loop L which is a semidirect product of two groups.

But the group generated by the right translations of L is a product NΣ, where Σ is

a subgroup of the direct product of K and the automorphism group of the normal

subgroup N of NΣ.

2. Preliminaries

A set L with a binary operation (x, y) 7→ x · y is called a loop if there exists an

element e ∈ L such that e · x = x · e = x holds for all x ∈ L and the equations

a · y = b and x · a = b have precisely one solution which we denote by y = a \ b and

x = b/a. The right translations ̺a : y 7→ y · a : L→ L as well as the left translations

λa : y 7→ a · y : L→ L are bijections for any a ∈ L.

The kernel of a homomorphism α : L→ L′ of a loop L into a loop L′ is a normal

subloop N of L, i.e. a subloop of L such that

x ·N = N · x, (x ·N) · y = x · (N · y) and x · (y ·N) = (x · y) ·N

holds for all x, y ∈ L.

The left, right and middle nuclei of L are respectively the subgroups of L which

are defined in the following way:

Nl = {u; (u · x) · y = u · (x · y), x, y ∈ L},
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Nr = {u; (x · y) · u = x · (y · u), x, y ∈ L},

Nm = {u; (x · u) · y = x · (u · y), x, y ∈ L}.

The intersection N = Nl ∩Nr ∩Nm is called the nucleus of L.

The centre Z of a loop L is the largest subgroup of the nucleus N of L such that

z ·x = x ·z for all x ∈ L, z ∈ Z. Any subgroup of Z is a normal subgroup of L, called

a central subgroup of L.

A loop L possesses the left inverse property or the right inverse property if there

exists a bijection ι : x 7→ x−1 : L → L such that x−1 · (x · y) = y or (y · x) · x−1 = y

respectively holds for all x, y ∈ L. If the inverse mapping ι : x 7→ x−1 : L → L is

an automorphism of a loop L with the left or right inverse property then L has the

automorphic inverse property.

A loop L is left alternative or right alternative if respectively, x · (x · y) = x2 · y or

(y · x) · x = y · x2 for all x, y ∈ L. A loop L is flexible if x · (y · x) = (x · y) · x for all

x, y ∈ L.

A loop L is a left or right Bol loop if it satisfies the identity

(x · (y · x)) · z = x · (y · (x · z)) or z · (x · (y · x)) = ((z · x) · y) · x, respectively.

A left and right Bol loop is called a Moufang loop.

A left Bol loop satisfying one of the following properties is a Moufang loop:

(a) the right inverse property,

(b) the right alternative law,

(c) the flexible law,

(d) the identity (x · y)−1 = y−1 · x−1.

For a proof see e.g. [19], IV.6.9. Theorem.

3. Schreier extensions

Let N be a group, let K be a loop, let T : K → Aut(N) be a function of K into

the automorphism group of N with T (1) = Id and let f : K ×K → N be a function

with the property f(1, τ) = f(τ, 1) = 1. A straightforward computation yields

Proposition 3.1. The multiplication

(τ, t) ◦ (σ, s) = (τσ, f(τ, σ)tT (σ)s)

on K ×N defines a loop L(T, f) such that

(̺, r)/(σ, s) = (̺/σ, (f(̺/σ, σ)−1rs−1)T (σ)−1

),

(σ, s) \ (̺, r) = (σ \ ̺, s−T (σ\̺)f(σ, σ−1̺)−1r).
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The loop L(T, f) contains N = {(1, n); n ∈ N} as a normal subgroup and the factor

loop is isomorphic to K.

We define the following functions:

Ψ: (σ, τ) 7→ T (τ)−1T (σ)−1T (στ)ιf(σ,τ) : K ×K → Aut(N),

where ι denotes the inner automorphism ιg : x 7→ g−1xg : N → N , and

ψ : (σ, τ, ̺) 7→ f(σ, τ̺)−1f(στ, ̺)f(σ, τ)T (̺)f(τ, ̺)−1 : K ×K ×K → N.

It is well known (cf. [16], §48) that the loop extension L(T, f) is a group if and only

if K is a group and the following two identities hold:

(i) Ψ(σ, τ) = Id,

(ii) ψ(σ, τ, ̺) = 1.

We call a loop L(T, f) a central extension of the group N by the loop K if N is a

central subgroup of L(T, f). The loop L(T, f) is a central extension of N if and only

if N is abelian and T (σ) = Id for all σ ∈ K. The extension L(T, f) is an abelian

group if and only if N and K are abelian groups, T (σ) = Id for all σ ∈ K and

f(τ, σ) = f(σ, τ) for all σ, τ ∈ K.

A straightforward computation yields for the loop extension L(T, f) the following

Proposition 3.2.

(i) The subgroupN of the loop L(T, f) is contained in the middle and right nucleus.

N is contained in the nucleus if and only if Ψ(σ, τ) = Id for all σ, τ ∈ K.

(ii) The loop L(T, f) contains the group N in its centre if and only if N is abelian

and T (σ) = Id for all σ ∈ K.

(iii) The loop L(T, f) is abelian if and only if K and N are commutative, T (σ) = Id

and f(τ, σ) = f(σ, τ) for all τ, σ ∈ K.

Proposition 3.3. In the loop L(T, f) the left inverse of any element coincides

with its right inverse, i.e. x−1 = x \ 1 = 1/x, if and only if it is the case in K and

the following two identities hold:

Ψ(σ, σ−1) = Id, ψ(σ, σ−1, σ) = 1.

P r o o f. We may assume that the left and right inverses of elements in K

coincide. Then the left and right inverses of any element (σ, s) ∈ L(T, f) coincide if

and only if the following identity holds:

(

f(σ−1, σ)−1s−1
)T (σ)−1

= s−T (σ−1)f(σ, σ−1)−1.
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Putting s = 1 we obtain

f(σ−1, σ) = f(σ, σ−1)T (σ),

which gives the second relation in the proposition. Hence we can write

(f(σ, σ−1)−T (σ)s−1)T (σ)−1

= s−T (σ−1)f(σ, σ−1)−1

or equivalently

sT (σ)−1

f(σ, σ−1) = f(σ, σ−1)sT (σ)−1T (σ)T (σ−1).

Using the inner automorphism ιf(σ,σ−1) we have

(1) ιf(σ,σ−1) = T (σ)T (σ−1),

which is equivalent to the first relation in the proposition. �

The conditions of this proposition are in particular satisfied if T (σ)−1 = T (σ−1)

and if f(σ, σ−1) is contained in the centre of N for all σ ∈ K.

Proposition 3.4. Let L(T, f) be a loop in which for any element the left and

right inverses coincide. The loop L(T, f) satisfies the identity

(1, 1) = [(τ, t) ◦ (σ, s)] ◦ [(σ, s)−1 ◦ ((τ, t)−1]

if and only if the following identities hold:

(i) 1 = (τ · σ) · (σ−1 · τ−1),

(ii) Ψ(σ, τ) = Id,

(iii) f(τ ·σ, σ−1 ·τ−1) = f(τ, τ−1)f(σ, σ−1)T (τ−1)f(τ, σ)−T (σ−1)T (τ−1)f(σ−1, τ−1)−1.

P r o o f. The claim is true if and only if

(1, 1) = [(τ, t) ◦ (σ, s)] ◦ [((σ, s) \ (1, 1)) ◦ ((τ, t) \ (1, 1))]

= ((τ · σ) · (σ−1 · τ−1), f(τ · σ, σ−1 · τ−1)[f(τ, σ)tT (σ)s]T (σ−1τ−1)f(σ−1, τ−1)

· [s−T (σ−1)f(σ, σ−1)−1]T (τ−1)t−T (τ−1)f(τ, τ−1)−1).

We may assume that the condition (i) is satisfied. Then the assertion of the propo-

sition holds if and only if

sT (σ−1·τ−1)f(σ−1, τ−1)s−T (σ−1)T (τ−1)(2)

= t−T (σ)T (σ−1·τ−1)f(τ, σ)−T (σ−1·τ−1)f(τ · σ, σ−1 · τ−1)−1

× f(τ, τ−1)tT (τ−1)f(σ, σ−1)T (τ−1).
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Since the left hand side of (2) is independent of t and the right hand side of (2) is

independent of s we obtain the condition (ii).

Using the identities T (σ−1 ·τ−1) = T (σ−1)T (τ−1)ιf(σ−1,τ−1)−1 and T (σ)T (σ−1) =

ιf(σ,σ−1) we obtain from (2) an equivalent identity

1 = f(σ, σ−1)T (τ−1)f(τ, σ)−T (σ−1)T (τ−1)f(σ−1, τ−1)−1f(τ · σ, σ−1 · τ−1)−1f(τ, τ−1),

which proves the assertion. �

Proposition 3.5. Let L(T, f) be a loop in which for any element the left and

right inverses coincide. L(T, f) satisfies the automorphic inverse property if and only

if the loop K has the automorphic inverse property, the group N is commutative,

T (σ) = Id for any σ ∈ K and the following identity holds:

f(τ · σ, τ−1σ−1) = f(σ, σ−1)f(τ, τ−1)f(τ−1, σ−1)−1f(τ, σ)−1.

P r o o f. The loop L(T, f) has the automorphic inverse property if and only if

(1, 1) = [(τ, t) ◦ (σ, s)] ◦ [((τ, t) \ (1, 1)) ◦ ((σ, s) \ (1, 1))]

= ((τ · σ) · (τ−1 · σ−1), f(τ · σ, τ−1 · σ−1)[f(τ, σ)tT (σ)s]T (τ−1·σ−1)

× f(τ−1, σ−1)[t−T (τ−1)f(τ, τ−1)−1]T (σ−1)s−T (σ−1)f(σ, σ−1)−1).

This identity is valid if and only if the loopK has the automorphic inverse property,

the group N is commutative and the following identity holds:

f(τ · σ, τ−1 · σ−1)f(τ, σ)T (τ−1·σ−1)tT (σ)T (τ−1σ−1)sT (τ−1·σ−1)f(τ−1, σ−1)(3)

= f(σ, σ−1)sT (σ−1)f(τ, τ−1)T (σ−1)tT (τ−1)T (σ−1).

Putting here σ = 1 we obtain sT (σ−1) = s for all τ ∈ K, s ∈ N , and hence T (σ) = Id

for all σ ∈ K. It follows that L(T, f) has the automorphic inverse property if and

only if the identity in the assertion is satisfied. �

Proposition 3.6. The loop L(T, f) has the right inverse property if and only if

K has the right inverse property and the following identities hold:

Ψ(σ, σ−1) = Id, ψ(τ, σ, σ−1) = 1.

P r o o f. L(T, f) has the right inverse property if and only if

((τ, t) ◦ (σ, s)) ◦ ((σ, s) \ (1, 1)) = (τ, t)

= ((τ · σ) · σ−1, f(τ · σ, σ−1)[f(τ, σ)tT (σ)s]T (σ−1)s−T (σ−1)f(σ, σ−1)−1)
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holds for any t, s ∈ N and σ, τ ∈ K. This identity is equivalent to the right inverse

property in K and to the identity

tf(σ, σ−1) = f(τ · σ, σ−1)f(τ, σ)T (σ−1)tT (σ)T (σ−1).

If the loop L(T, f) has the right inverse property then the left and right inverses of

any element coincide and it follows from Proposition 3.3 that Ψ(σ, σ−1) = Id for all

σ ∈ K and the identity (1) hold. Using this we obtain from the previous identity

f(σ, σ−1) = f(τσ, σ−1)f(τ, σ)T (σ−1), which shows that the identities in the claim are

valid.

The same arguments yield that the conditions in the proposition imply the right

inverse property in L(T, f). �

If K satisfies the right inverse property, f(σ, τ) = 1 for all σ, τ ∈ K and Ψ(σ, τ) 6=

Id for some σ, τ ∈ K, then the proper loop L(T, 1) has the right inverse property if

and only if for any element the left and right inverses coincide.

Proposition 3.7. The loop L(T, f) has the left inverse property if and only if

the loop K satisfies the left inverse property and the following identities hold:

Ψ(τ, σ) = Id, ψ(τ, τ−1, σ) = 1.

P r o o f. The loop L(T, f) has the left inverse property if and only if

(σ, s) = [(1, 1)/(τ, t)] ◦ [(τ, t) ◦ (σ, s)]

= (τ−1, [tf(τ−1, τ)]−T (τ)−1

) ◦ (τ · σ, f(τ, σ)tT (σ)s)

= (τ−1 · (τ · σ), f(τ−1, τ · σ)[tf(τ−1, τ)]−T (τ)−1T (τ ·σ)f(τ, σ)tT (σ)s)

for all τ, σ ∈ K and t, s ∈ N . This is equivalent to the left inverse property of K and

to the identity

(4) f(τ, σ)tT (σ)f(τ−1, τ · σ) = [tf(τ−1, τ)]T (τ)−1T (τ ·σ).

For t = 1 we obtain from this

f(τ, σ)f(τ−1, τ · σ) = f(τ−1, τ)T (τ)−1T (τ ·σ).

Since in a loop with the left inverses property the left and right inverse of any element

coincide, Proposition 3.3 yields the identity ψ(τ, τ−1, τ) = 1 or
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f(τ−1, τ) = f(τ, τ−1)T (τ). Hence it follows f(τ, σ)f(τ−1, τ · σ) = f(τ, τ−1)T (τ ·σ).

This identity may be written in the form

ψ(τ, τ−1, τ · σ) = f(τ, σ)−1f(τ, τ−1)T (τ ·σ)f(τ−1, τ · σ)−1 = 1.

Replacing in this identity τσ by σ we obtain the second relation in the proposi-

tion. Using the relations f(τ−1, τ)−T (τ) = f(τ, τ−1) and f(τ, σ)f(τ−1, τ · σ) =

f(τ, τ−1)T (τ ·σ) the identity (4) assumes the form f(τ, σ)tT (σ) = tT (τ)−1T (τσ)f(τ, σ).

This yields T (τ)T (σ) = T (τσ)ιf(τ,σ), which gives the condition Ψ(τ, σ) = Id for all

τ, σ ∈ K. The same arguments show that the conditions of the proposition imply

that L(T, f) has the left inverse property. �

Proposition 3.8. A loop L(T, f) is left alternative if and only if the loop K is

left alternative and the following identities hold:

Ψ(τ, σ) = Id, ψ(τ, τ, σ) = 1.

P r o o f. The loop L(T, f) is left alternative if and only if the identity

(τ · (τ · σ), f(τ, τ · σ)tT (τ ·σ)f(τ, σ)tT (σ)s) = (τ2 · σ, f(τ2, σ)[f(τ, τ)tT (τ)t]T (σ)s)

holds. This is equivalent to the left alternative law in K and to the identity

(5) f(τ, τ · σ)tT (τ ·σ)f(τ, σ) = f(τ2, σ)f(τ, τ)T (σ)tT (τ)T (σ).

For t = 1 we obtain

ψ(τ, τ, σ) = f(τ, τ · σ)−1f(τ2, σ)f(τ, τ)T (σ)f(τ, σ)−1 = 1,

which is the second identity in the assertion. Using this condition we obtain from (5)

an equivalent identity

f(τ2, σ)f(τ, τ)T (σ)f(τ, σ)−1tT (τ ·σ)f(τ, σ) = f(τ2, σ)f(τ, τ)T (σ)tT (τ)T (σ)

or

ιf(τ,σ) = T (τ · σ)−1T (τ)T (σ),

which yields the first identity in the assertion. �
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Proposition 3.9. The loop L(T, f) is right alternative if and only if K is right

alternative and the following identities hold:

Ψ(σ, σ) = Id, ψ(τ, σ, σ) = 1.

P r o o f. The loop L(T, f) is right alternative if and only if

(τ · σ2, f(τ, σ2)tT (σ2)f(σ, σ)sT (σ)s) = ((τ · σ) · σ, f(τ · σ, σ)[f(τ, σ)tT (σ)s]T (σ)s)

holds for all t, s ∈ N , τ, σ ∈ K. This is equivalent to the right alternative law in K

and to the identity

(6) f(τ, σ2)tT (σ2)f(σ, σ) = f(τ · σ, σ)f(τ, σ)T (σ)tT (σ)2 .

Putting t = 1 we obtain

ψ(τ, σ, σ) = f(τ, σ2)−1f(τ · σ, σ)f(τ, σ)T (σ)f(σ, σ)−1 = 1,

which is the second identity in the assertion. Using this condition (6) yields an

equivalent identity

f(τ, σ2)tT (σ2)f(σ, σ) = f(τ, σ2)f(σ, σ)tT (σ)2 or ιf(σ,σ) = T (σ2)−1T (σ)2,

which proves the assertion. �

Proposition 3.10. The loop L(T, f) is flexible if and only if K is flexible and

the following identities hold:

Ψ(τ, σ) = Id, ψ(τ, σ, τ) = 1.

P r o o f. The loop L(T, f) is flexible if and only if

(τ · (σ · τ), f(τ, σ · τ)tT (σ·τ)f(σ, τ)sT (τ)t = (τ · (σ · τ), f(τ · σ, τ)[f(τ, σ)tT (σ)s]T (τ)t)

is satisfied for all t, s ∈ N , τ, σ ∈ K. This is equivalent to the flexible law in K and

to the identity

(7) f(τ, σ · τ)tT (σ·τ)f(σ, τ) = f(τ · σ, τ)f(τ, σ)T (τ)tT (σ)T (τ).

Using the identity f(τ, σ · τ)ψ(τ, σ, τ)f(σ, τ) = f(τσ, τ)f(τ, σ)T (τ) we obtain from

(7) the relation tT (σ·τ)f(σ, τ) = ψ(τ, σ, τ)f(σ, τ)tT (σ)T (τ) . The value t = 1 gives

ψ(τ, σ, τ) = 1. Hence the last identity reduces to tT (σ·τ)f(σ, τ) = f(σ, τ)tT (σ)T (τ),

which is equivalent to the first identity. �
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Proposition 3.11. The loop L(T, f) is a left Bol loop if and only if K is a left

Bol loop and the following identities hold:

Ψ(σ, τ) = Id, ψ(τ, σ · τ, ̺)f(σ, τ · ̺)ψ(σ, τ, ̺)f(σ, τ · ̺)−1 = 1.

In particular, if K is a group then ψ(σ, τ, ̺) is contained in the centre of N for all

σ, τ, ̺ ∈ K and ψ(τ, σ · τ, ̺)ψ(σ, τ, ̺) = 1.

P r o o f. The loop L(T, f) is a left Bol loop if and only if

(τ · {σ · [τ · ̺]} , f(τ, σ · (τ · ̺))tT (σ·(τ ·̺))f(σ, τ · ̺)sT (τ ·̺)f(τ, ̺)tT (̺)r)

= ({τ · [σ · τ ]} · ̺, f(τ · (σ · τ), ̺)[f(τ, σ · τ)tT (σ·τ)f(σ, τ)sT (τ)t]T (̺)r)

is satisfied for all σ, τ, ̺ ∈ K and s, t ∈ N . This is equivalent to the left Bol property

of K and to the identity

f(τ, σ · (τ · ̺))tT (σ·(τ ·̺))f(σ, τ · ̺)sT (τ ·̺)f(τ, ̺)(8)

= f(τ · (σ · τ), ̺)f(τ, σ · τ)T (̺)tT (σ·τ)T (̺)f(σ, τ)T (̺)sT (τ)T (̺).

A left Bol loop L(T, f) has the left inverse property, hence it follows from Propo-

sition 3.7 that Ψ(τ, ̺) = Id, which is the first identity in the claim. Then we have

T (τ)T (̺) = T (τ · ̺)ιf(τ,̺) and T (σ · τ)T (̺) = T ((σ · τ) · ̺)ιf(σ·τ,̺). Putting these

relations into (8) we obtain the identity

f(τ, σ · (τ · ̺))tT (σ·(τ ·̺))f(σ, τ · ̺)f(τ, ̺)

= f(τ · (σ · τ), ̺)f(τ, σ · τ)T (̺)f(σ · τ, ̺)−1tT ((σ·τ)·̺)f(σ · τ, ̺)f(σ, τ)T (̺) .

Using again the relation Ψ = Id we have

T (σ · (τ · ̺)) = T (σ)T (τ)T (̺))ι−1
f(τ,̺)ι

−1
f(σ,τ ·̺)

and

T ((σ · τ) · ̺) = T (σ)T (τ)ι−1
f(σ,τ)T (̺)ι−1

f(σ·τ,̺).

Putting these relations into the previous identity we obtain

f(τ, σ · (τ · ̺)f(σ, τ · ̺)f(τ, ̺) = f(τ · (σ · τ), ̺)f(τ, σ · τ)T (̺)f(σ, τ)T (̺).

Since ψ(σ, τ, ̺) = f(σ, τ · ̺)−1f(σ · τ, ̺)f(σ, τ)T (̺)f(τ, ̺)−1 and ψ(τ, σ · τ, ̺) =

f(τ, (σ · τ) · ̺)−1f(τ · (σ · τ), ̺)f(τ, σ · τ)T (̺)f(σ · τ, ̺)−1 we get

ψ(τ, σ · τ, ̺)f(σ, τ · ̺)ψ(σ, τ, ̺)f(σ, τ · ̺)−1 = 1,

which is the second identity in the claim.
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Conversely, the conditions of the proposition imply that L(T, f) is a left Bol loop.

If K is a group, then it follows from T (σ(τ̺)) = T ((στ)̺) that

T (̺)ιf(τ,̺)−1ιf(σ,τ̺)−1 = ιf(σ,τ)−1T (̺)ιf(στ,̺)−1

or

tT (̺)f(τ, ̺)−1f(σ, τ̺)−1f(στ, ̺)f(σ, τ)T (̺)t−T (̺)

= f(τ, ̺)−1f(σ, τ̺)−1f(στ, ̺)f(σ, τ)T (̺)

for all t ∈ N . This means that f(τ, ̺)−1ψ(σ, τ, ̺)f(τ, ̺) is contained in the cen-

tre of N , which implies that also ψ(σ, τ, ̺) is contained in the centre of N for all

σ, τ, ̺ ∈ K. �

Corollary 3.12. Let L(T, f) be a left Bol loop. If K is a group and the centre

of N is trivial then L(T, f) is a group.

Corollary 3.13. A loop L(T, f) is a Moufang loop if and only if K is Moufang,

Ψ(σ, τ) = Id, ψ(τ, σ · τ, ̺)f(σ, τ · ̺)ψ(σ, τ, ̺)f(σ, τ · ̺)−1 = 1

for all σ, τ, ̺ ∈ K and one of the following identities holds:

(i) ψ(τ, σ, σ−1) = 1,

(ii) ψ(τ, σ, σ) = 1,

(iii) ψ(τ, σ, τ) = 1,

(iv) f(τ ·σ, σ−1 ·τ−1) = f(τ, τ−1)f(σ, σ−1)T (τ−1)f(τ, σ)−T (σ−1)T (τ−1)f(σ−1, τ−1)−1.

In particular, if K is a group then ψ(σ, τ, ̺) is contained in the centre of N for

all σ, τ, ̺ ∈ K and ψ(τ, σ · τ, ̺)ψ(σ, τ, ̺) = 1.

P r o o f. Condition (i) gives the right inverse property (cf. Proposition 3.6),

condition (ii) the right alternative law (cf. Proposition 3.9) and condition (iii) the

flexible law (cf. Proposition 3.10). Finally, with condition (iv) we have (x · y)−1 =

y−1 · x−1 in L(T, f) (cf. Proposition 3.4). �

Proposition 3.14. The loop L(T, f) is a right Bol loop if and only if K is a right

Bol loop and the following identities hold:

(a) T (τ)T (σ)T (τ) = T ((τ · σ) · τ)ιf(τ ·σ,τ)ιf(τ,σ)T (τ) ,

(b) f((̺ · τ) ·σ, τ)f(̺ · τ, σ)T (τ)f(̺, τ)T (σ)T (τ) = f(̺, (τ ·σ) · τ)f(τ ·σ, τ)f(τ, σ)T (τ).

P r o o f. The loop L(T, f) is a right Bol loop if and only if

([(̺ · τ) · σ] · τ, f((̺ · τ) · σ, τ)(f(̺ · τ, σ)[f(̺, τ)rT (τ)t]T (σ)s)T (τ)t)

= ([̺ · [(τ · σ) · τ ], f(̺, (τ · σ) · τ)rT ((τ ·σ)·τ)f(τ · σ, τ)[f(τ, σ)tT (σ)s]T (τ)t)
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is satisfied for all σ, τ, ̺ ∈ K and r, s, t ∈ N . This is equivalent to the right Bol

property of K and to the identity

f((̺ · τ) · σ, τ)f(̺ · τ, σ)T (τ)f(̺, τ)T (σ)T (τ)rT (τ)T (σ)T (τ)(9)

= f(̺, (τ · σ) · τ)rT ((τ ·σ)·τ)f(τ · σ, τ)f(τ, σ)T (τ).

Setting in this identity ̺ = 1 we obtain

(10) rT (τ)T (σ)T (τ) = f(τ, σ)−T (τ)f(τ · σ, τ)−1rT ((τ ·σ)·τ)f(τ · σ, τ)f(τ, σ)T (τ),

which gives the claim (a) of the proposition. Using this we obtain from (9) the

assertion (b) of the proposition.

Conversely, multiplying the left and right sides of the identities (10) and (b) of the

proposition we obtain the identity (9). �

4. Examples

4.1 Central extensions. A loop L(T, f) is the central extension of the abelian

group N only if T (σ) = Id. Throughout this section we consider the special case

that also K is an abelian group. These loops are centrally nilpotent of nilpotency

class two, which means that the factor loop L/N is abelian. Some examples of such

loops are given in [5] p. 36, [18], Remark 17.6, [7], Section 5, [14], Lemma 3.1, [15],

Theorem 4.1, [12], Theorem 7.6, [6], Theorem 2.3.

Let N and K be abelian groups and let T (σ) = Id for all σ ∈ K. Then the

multiplication in the loop L(Id, f) is given by

(τ, t) ◦ (σ, s) = (τ + σ, f(τ, σ) + t+ s).

In this case we have Ψ(σ, τ) = Id and

ψ(σ, τ, ̺) = −f(σ, τ + ̺) + f(σ + τ, ̺) + f(σ, τ) − f(τ, ̺).

By Proposition 3.2 a loop L(Id, f) is commutative if and only if f(τ, σ) = f(σ, τ) for

all τ, σ ∈ K.

By Proposition 3.3 in a loop L(Id, f) the left and right inverses of any element

coincide if and only if

(11) ψ(σ,−σ, σ) = f(σ,−σ) − f(−σ, σ) = 0

for all σ ∈ K.
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According to Proposition 3.4 a loop L(Id, f) in which the left and right inverses

of any element coincide satisfies the identity

(12) (0, 0) = [(τ, t) ◦ (σ, s)] ◦
[

(σ, s)−1 ◦ ((τ, t)−1
]

if and only if

(13) f(τ + σ,−τ − σ) + f(τ, σ) + f(−σ,−τ) = f(τ,−τ) + f(σ,−σ).

By Proposition 3.5 a loop L(Id, f) in which the left and right inverse of any element

coincide possesses the automorphic inverse property if and only if the identity

(14) f(τ + σ,−τ − σ) + f(τ, σ) + f(−τ,−σ) = f(τ,−τ) + f(σ,−σ).

According to Proposition 3.6 a loop L(Id, f) has the right inverse property if and

only if

(15) ψ(σ, τ,−τ) = f(σ + τ,−τ) + f(σ, τ) − f(τ,−τ) = 0

for all σ, τ ∈ K.

Proposition 3.7 yields that a loop L(Id, f) has the left inverse property if and only

if

(16) ψ(τ,−τ, σ) = −f(τ,−τ + σ) + f(τ,−τ) − f(−τ, σ) = 0

holds for all σ, τ ∈ K.

By Proposition 3.8 a loop L(Id, f) is left alternative if and only if

(17) ψ(τ, τ, σ) = −f(τ, τ + σ) + f(2τ, σ) + f(τ, τ) − f(τ, σ) = 0.

By Proposition 3.9 a loop L(Id, f) is right alternative if and only if

(18) ψ(τ, σ, σ) = −f(τ, 2σ) + f(τ + σ, σ) + f(τ, σ) − f(σ, σ) = 0

for all σ, τ ∈ K.

According to Proposition 3.10 a loop L(Id, f) is flexible if and only if the following

identity holds:

(19) ψ(τ, σ, τ) = −f(τ, τ + σ) + f(σ + τ, τ) + f(τ, σ) − f(σ, τ) = 0.
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Proposition 3.11 yields that a loop L(Id, f) is a left Bol loop if and only if

ψ(τ, σ + τ, ̺) + ψ(σ, τ, ̺) = −f(τ, σ + τ + ̺) + f(σ + 2τ, ̺) + f(τ, σ + τ)(20)

−f(σ, τ + ̺) + f(σ, τ) − f(τ, ̺) = 0.

According to Proposition 3.14 a loop L(Id, f) is a right Bol loop if and only if the

following identity holds:

(21) f(σ+ τ + ̺, τ)+ f(̺+ τ, σ)+ f(̺, τ)− f(̺, 2τ +σ)− f(τ +σ, τ)− f(τ, σ) = 0.

A loop L(Id, f) is a group if and only if

(22) ψ(σ, τ, ̺) = −f(σ, τ + ̺) + f(σ + τ, ̺) + f(σ, τ) − f(τ, ̺) = 0

for all σ, τ, ̺ ∈ K.

4.1.1 Siberian constructions. The following constructions are motivated by

the papers [22] and [23].

Let N and K be abelian groups. Let f : K ×K → N be a mapping vanishing on

the set Σ = {(a, 0); a ∈ K} ∪ {(0, a); a ∈ K} ∪ {(a, a); a ∈ K} ∪ {(a,−a); a ∈ K}.

The permutation ϕ1 : (K ×K) \ Σ → (K ×K) \ Σ given by ϕ1(a, b) = (−a,−b)

generates a group Γ1 of order 2ε, where ε = 0 if K is an elementary 2-group and

ε = 1 if this is not the case. According to identity (14) the loop L(Id, f) has the

automorphic inverse property if and only if f(a, b) = −f(ϕ1(a, b)).

The permutation ϕ2 : (K ×K) \Σ → (K ×K) \Σ given by ϕ2(a, b) = (a+ b,−b)

generates a group Γ2 of order 2. According to identity (15) the loop L(Id, f) has the

right inverse property if and only if f(a, b) = −f(ϕ2(a, b)).

Since the permutations ϕ1 and ϕ2 commute they generate an elementary abelian

group Γ12 of order 21+ε. The orbits of Γ12 in (K × K) \ Σ have the form {(a, b),

ϕ1(a, b), ϕ2ϕ1(a, b), ϕ2(a, b)}. Let f(a, b) = f(ϕ2ϕ1(a, b)) = n ∈ N and f(a, b) =

−f(ϕ1(a, b)) = −f(ϕ2(a, b)) = −n ∈ N . Since ϕ1 interchanges (a, b) with ϕ1(a, b) as

well as ϕ2(a, b) with ϕ2ϕ1(a, b), the permutation ϕ2 interchanges (a, b) with ϕ2(a, b)

as well as ϕ1(a, b) with ϕ2ϕ1(a, b) and ϕ2ϕ1 interchanges (a, b) with ϕ2ϕ1(a, b) as

well as ϕ1(a, b) with ϕ2(a, b), the function f is invariant under the action of Γ12.

This means that the value of f can be chosen for an element of any orbit freely and

the function f is uniquely determined by the action of Γ12. The loop L(Id, f) has

the automorphic inverse property and the right inverse property if and only if the

function f is uniquely determined by the action of Γ12.

The permutation ϕ3 : (K ×K) \Σ → (K ×K) \Σ given by ϕ3(a, b) = (−a, a+ b)

generates a group Γ3 of order 2. According to identity (16) the loop L(Id, f) has the

left inverse property if and only if f(a, b) = −f(ϕ3(a, b)).
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Since the permutations ϕ1 and ϕ3 commute they generate an elementary abelian

group Γ13 of order 21+ε. The orbits of Γ13 in (K × K) \ Σ have the form {(a, b),

ϕ1(a, b), ϕ3ϕ1(a, b), ϕ3(a, b)}. Let f(a, b) = f(ϕ3ϕ1(a, b)) = n ∈ N and f(a, b) =

−f(ϕ1(a, b)) = −f(ϕ3(a, b)) = −n ∈ N . Since ϕ1 interchanges (a, b) with ϕ1(a, b) as

well as ϕ3(a, b) with ϕ3ϕ1(a, b), the permutation ϕ3 interchanges (a, b) with ϕ3(a, b)

as well as ϕ1(a, b) with ϕ3ϕ1(a, b) and ϕ3ϕ1 interchanges (a, b) with ϕ3ϕ1(a, b) as

well as ϕ1(a, b) with ϕ3(a, b), the value of the function f can be chosen for an element

of any orbit freely and then f is uniquely determined by the action of Γ13. The loop

L(Id, f) has the automorphic inverse property and the left inverse property if and

only if the function f is uniquely determined by the action of Γ13.

The permutations ϕ2 and ϕ3 generate a group Γ23 isomorphic to the sym-

metric group S3 of order 6. The orbits of Γ23 in (K × K) \ Σ have the form

{(a, b), ϕ2(a, b), ϕ3ϕ2(a, b), ϕ2ϕ3ϕ2(a, b), ϕ2ϕ3(a, b), ϕ3(a, b)}. Let f(a, b) =

f(ϕ3ϕ2(a, b)) = f(ϕ2ϕ3(a, b)) = n ∈ N and f(a, b) = −f(ϕ2(a, b)) = −f(ϕ3(a, b)) =

−f(ϕ2ϕ3ϕ2(a, b)) = −n ∈ N . Since ϕ2 and ϕ3 interchange odd products of invo-

lutions with even products of involutions the value of the function f can be chosen

for an element of any orbit freely and then f is uniquely determined by the action

of Γ23. The loop L(Id, f) has the left inverse property if and only if the function f

is uniquely determined by the action of Γ23.

A loop L(Id, f) having the inverse property satisfies the automorphic inverse prop-

erty if and only if it is commutative. In this case any orbit of (a, b) ∈ (K ×K) \ Σ

under the group Γ123 generated by the permutations ϕ1, ϕ2 and ϕ3 contains the el-

ement (b, a). If the exponent of K is different from 2 then Γ123 is the direct product

of S3 and the group of order 2. If K is an elementary abelian 2-group then Γ123 is

the symmetric group S3. In any case the point (0, 0) is a fixed point of Γ123.

Now we assume that K is an elementary abelian 2-group of order at least 8. In

this case if (a, b) 6= (0, 0) then the Γ123-orbit of (a, b) consists of the elements

{(a, b), (a + b, a), (b, a + b)} and the Γ123-orbit of (b, a) consists of the elements

{(b, a), (a+ b, b), (a, a+ b)}. Hence the mapping (a, b) 7→ (b, a) induces an involution

on the orbit space (K ×K)/Γ123.

Let N be also an elementary abelian 2-group and let f : K×K → N be a mapping

which is constant on the orbits of Γ123. Since (τ, τ + σ) and (τ, σ) are on the same

Γ123-orbit and f(τ, τ) = 0 the identity

(23) f(τ, τ + σ) + f(τ, σ) = f(τ, τ)

holds. Hence the identities (15), (16), (17) and (18)) yield that the loop L(Id, f)

has the inverse property and the alternative property. Moreover, it follows from the

identity (14) that the loop L(Id, f) has the automorphic inverse property, i.e. L(Id, f)

is commutative.
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If L(Id, f) satisfies a Bol condition then L(Id, f) is a Moufang loop of exponent 2

and hence it is a group (cf. [3], Proposition 2, p. 35).

Since the group K is the union of elementary abelian 2-groups of order 4 we con-

sider the values of the function f on an elementary abelian 2-groupA = {0, τ, σ, τ+σ}

of K. It follows from (23) that f(τ, σ) = f(σ, τ) = f(τ, τ + σ) = f(τ + σ, τ) =

f(σ, τ +σ) = f(τ +σ, σ) = uA ∈ N . The value uA ∈ N can be chosen independently

for any elementary abelian subgroup A of K which has order 4 since the intersection

of such two different subgroups has order 6 2. Since the order of K is at least 8

it contains 4 such different elementary abelian subgroups. According to (22) the

loop L(Id, f) is associative only if f(α + β, γ) + f(α, β) + f(α, β + γ) + f(β, γ) =

uA4 +uA1 +uA2 +uA3 = 0, where A1 = {0, α, β, α+β}, A2 = {0, α, β+γ, α+β+γ},

A3 = {0, β, γ, β+γ} and A4 = {0, α+β, γ, α+β+γ}. Choosing the values uAi
such

that uA4 + uA1 + uA2 + uA3 6= 0 we obtain a proper abelian loop having the inverse

property and the alternative property.

Summarizing this discussion we obtain

Proposition 4.1. There are commutative loops L(Id, f) which are extensions of

an elementary abelian group by an elementary abelian group such that the following

assertions hold:

(i) L(Id, f) possesses the inverse and the alternative property but it is not a Mo-

ufang loop,

(ii) any element 6= (0, 0) of L(Id, f) has order 2,

(iii) any pair of elements of L(Id, f) is contained in a subgroup of L(Id, f).

At the end of this subsection we investigate the flexible law.

Proposition 4.2. Let L(Id, f) be a central extension of a finite abelian group N

of odd order by an elementary abelian 2-group K. The loop L(Id, f) is flexible if

and only if it is abelian.

P r o o f. It follows from identity (19) that L(Id, f) is flexible if and only if the

function g(τ, σ) = f(τ, σ) − f(σ, τ) satisfies the identity g(τ, σ) = g(τ, τ + σ). Since

g(τ, σ) = −g(σ, τ) for all τ, σ ∈ K, this identity yields

g(τ, σ) = −g(τ + σ, τ) = −g(τ + σ, σ) = g(σ, τ + σ) = g(σ, τ) = −g(τ, σ).

Since N has odd order, g(τ, σ) 6= −g(τ, σ) if g(τ, σ) 6= 0. Hence f(τ, σ) = f(σ, τ) for

all τ, σ ∈ K. �

Remark. Let N be the group of order 2 and let K be the elementary abelian

group of order 4 which is a 2-dimensional vector space over GF (2). Le {e1, e2} be a
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basis of K. Then the loop L(Id, f) defined on K ×N by the multiplication

( 2
∑

i=1

ξiei, x

)( 2
∑

i=1

ηiei, y

)

=

( 2
∑

i=1

(ξi + ηi)ei, x+ y + f

( 2
∑

i=1

ξiei,

2
∑

i=1

ηiei

))

with ξi, ηi ∈ GF (2), where f : K ×K → N is given by f(e1, e2) = f(e1, e1 + e2) =

f(e2, e1 + e2) = 1 and f = 0 otherwise, is flexible but neither commutative nor

satisfying the left or right alternative law.

P r o o f. A straightforward computation shows that the non-symmetric function

f defined in the assertion satisfies the identity (19). Putting τ = e2 and σ = e2 into

the identity (17) we get the contradiction

f(e2, e1) + f(e2, e1 + e2) = 1 6= 0.

A similar contradiction can be obtained putting τ = e1 + e2 and σ = e2 into the

identity (18). �

4.1.2 Abelian loops L(Id, f). A loop L(Id, f) is commutative if and only if

f(τ, σ) = f(σ, τ) for all τ, σ ∈ K. According to the identity (19) any loop L(Id, f) is

flexible.

Putting σ = τ = α into the identity (13) we see that the loop L(Id, f) does not

satisfy the identity (12) if we can find an element α ∈ K such that f(2α,−2α) 6=

2f(α,−α) − f(α, α) − f(−α,−α). If the group N is not an elementary abelian 2-

group then there are functions f satisfying this condition for an element α ∈ K with

2α 6= α,−α.

Putting σ = τ = β into the identity (15) we obtain that the loop L(Id, f) does not

possess the inverse property if we can find an element β ∈ K such that f(2β,−β) 6=

f(β,−β) − f(β, β). If the group N is not an elementary abelian 2-group then there

are functions f satisfying this condition for an element β ∈ K with 2β 6= β,−β.

Putting −σ = τ = β into the identity (17) we see that this loop L(Id, f) does not

possess the alternative property either.

From this discussion it follows that if N contains two cyclic subgroups 〈α〉 and 〈β〉

of order > 3 such that 〈α〉∩ 〈β〉 = {0}, then there exist loops L(Id, f) having neither

the automorphic inverse property, nor the inverse property, nor the alternative law.
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Proposition 4.3. If in the group N the mapping x 7→ 2x : N → N is an auto-

morphism, then the commutative loop L(Id, f) has the automorphic inverse property

if and only if the function f(τ, σ) has the form

(24) f(τ, σ) =
1

2
(u(τ, σ) + w(τ) + w(σ) − w(τ + σ)) ,

where the functions u : K ×K → N and w : K → N satisfy u(−τ,−σ) = −u(τ, σ)

and w(−τ) = w(τ), respectively.

P r o o f. The loop L(Id, f) has the automorphic inverse property if and only if

(25) f(τ, σ) + f(−σ,−τ) = f(τ,−τ) + f(σ,−σ) − f(τ + σ,−τ − σ).

If the function f(τ, σ) satisfies the identity (25) then we denote w(τ) = f(τ,−τ) and

u(τ, σ) = f(τ, σ) − f(−τ,−σ). One has w(−τ) = w(τ) and u(−τ,−σ) = −u(τ, σ)

and hence f(τ, σ) has the form (24). Conversely, for any functions u and w with

u(−τ,−σ) = −u(τ, σ) and w(−τ) = w(τ) the function determined by (24) satisfies

the identity (25). �

Corollary 4.4. There exist commutative loops L(Id, f) having the automorphic

inverse property but neither the inverse property nor the alternative property.

P r o o f. Let L(Id, f) be a commutative loop such that f(τ, σ) has the form (24).

The loop L(Id, f) has neither the inverse property nor the alternative property if

there exists β ∈ K such that f(2β,−β) 6= f(β,−β) − f(β, β), which is equivalent

to the condition u(2β,−β) 6= −u(β, β). Clearly there exist functions satisfying the

identity u(−τ,−σ) = −u(τ, σ) and for a suitable β ∈ K also u(2β,−β) 6= −u(β, β).

�

Let F be a field of characteristic p > 0 such that |F | > p2. The loop L(Id, f)

defined on F × F by

f(σ, τ) = (σ − τ)(σpτp2

− σp2

τp)

is an abelian loop. It follows from the identity (14) that L(Id, f) has the automorphic

inverse property. Using the identity (15) we see that L(Id, f) has the inverse property

if and only if p = 3, in which case it is a commutative Moufang loop (cf. [17],

Theorem 3.4).

4.1.3 Bol and Moufang loops. Let N be a finite abelian group of even order

and let K be the direct product K = Cm × Cn of the cyclic group Cm of order m

and Cn of order n, where m,n are even. Choose in N elements r, s, t, z, w such that
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rm = rn = s2 = t2 = 1 and s 6= 1 or t 6= 1. Then the multiplication defined on

K ×N = Cm × Cn ×N by

(α1, α2, a) · (β1, β2, b) = (α1 + β1, α2 + β2, a+ b+ f(α1, α2, β1, β2))

with f(α1, α2, β1, β2) = rβ1α2sα1β1β2tβ1α2β2zpwq , where

p =

{

0 for α1 + β1 < m,

1 for α1 + β1 > m,
q =

{

0 for α2 + β2 < n,

1 for α2 + β2 > n

if we identify Cm and Cn respectively with the integers 0, . . . ,m−1 and 0, . . . , n−1,

yields a loop L(Id, f). This loop is according to Theorem 2.3 and Lemma 6.1 in [6]

a right Bol loop but it is not Moufang.

Let N be the group of order 2 and let K be the elementary abelian group of order

8. We choose a basis {e1, e2, e3} of K which is a 3-dimensional vector space over

GF (2). Then the multiplication defined on K ×N by

( 3
∑

i=1

ξiei, x

)( 3
∑

i=1

ηiei, y

)

=

( 3
∑

i=1

(ξi + ηi)ei, x+ y + f

( 3
∑

i=1

ξiei,

3
∑

i=1

ηiei

))

with ξi, ηi ∈ GF (2), where the function f : K×K → N is determined by the relations

f(ei, c) = 0 for all c ∈ K and i = 1, 2, 3,

f(ei + ej , c) =

{

1 if c = ξiei + ξjej + ek and {i, j, k} = {1, 2, 3},

0 otherwise,

f(e1 + e2 + e3, c) =

{

1 if c = ei (i = 1, 2, 3) or c = e1 + e2 + e3,

0 otherwise,

gives a loop L(Id, f). According to [12], Theorem 7.6 this loop is a proper non-

commutative Moufang loop of order 16.

4.1.4 Loops L(Id, f) with polynomial f . Let N and K be vector spaces over

a commutative field F. We consider trilinear mappings p, r : K ×K ×K → N such

that p is symmetric in the first two variables and r is symmetric in the last two

variables. The loop L(p, r) is defined on K ⊕N by

(τ, t) ◦ (σ, s) = (τ + σ, t+ s+ p(τ, τ, σ) + r(τ, σ, σ)) .

In this extension T (σ) = Id and f(τ, σ) = p(τ, τ, σ) + r(τ, σ, σ) for all τ, σ ∈ K. In

this case we have

ψ(σ, τ, ̺) = 2p(σ, τ, ̺) − 2r(σ, τ, ̺).
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If the characteristic of the field F is 2 then L(p, r) is a group, hence we assume that

the characteristic 6= 2.

By equation (11), in the loop L(p, r) the left and right inverses of any element

coincide if and only if

(26) p(σ, σ, σ) = r(σ, σ, σ)

for all σ ∈ K. According to equation (15) the loop L(p, r) has the right inverse

property if and only if

(27) p(σ, τ, τ) = r(σ, τ, τ)

for all σ, τ ∈ K.

The relation (16) yields that the loop L(p, r) has the left inverse property if and

only if

ψ(σ, τ, ̺) = −f(σ, τ + ̺) + f(σ + τ, ̺) + f(σ, τ) − f(τ, ̺).(28)

p(τ, τ, σ) = r(τ, τ, σ)(29)

hold for all σ ∈ K.

The identies (17) and (18) show that a loop L(p, r) has the left or right inverse

property if and only if it is respectively left or right alternative.

Let K = F⊕ F and N = F. We consider the trilinear form

p(σ, τ, ̺) = a11x1y1z1 + a12x1y2z1 + a12x2y1z1 + a22x2y2z1

+ b11x1y1z2 + b12x1y2z2 + b12x2y1z2 + b22x2y2z2,

where σ = (x1, x2), τ = (y1, y2), ̺ = (z1, z2) and aij , bij ∈ F. According to identity

(11), in the loop L(p, r) the left and right inverses of any element coincide if and

only if the trilinear form r(σ, τ, ̺) has the form

r(σ, τ, ̺) = a11x1y1z1 + c12x1y1z2 + c12x1y2z1 + (a22 + 2(b12 − d12)) x1y2z2

+ (b11 + 2(a12 − c12))x2y1z1 + d12x2y1z2 + d12x2y2z1 + b22x2y2z2

where c12, d12 are arbitrary elements of F. The identity (15) yields that L(p, r) has

the right inverse property if and only if r(σ, τ, ̺) has the form

r(σ, τ, ̺) = a11x1y1z1 + 1
2 (a12 + b11)x1y1z2 + 1

2 (a12 + b11)x1y2z1 + b12x1y2z2

+ a12x2y1z1 + 1
2 (a22 + b12)x2y1z2 + 1

2 (a22 + b12)x2y2z1 + b22x2y2z2.
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According to identity (16) the loop L(p, r) has the left inverse property if and only

if the trilinear form r(σ, τ, ̺) can be expressed by

r(σ, τ, ̺) = a11x1y1z1 + b11x1y1z2 + b11x1y2z1 + (2b12 − a22)x1y2z2

+ (2a12 − b11)x2y1z1 + a22x2y1z2 + a22x2y2z1 + b22x2y2z2.

It follows that the loop L(p, r) have the inverse property if and only if the trilinear

forms p(σ, τ, ̺) and r(σ, τ, ̺) have the form

p(σ, τ, ̺) = a11x1y1z1 + a12x1y2z1 + a12x2y1z1 + a22x2y2z1

+ a12x1y1z2 + a22x1y2z2 + a22x2y1z2 + b22x2y2z2

and

r(σ, τ, ̺) = a11x1y1z1 + a12x1y1z2 + a12x1y2z1 + a22x1y2z2

+ a12x2y1z1 + a22x2y1z2 + a22x2y2z1 + b22x2y2z2.

In this case the trilinear forms p(σ, τ, ̺) and r(σ, τ, ̺) coincide and they are totally

symmetric and hence L(p, r) is an abelian group.

Let K = Fn and N = F , where F is a field of characteristic 6= 2. A loop

L(p, r) is commutative if and only if p(x,x,y)+ r(x,y,y) = p(y,y,x)+ r(y,x,x) or

equivalently r(x,y,y) = p(y,y,x) for all x,y ∈ K. According to identity (15) this

loop L(p) has the inverse property if and only if

−p(x+y,x+y,y)+p(y,y,x+y)+p(x,x,y)+p(y,y,x)+p(y,y,y)−p(y,y,y) = 0,

which is equivalent to

p(x,x,y) = p(y,x,x)

for all x,y ∈ K.

Lemma 4.5. A loop L(p) with the inverse property is a commutative Moufang

loop.

P r o o f. L(p) is a commutative Moufang loop if and only if it satisfies the Bol

condition (21). This means

p(x + y + z,x + y + z,y) + p(y,y,x + y + z) + p(y + z,y + z,x) + p(x,x,y + z)

+ p(y,y, z) + p(z, z,y) + p(x + 2y,x + 2y, z) − p(z, z,x + 2y) − p(x + y,x + y,y)

− p(y,y,x + y) − p(x,x,y) − p(y,y,x) = 0,
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or equivalently

p(x, z,y) + p(y, z,y) + p(y, z,x) − p(y,y, z) − 2p(y,x, z) = 0

for all x,y, z ∈ K. Since a Moufang loop L(p) has the inverse property we have

p(y, z,y) = p(z,y,y) = p(y,y, z). Moreover, polarization of this identity yields

(30) p(x, z,y) + p(y, z,x) − 2p(y,x, z) = 0

which proves the claim. �

Let p(x,y, z) =
n
∑

i,j,k=1

pijkx
iyjzk, where x = (xi),y = (yi), z = (zi) and pijk =

pjik ∈ F . We investigate now the the identity (30) which characterizes commutative

Moufang loops L(p). The trilinear form p(x,y, z) =
n
∑

i,j,k=1

pijkx
iyjzk satisfies the

identity (30) if and only if

(31) 2pijk = pkij + pkji.

If i = j = k then the equation (31) is true. If two of the indices coincide we get that

piik = pkii for any i 6= k. If all three indices i, j, k are different then we have the

system of equations

2pijk = pkij + pkji = pkij + pjki,

2pjki = pijk + pikj = pijk + pkij ,

2pkij = pjki + pjik = pjki + pjik.

If the characteristic of F is different from 3 then the solutions are given by the

condition 3pijk = 3pjki = 3pkij . Hence in this case the trilinear form p(x,y, z) is

symmetric in all three variables and L(p) is a group. If the characteristic of F is

3, then this system is equivalent to the equation pijk + pkij + pjki = 0. Choosing

at least for one triple (i, j, k) of different indices two of pijk, pkij , pjki distinctly we

obtain a trilinear form p(x,y, z) which is not symmetric in all three variables. Hence

for n > 3 we obtain a great variety of commutative Moufang loops L(p).

4.2 Differentiable Schreier loops. The loops L(Id, f) with polynomial f over

the field of real or complex numbers have analytic operations. But there exist many

other examples of differentiable Schreier loops which are central extensions of the

additive group R by R. The importance of the following examples is based on the

fact that the group generated by the left translations of them is a 3-dimensional
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non-nilpotent Lie group with one-dimensional centre [18], Section 23.2, p. 298. Let

L(Id, f) with f(σ, τ) = g(σ)(1 − eτ ), where g is a differentiable real function. The

multiplication of the loop L(Id, f) is given by

(τ, t) ◦ (σ, s) = (τ + σ, t+ s+ g(τ)(1 − eσ)) , τ, σ, t, s ∈ R.

According to equation (11), in a loop L(Id, f) the left and right inverses of any

element coincide if and only if g(σ)e−σ = −g(−σ).

Hence in a loop L(Id, f) the left and right inverses of any element coincide if and

only if there exists a differentiable function h(σ) defined for σ > 0 satisfying h(0) = 0

such that g(σ) = h(σ) for σ > 0 and g(σ) = −h(−σ)e−σ for σ 6 0.

Using the identity (16) we see that a loop L(Id, f) in which the left and right

inverses of any element coincide already has the left inverse property.

According to equation (15) a loop L(Id, f) has the right inverse property if and

only if

g(σ + τ)(1 − e−τ ) + g(σ)(1 − eτ + g(τ)(1 − e−τ ) = 0,

which yields

(32) g(σ + τ) − g(σ)eτ = g(τ)

for all τ, σ ∈ R. Deriving this identity with respect to σ we obtain g′(τ) = g′(0)eτ

from which it follows that g(τ) = α+ γeτ with a constant α and γ = g′(0). Putting

this into the equation (32) we obtain α = −γ and g(τ) = α(1 − eτ ). But in this

case the loop L(Id, f) is the two-dimensional vector group R2 (cf. Theorem 23.7 (ii)

in [18]).

Using the identities (18) and (19) an analogous computation shows that a loop

L(Id, f) is also the two-dimensional vector group R
2 if L(Id, f) is flexible or right

alternative.

According to equation (17) a loop L(Id, f) is left alternative if and only if

g(τ)
(

eτ+σ − eτ + eσ − 1
)

= g(2τ) (eτ − 1)

or

(33) g(2τ) = g(τ) (eτ + 1) .

Clearly, the function g(τ) = α (1 − eτ ) which corresponds to the 2-dimensional vector

group satisfies this identity. If g(τ) is a real analytic function than it has a power
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series expansion g(τ) =
∞
∑

i=1

aiτ
i since g(0) = 0. According to equation (33) we have

∞
∑

i=1

ai2
iτ i =

( ∞
∑

j=1

ajτ
j

)(

2 +

∞
∑

k=1

1

k!
τk

)

=

∞
∑

j=1

ajτ
j +

∞
∑

l=2

( l−1
∑

j=1

aj

(l − j)!

)

τ l.

If we compare the coefficients of these power series we obtain

al =
1

2(2l−1 − 1)

l−1
∑

j=1

aj

(l − j)!

for l > 2. Hence the function g(τ) =
∞
∑

i=1

aiτ
i is uniquely determined by the coefficient

a1. The unique solution is g(τ) = −a1 (1 − eτ ), which means that L(Id, f) is a group.

4.3 Scheerer extensions. Let K be a proper loop having G as the group gen-

erated by its left translations, let H be the stabilizer of the identity of K in G and

let σ : G/H → G be the section such that Σ = σ(G/H) is the set of left translations

of K. The multiplication

(x, y) 7→ x ⋆ y = π(xy) : Σ × Σ → Σ,

where π : G → Σ is the mapping assigning to g ∈ G the unique element of Σ

contained in the coset gH , defines a loop (Σ, ⋆) wich is isomorphic to K (cf. [18], p.

18).

If ̺ is a homomorphism from H into the centre Z(N) of N then the loop L(Id, f)

defined by

(α, a) ◦ (β, b) = (α ⋆ β, a̺
(

(αβ)−1(α ⋆ β)
)

b) = (α ⋆ β, ̺
(

(αβ)−1σ(αβH)
)

ab)

is a Schreier loop with f(α, β) = ̺
(

(αβ)−1(α ⋆ β)
)

, which is a Scheerer extension of

the group N by the loop K (cf. [18], Proposition 2.4, p. 44). The loop L(Id, f) is a

central extension of N by K if and only if N is abelian.

According to Propositions 2.7 and 2.8 ([18], pp. 46-47), the loop L(Id, f) belongs

to the class of right alternative loops, left Bol loops, Moufang loops or to the class of

loops with left inverse property if and only if K belongs to the same class of loops.

The Schreier loops which are Scheerer extensions play an inportant role in the

classification of differentiable Bol loops and of loops L for wich the stabilizer of the

identity in the group generated by the left translations consists of automorphisms of

L (cf. [8], Theorem 6. p. 446, [9], Theorem 14. p. 406 and [10], Theorem 6. p. 74).
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4.4 Semidirect products. In this section we consider loops L(T, 1) which gen-

eralize the semidirect products in the theory of groups. Since we are interested

in proper loops L(T, 1) we will always assume that T (σ) 6= Id for some σ ∈ K.

Multiplication in L(T, 1) on K ×N is given by

(τ, t) · (σ, s) = (τσ, tT (σ)s).

By Proposition 3.3, in a loop L(T, 1) the left and the right inverses of any element

coincide if and only if it is the case in the loop K and T (σ−1) = T (σ)−1 for any

σ ∈ K holds.

Proposition 3.6 yields that a loop L(T, 1) in which for any element the left inverse

and the right inverse coincide has the right inverse property if K has the right inverse

property.

According to Propositions 3.5, 3.7, 3.8 and 3.10 a proper loop L(T, 1) which is not

the direct product K ×N has neither the automorphic inverse property nor the left

inverse property nor the left alternative law as well as the flexible law.

By Proposition 3.9 a loop L(T, 1) is right alternative if and only if K is right

alternative and T (σ2) = T (σ)2 for any σ ∈ K.

According to Proposition 3.14 a loop L(T, 1) is a right Bol loop if and only if K

is a right Bol loop and T (τ)T (σ)T (τ) = T ((τ · σ) · τ) for all τ, σ ∈ K.

4.4.1 Right Bol loops and right alternative loops. Let N be an abelian

group, let α be an involutory automorphism of N and let K be an elementary abelian

2-group of cardinality > 2. Then the semidirect product Lα = L(T, 1) defined on

K × N by a non-constant function T : K → 〈α〉 with T (1) = Id is a proper right

Bol loop if and only if there exists no subgroup N of index 2 in K such that the

restrictions of T satisfy T |M = Id and T |Mx = α for x /∈M .

This is clear since the identity T (τ)T (σ)T (τ) = T (τστ) is satisfied (cf. Proposition

3.14) and T : K → 〈α〉 is a homomorphism if and only if M = Ker (T ).

Let N be an abelian group and let α, β be two non-commuting involutory auto-

morphisms of N . Let K be an elementary abelian 2-group. We divide the set N \{1}

into two non-empty disjoint subsets M1 and M2 and define

T (σ) =











α if σ ∈M1,

β if σ ∈M2,

Id if σ = 1.

The loop Lα,β = L(T, 1) with this function T is right alternative since T (σ2) =

T (1) = Id = T (σ)2 for any σ ∈ K. However, L(T, 1) does not satisfy the right Bol
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identity because for σ ∈M1, τ ∈M2 one has T (τ)T (σ)T (τ) = βαβ 6= α = T (τστ) =

T (σ).

4.4.2 Groups generated by translations. Let the semidirect product L(T, 1)

be an extension of a group N by a group K. The right translation ̺(σ,s) of L(T, 1)

is the map

̺(σ,s) : (τ, t) 7→ (τσ, tT (σ)s) : L(T, 1) → L(T, 1)

and its inverse is the map

̺−1
(σ,s) : (τ, t) 7→ (τσ−1, (ts−1)T (σ)−1

).

Since ̺(σ,s)̺(1,v)̺
−1
(σ,s) : (τ, t) 7→ (τ, ts−1vT (σ)s) holds one has ̺(σ,s)̺(1,v)̺

−1
(σ,s) =

̺(1,s−1vT (σ)s). Hence the group G̺ generated by the right translations of L(T, 1)

contains a normal subgroup N̺ = {̺(1,v); v ∈ N} isomorphic to N . Because of

̺(σ,s) = ̺(1,s)̺(σ,1) and N̺ = {̺(1,s); s ∈ N} one has G̺ = N̺Σ, where Σ is the

group generated by the set {̺(σ,1); σ ∈ K}. If Θ denotes the group of automor-

phisms of N generated by the set {T (σ); σ ∈ K}, then Σ is the subgroup of the

direct product K × Θ.

This relatively simple structure of the groupG̺ generated by the right translations

of a loop L(T, 1) allows to determine G̺ more precisely. So the group G̺ generated

by the right translations of the right Bol loop Lα defined in the previous section is

the semidirect product N̺ ⋊ (K × 〈α〉) = N̺ ⋊ Θ. This group contains a subgroup

of index 2 which is isomorphic to the direct product N ×K.

The left translation λ(σ,s) of L(T, 1) is the map

λ(σ,s) : (τ, t) 7→ (στ, sT (τ)t) : L(T, 1) → L(T, 1)

and its inverse is the map

λ−1
(σ,s) : (τ, t) 7→ (σ−1τ, s−T (σ−1τ)t).

The set Nλ = {̺(1,v); v ∈ N} is a subgroup of the group Gλ generated by the left

translations of L(T, 1). One has

ω(σ, s, v) = λ(σ,s)λ(1,v)λ
−1
(σ,s) : (τ, t) 7→ (τ, (svs−1)T (σ−1τ)t).

The mapping ω(σ, s, v) is equal to the element λ(1,w) of Nλ for a suitable w ∈ N

if and only if the relation (τ, (svs−1)T (σ−1τ)t) = (τ, wT (τ)t) and s, v ∈ N for all

(τ, t) ∈ L(T, 1) holds. This is equivalent to (svs−1)T (σ−1τ) = wT (τ) or to

(34) (svs−1)T (σ−1τ) = (svs−1)T (σ−1)T (τ)
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for any τ ∈ K. The group Nλ is a normal subgroup of the group Gλ generated by

the left translations if and only if the relation (34) holds true for all σ, τ ∈ K and

s, v ∈ N . But this is the case if and only if the mapping T is a homomorphism,

which means that L(T, 1) is a group.
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