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K Y BE R NE T IK A — VO L UM E 4 6 ( 2 0 1 0 ) , NU MB E R 4 , P AGE S 5 8 5 – 5 9 9

OPEN PROBLEMS POSED AT THE
TENTH INTERNATIONAL CONFERENCE
ON FUZZY SET THEORY AND APPLICATIONS
(FSTA 2010, LIPTOVSKÝ JÁN, SLOVAKIA)

Radko Mesiar and Peter Sarkoci

Eighteen open problems posed during FSTA 2010 (Liptovský Ján, Slovakia) are pre-
sented. These problems concern copulas, triangular norms and related aggregation func-
tions. Some open problems concerning effect algebras are also included.
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Classification: 03E72, 06F25, 60E05

1. INTRODUCTION

A public announcement of open problems had a great impact on the development of
several areas of science, including mathematics. It seems so that the most famous
was the formulation of D. Hilbert’s problems [28]. In the domain of fuzzy sets and
related topics, several open problems were published in monographs [9, 40, 47, 58].
There are several papers devoted purely to open problems in triangular norms [3, 42].
Other collections of open problems are linked to problems posed at conferences; recall
for example the collections summarizing the open problems posed at the 2nd and
8th FSTA conference [39, 46]. To illustrate the influence of these collections to the
development of mathematics, observe that just within the field of fuzzy sets there are
more than 20 papers devoted to the solution of some of the exposed problems. The
aim of this paper is the presentation of open problems posed during the conference
FSTA 2010 “Tenth International Conference on Fuzzy Set Theory and Applications”
held from February 1 to February 5, 2010 in Liptovský Ján, Slovakia.

The paper is organized as follows. In each section a brief introduction to the area
of the summarized open problems is given. In the 2nd section copulas are discussed.
Section 3 is devoted to open problems in triangular norms. Finally, Section 4 deals
with effect algebras.
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2. PROBLEMS IN COPULAS

Given an n-ary operation O : [0, 1]
n → [0, 1] and an n-dimensional Cartesian interval

I = [u1, v1] × · · · × [un, vn] ⊆ [0, 1]
n

we define the O-volume of I to be

VO(I) =
∑

J⊆{1,2,...,n}

(−1)|J| O
(

xJ
1 , xJ

2 , . . . , xJ
n

)

where xJ
i equals ui whenever i ∈ J and vi otherwise. A semi-copula [19] is any

n-ary operation S on the unit interval which is isotone with respect to the standard
order and has neutral element 1, i. e., S(x1, . . . , xn) = xi whenever xj = 1 holds
for each j 6= i. A quasi-copula [11, 23] is any semi-copula which is 1-Lipschitz.
An n-copula is any n-ary semi-copula C with VC(I) ≥ 0 for every n-dimensional
Cartesian interval I ⊆ [0, 1]

n
. In the case n = 2 we often speak simply of copulas.

The prototypical examples of copulas are the independence copula Π and the Fréchet-
Hoeffding bounds W and M , given by

W (x, y) = max{0, x + y − 1} ,

Π(x, y) = xy ,

M(x, y) = min{x, y} .

For more details on copulas we recommend the book by Nelsen [50] and the recent
monograph on Aggregation Functions [24]. The class of all semi-copulas, quasi-
copulas, and copulas will be denoted S, Q, and C respectively.

2.1. Associative copulas of higher arity

Recently, Couceiro [10] has recalled a concept concerning associativity of n-ary func-
tions, originally introduced by Post [52]. According to Post, an n-ary operation O
on the unit interval is said to be associative if

O(O(x1 , . . . , xn), xn+1, . . . , x2n−1) = O(x1, O(x2, . . . , xn+1), xn+2, . . . , x2n−1)

...

= O(x1, . . . , xn−1, O(xn, . . . , x2n−1))

holds for every x1, . . . , x2n−1 ∈ [0, 1]. As an example, consider a ternary function

O : [0, 1]3 → [0, 1] given by

O(x, y, z) =
x(1 − y)z

x(1 − y)z + (1 − x)y(1 − z)

with the convention 0
0 = 0. Then O is associative in the sense of Post but there is

no associative binary operation A on [0, 1] such that O(x, y, z) = A(A(x, y), z).
The binary associative copulas play an important role in the copula theory [24,

50]. They are completely characterized as ordinal sums of Archimedean copulas [50].
Further, due to Moynihan [49] a copula C is Archimedean if and only if there is a
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continuous convex strictly decreasing function t : [0, 1] → [0,∞] with t(1) = 0 such
that

C(x, y) = t−1
(

min{t(0), t(x) + t(y)}
)

.

Problem 2.1. (R. Mesiar, mesiar@math.sk) Is there a representation of n-ary as-
sociative copulas (in the sense of Post) similar to that one concerning binary copulas?

2.2. Ultramodularity of copulas and its strengthening

Among stronger concepts of monotonicity of functions, the ultramodularity is a gen-
uine strengthening of the supermodularity [45]. Note that a binary operation O on
the unit interval is ultramodular if

O(x1 +y1 +z1, x2 +y2 +z2)−O(x1 +y1, x2 +y2)−O(x1 +z1, x2 +z2)+O(x1, x2) ≥ 0

holds whenever the arguments of O stay within [0, 1] and (x1, x2),(y1, y2),(z1, z2) ∈

[0, 1]2.
Typical examples of ultramodular copulas are Π and W , while M is not ultra-

modular. The concept of ultramodularity can be generalized to n-ultramodularity

with n > 2. A binary operation O on the unit interval will be called n-ultramodular
if

∑

J⊆{1,...,k}

(−1)(k+|J|) O

(

x +
∑

i∈J

ui, y +
∑

i∈J

vi

)

≥ 0 .

holds for every k ∈ {2, . . . , n} whenever the arguments of O do not run out of [0, 1]

and (x, y), (u1, v1) . . . , (uk, vk) ∈ [0, 1]
2
. It can be checked that the product copula

Π is n-ultramodular for any natural n.

Problem 2.2. (R. Mesiar, mesiar@math.sk) For a fixed n ≥ 2, characterize (all,
all associative, all Archimedean) 2-copulas which are n-ultramodular.

2.3. Power stability of binary operations

The problem of power stability of functions is important in risk management when
dealing with extremal events. Especially in the multivariate probability distribution
case, copulas with such a property are often considered and they are called Extreme

value copulas (or, EV-copulas, for short). Recall that a binary operation O on the
unit interval is power stable if for any power p ∈ ]0,∞[ it satisfies

O(xp, yp) =
(

O(x, y)
)p

.

It is known that a copula C is power stable (i. e., C is an EV-copula) if and only if
there exists a convex function f : [0, 1] → [0, 1] satisfying, for all x ∈ [0, 1],

max{x, 1 − x} ≤ f(x) ≤ 1 ,

and

C(x, y) = (xy)f( ln(x)
ln(xy) ) (1)
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(see for example Tawn [59]).
One can check easily that any power stable binary operation O on the unit interval

– not necessarily a copula – can be written in the form (1) where the range of f need
not be a subset of [0, 1] in general. An equivalent representation of power stable
binary operations is

O(x, y) = (xy)g( ln(x)
ln(y) ) (2)

where g : [0,∞] → [0,∞] is an appropriate function [24, Section 7]. All the properties
of O are are now reflected by the function f or g. For example, O is commutative if
and only if f(x) = f(1 − x) for all x ∈ [0, 1].

Problem 2.3. (R. Mesiar, mesiar@math.sk) How are the properties of power stable
binary operations related to those of functions f and g? Interesting properties to be
considered are monotonicity, continuity, 1-Lipschitz property, associativity, existence
of a neutral element, etc.

2.4. Double conic copulas

This problem was inspired by the presentation of double conic copulas [37] and is
related to the question, how to construct a copula when its behavior is prescribed
on a subset of the unit square. As a prominent example of such problems let us
mention the construction of diagonal copulas, that is of copulas with a given diagonal
section [13, 30, 50].

Problem 2.4. (C. Sempi, carlo.sempi@unisalento.it) Given a fixed x0 ∈ ]0, 1[
characterize all δ : [0, 1] → [0, 1] such that there exists a copula C with C(x, x) = δ(x)
for all x ∈ [0, 1], and C is linear on the segments connecting the diagonal point
(x0, x0) with the corner points (1, 0) and (0, 1). Also, try to construct pointwise
maximal and minimal elements of this class.

Notice that not every diagonal of a copula solves the problem. For example the
function

δ(x) = min{max{0, 2x − 0.9}, max{0.6, 2x− 1}}

is a diagonal of a copula, however for the choice x0 = 0.75 this δ cannot solve the
problem. Indeed, for any such solution C we would have VC([0.6, 0.8]

2
) = −0.06

thus violating solutions among copulas.

2.5. Structure of the class of associative copulas

A 2-copula C is said to be associative if it is associative as a binary operation.
Associative copulas are known to be exactly the 1-Lipschitz t-norms. Whence all
associative copulas are commutative. It is well known that the class Ca of associative
copulas is not a convex set; for example, (M+W )/2 is a copula that is not associative.
However, it was proved that every convex combination of associative copulas belongs
to the class of Schur-concave and commutative copulas [2, 17]. Denote by C̃a the
closure (with respect to the topology of uniform convergence) of the set of all convex
combinations of associative copulas.



Open Problems at FSTA 2010 589

Problem 2.5. (F. Durante, fabrizio.durante@unibz.it) Does C̃a coincide with
the class of all Schur-concave and commutative copulas?

Notice that, since Ca is compact with respect to the L∞-norm [41], it is easily
checked that C̃a is compact as well. Moreover, C̃a is also a convex set. It follows from
Krein-Milman theorem [57] that each element of C̃a can be represented as convex
combination of the extremal elements in C̃a. We recall that C ∈ C̃a is extremal if and
only if C cannot be represented as a non-trivial convex combination of two elements
in C̃a.

Problem 2.6. (F. Durante, fabrizio.durante@unibz.it) Determine the extremal
points, in the Krein-Milman’s sense, of the set C̃a. Prove or disprove that extremal
points of C̃a form a subset of the extremal points of the class of all copulas.

The previous problem could help in the characterization of the class of extremal
doubly stochastic measures [1, 27, 53].

2.6. Transformations of copulas

Given a 2-copula C and a strictly increasing bijection ϕ : [0, 1] → [0, 1] we define the
ϕ-transform of C to be a binary operation Cϕ on [0, 1] given by

Cϕ(x, y) = ϕ−1
(

C(ϕ(x), ϕ(y))
)

.

The class C∗ formed by the transformations of all 2-copulas by means of all possible
increasing bijections ϕ : [0, 1] → [0, 1] has turned out to be important within the
framework of bivariate ageing [8, 20]. It is well known that Cϕ need not be a
copula [12, 18, 43] and that C∗ is strictly contained in the class of continuous semi-
copulas [6].

Problem 2.7. (F. Durante, fabrizio.durante@unibz.it) Describe the class C∗.

2.7. Intermediate classes between copulas and quasi-copulas

When extending fuzzy measures to aggregation functions (utility functions) by a
method based on the Möbius transform of the underlying fuzzy measure, the follow-
ing constraint on an n-ary quasi-copula Q turns out to be crucial [44]:

VQ(I) ≥ 0

for each n-dimensional interval I such that at least one of its vertices is contained in
the boundary [0, 1]

n \ ]0, 1[
n

of the unit hypercube [0, 1]
n
. Let us denote the class of

such quasi-copulas F . Obviously C ( F ⊆ Q. Observe that, while in the case n = 2
the last inclusion boils down to equality, for n > 2 the inclusion is strict.

Similarly, by G, we denote the class of all semi-copulas S : [0, 1]
n → [0, 1] such

that VS(I) ≥ 0 for every n-dimensional interval I such that its top-vertex coincides
with the top-vertex of the unit hypercube [0, 1]

n
.
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Problem 2.8. (A. Kolesárová, anna.kolesarova@stuba.sk) Provide a character-
ization of the class F or of its distinguished sub-classes.

Problem 2.9. (A. Kolesárová, anna.kolesarova@stuba.sk) Provide a character-
ization of the class G or of its distinguished sub-classes.

2.8. Properties resembling the moderate growth

Motivated by the problem of common measurability in unsharp observable approach
to quantum mechanics, the notion of witness map has been introduced and stud-
ied [34]. Let [0, u] be a unit interval in a partially ordered abelian group G, let H
be a subset of [0, u]. Let Fin (H) be the system of all finite subsets of H . We say
that β : Fin (H) → G is a witness map if and only if β(∅) = 1, β({x}) = x and

∑

X⊆Z⊆A

(−1)|X|+|Z|β(Z) ≥ 0 , (3)

for all x ∈ H and X, A ∈ Fin (H) with X ⊆ A.
Let us now consider a commutative, associative binary operation O on the real

unit interval [0, 1], such that 1 is its neutral element. Naturally, every such O gives
rise to a mapping βO : Fin ([0, 1]) → [0, 1] given by the rule

βO({x1, . . . , xn}) = O(x1, O(x2, . . . , O(xn−1, xn))) .

Problem 2.10. (G. Jenča, P. Sarkoci, {jenca‖sarkoci}@math.sk) Characterize

all commutative and associative binary operations O : [0, 1]
2 → [0, 1] with neutral

element 1 for which the corresponding βO is a witness map.

Note that, since the conditions βO(∅) = 1 and βO({x}) = x are trivially satisfied,
βO is a witness map if and only if (3) holds. To start the discussion, let us remark
that both βM and βΠ are witness maps. On the other hand βW is not a witness
map, X = ∅, A = { 1

2 , 1
3 , 1

4} being a counterexample.

3. PROBLEMS IN TRIANGULAR NORMS

Recall that a triangular norm [5, 40] (or a t-norm, for short) is any commutative,

associative, and non-decreasing binary operation T : [0, 1]
2 → [0, 1] with neutral

element 1. Similarly, a t-conorm S : [0, 1]
2 → [0, 1] is a commutative, associative,

and increasing mapping with neutral element 0. Particular examples of t-norms that
will appear within this collection are the minimum TM, the product TP, and the
 Lukasiewicz t-norm TL which coincide with the copulas M , Π, and W , respectively.
In addition to these three important examples we will consider also the drastic t-
norm TD and the nilpotent minimum TnM defined by

TD(x, y) =

{

min{x, y} if max{x, y} = 1 ,

0 otherwise,

TnM(x, y) =

{

min{x, y} if x + y > 1 ,

0 otherwise.
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Given a t-norm T , a particular t-conorm S is defined via

S(x, y) = 1 − T (1 − x, 1 − y) , (4)

and vice-versa. Triangular norms and conorms linked to each other via (4) (which
is actually, a version of De Morgan law) are called dual to each other. The duals to
TM, TL, TD, TP, and TnM are denoted SM, SL, SD, SP, and SnM, respectively.

3.1. T-based α-cuts of IF-sets

Atanassov [7] introduced the notion of intuitionistic fuzzy set or, shortly, an IF-set.
An IF-set A of the universe X is a pair of maps MA, NA : X → [0, 1] such that
MA + NA ≤ 1. The value MA(x) is interpreted as a membership degree of the
element x ∈ X to the IF-set A while NA is understood as a non-membership degree
of x to A. Due to Atanassov [7] the α-cut of an IF-set A, for α ∈ ]0, 1], is defined to
be the set

Aα = {x ∈ X |MA(x) ≥ α and NA(x) ≤ 1 − α}.

A generalization of this definition was offered by Vasilev [60]. If we consider this
statement as a conjunction of two statements on cuts (in the later case cuts of the
fuzzy set 1−NA), then it is natural to use a triangular norm as a model for conjunc-
tion in fuzzy logic. More precisely, we consider the conjunction of the statements:
“The element x belongs to A” and “The element x does not belong to A”. In order to
obtain good properties of cuts, we restrict ourselves to the left-continuous t-norms.
Let α ∈ ]0, 1] and let T be an arbitrary left-continuous triangular norm. We define
the T -based α-cut of an IF-set A to be the set [29]

AT,α = {x ∈ X |T (MA(x), 1 − NA(x)) ≥ α}.

Observe that each standard fuzzy set with a membership function M can be
represented as an IF-set described by (M, 1 − M). The problem of coincidence of
standard alpha-cuts of fuzzy sets with the T-based alpha-cuts of the corresponding
IF-sets gives raise to a constraint according to which T has to satisfy

T (x, 1 − T (1 − x, x)) = x (5)

for every x ∈ [0, 1].

Problem 3.1. (V. Janǐs, janis@fpv.umb.sk) Describe all, not necessarily left-
continuous, triangular norms satisfying (5).

Observe that TD, TM, and TnM solve the problem. Moreover, every t-norm T
with T ≤ TnM is a solution to the problem (for example TL). As an example of a
t-norm violating the property let us mention TP. So far, only a partial answer was
given [29].
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3.2. Opposite diagonal splice of triangular norms

Given two t-norms T1, T2 their opposite diagonal splice [T1, T2] is a binary operation
on the unit interval defined by

[T1, T2](x, y) =

{

T2(x, y) if x + y − 1 > 0 ,

T1(x, y) otherwise.

Note that, in the framework of copulas, an analogous notion was already considered
by Durante et al. [15]. Clearly, the resulting operation is commutative and has
neutral element 1. Moreover, if T1 ≤ T2 then even the non-decreasingness of [T1, T2]
follows for free. On the other hand, the splice need not be associative. As an example
when the opposite diagonal splice is a t-norm let us mention [TD, TM] = [TL, TM] =
TnM.

Problem 3.2. (J. Fodor, fodor@bmf.hu) Characterize, possibly all, couples T1, T2

of different t-norms with T1 ≤ T2, such that their opposite diagonal splice [T1, T2] is
again a t-norm.

3.3. Properties reflecting set equalities

In the fuzzy set theory the t-norms and t-conorms are used to interpret intersections
and unions of fuzzy sets, respectively. In the classical set theory the union of two
sets is always decomposable in the following way:

A ∪ B = (A ∩ B) ∪ (B r A) ∪ (A r B) .

What follows is a problem related to fuzzification of the above property and stems
in the framework of fuzzy preference structures.

Problem 3.3. (J. Fodor, fodor@bmf.hu) Characterize all triples (S1, S2, T ), where
S1, S2 are t-conorms and T a t-norm, so that the equality

S1(x, y) = S2

(

T (x, y), T (1 − x, y), T (x, 1 − y)
)

(6)

is satisfied for all x, y ∈ [0, 1].

One possible solution to the problem is the triple (SP, SL, TP). Supposing S1 = S2

a modified version of the problem is obtained; one solution in such a case is the triple
(SnM, SnM, TnM).

The next problem generalizes the famous Frank functional equation [22] which is
related to the classical valuation property of characteristic functions of sets,

1A∪B + 1A∩B = 1A + 1B

where 1A stands for the indicator of the standard set A.
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Problem 3.4. (J. Fodor, fodor@bmf.hu) For a fixed t-norm T0 and a t-conorm S0,
characterize all couples (T, S), where T is a t-norm and S is a t-conorm, such that
the equality

T (x, y) + S(x, y) = T0(x, y) + S0(x, y) (7)

holds for all x, y ∈ [0, 1].

Observe that if T0 ∈ {TL, TP, TM} and S0 is dual to T0, then (7) boils down to
the Frank functional equation

T (x, y) + S(x, y) = x + y .

In this case there exists an infinitude of solutions [22]. On the other hand, if T0 = TD

and S0 = SD the monotonicity of t-norms and t-conorms exclude any nontrivial
solution of (7).

3.4. Quasi triangular norms

A track is any set of the form

B =
{(

f(t), g(t)
)

| t ∈ [0, 1]
}

where f, g : [0, 1] → [0, 1] are nondecreasing continuous surjections. According to the
original definition [4], a quasi-copula is any binary operation Q on the unit interval
such that for every track B there exists a copula CB with Q(x, y) = CB(x, y) for
each (x, y) ∈ B. Later it was shown that quasi-copulas are exactly 1-Lipschitz
semicopulas [23]. By an alternative characterization the class of all quasi-copulas is
exactly the sup(inf)-closure of the class of all copulas [51].

In analogy with the definition of quasi-copula one can formally define the concept
of quasi triangular norm (or a quasi-t-norm for short). A binary operation U on
the unit interval is a quasi-t-norm if for any track B there exists a t-norm TB that
coincides with U on B, that is U(x, y) = TB(x, y) holds for every (x, y) ∈ B.

Recall that the class of quasi-t-norms is strictly included in the class of commuta-
tive semi-copulas. The strictness of this inclusion is demonstrated by the following
example: let δ and Sδ be a unary and a binary operation, respectively, on [0, 1]
defined via

δ(t) =











t
2 if t ∈

[

0, 1
2

]

,
1
4 if t ∈

]

1
2 , 3

4

]

,

3t − 2 otherwise,

Sδ(x, y) =

{

min{δ(x), δ(y)} if (x, y) ∈ [0, 1[2 ,

min{x, y} otherwise.

Then Sδ is a commutative continuous semi-copula [19], but it is not a quasi-t-norm,
because there does not exist a t-norm that coincides with Sδ on the diagonal track
{(t, t) | t ∈ [0, 1]}; such a t-norm would have δ as its diagonal which is not possible
[47, Remark 17].
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Problem 3.5. (F. Durante, fabrizio.durante@unibz.it) Provide an alternative
characterization of the class of all quasi-t-norms.

Notice that the above problem could have consequences on the extension of a
triangular norm from a given (affine) section to the whole unit square.

4. PROBLEMS IN EFFECT ALGEBRAS

A partial algebra (E;⊕, 0, 1) is called an effect algebra [21] if 0, 1 are two distinct ele-
ments and ⊕ is a partially defined binary operation on E which satisfy the following
conditions for any x, y, z ∈ E:

(Ei) x ⊕ y = y ⊕ x if x ⊕ y is defined,

(Eii) (x ⊕ y) ⊕ z = x ⊕ (y ⊕ z) if one side is defined,

(Eiii) for every x ∈ E there exists a unique y ∈ E such that x ⊕ y = 1 (we write
x′ = y),

(Eiv) if 1 ⊕ x is defined then x = 0.

We often denote the effect algebra (E;⊕, 0, 1) briefly by E. On every effect
algebra E the partial order ≤ and a partial binary operation ⊖ can be introduced
as follows:

x ≤ y and y ⊖ x = z iff x ⊕ z is defined and x ⊕ z = y.

If E with the defined partial order is a lattice (a complete lattice) then (E;⊕, 0, 1)
is called a lattice effect algebra (a complete lattice effect algebra).

An element x ∈ E is called sharp if x ∧ x′ = 0. If E is lattice ordered then
S(E) = {x ∈ E | x ∧ x′ = 0} is an orthomodular lattice [36]. An effect algebra E is
called sharply dominating if for every x ∈ E there is w∗ ∈ S(E), x ≤ w∗ such that if
w ∈ S(E) and x ≤ w then w∗ ≤ w [25].

In every sharply dominating Archimedean atomic lattice effect algebra E to any
x ∈ E, x 6= 0 there exist the unique wx ∈ S(E), set of atoms {aκ|κ ∈ H} and
positive integers kκ 6= ord(aκ) such that

x = wx ⊕
(

⊕

{kκaκ|κ ∈ H}
)

. (8)

The above equality with the unique wx, aκ, kκ(κ ∈ H) is called a basic decompo-

sition of the given element x (BDE of x for brevity).
We say that an Archimedean atomic lattice effect algebra E has a BDE-property

if every x ∈ E, x 6= 0 has a BDE of x. It was proved [56] that for an Archimedean
atomic lattice effect algebra E the following conditions are equivalent:

(i) E is sharply dominating.

(ii) E has a BDE-property.



Open Problems at FSTA 2010 595

Consequently in such a case the existence of an (o)-continuous state on S(E)
implies the existence of a state on E (see the “State Smearing Theorem” [56, The-
orem 4.3]). Jenča has proved [33] that in every sharply dominating effect algebra
E any x ∈ E, x 6= 0 has a unique decomposition x = wx ⊕ ex, where wx ∈ S(E)
and ex ∈ M(E) = {z ∈ E | y ∈ S(E), y ≤ z implies y = 0}. Elements of M(E)
are called meager. In [25] it was proved that the subset S(E) of sharp elements of a
sharply dominating effect algebra E is an orthoalgebra being a sub-effect algebra of
E. Moreover, if E is S-dominating (i. e., sharply dominating and a ∧ p exists in E
for every a ∈ E and p ∈ S(E)) then S(E) is an orthomodular lattice [26].

It was proved [56] that if E is a sharply dominating Archimedean atomic effect
algebra E (not lattice ordered) then the existence of an (o)-continuous state on S(E)
does not imply the existence of a state on E.

It was proved that every orthoalgebra and every lattice effect algebra E are
homogeneous [32]. Recall that an effect algebra E is called homogeneous iff for any
u, v1, v2 ∈ E with u ≤ v1⊕v2 ≤ u′ there exist u1 ≤ v1, u2 ≤ v2 such that u = u1⊕u2

(equivalently u ≤ v1 ⊕ v2 ⊕ . . . vn ≤ u′ implies that there exist u1, . . . , un ∈ E such
that ui ≤ vi and u = u1 ⊕ u2 ⊕ . . . un) [31].

Problem 4.1.

(Z. Riečanová, J. Paseka, zdenka.riecanova@stuba.sk, paseka@math.muni.cz)
One can ask whether every sharply dominating homogeneous Archimedean atomic
effect algebra E has some kind of decomposition property of elements by atoms of E.

Problem 4.2.

(Z. Riečanová, J. Paseka, zdenka.riecanova@stuba.sk, paseka@math.muni.cz)
The unanswered question is whether for every sharply dominating homogeneous
Archimedean atomic effect algebra E the existence of an (o)-continuous state on
S(E) implies the existence of a state on E.

If E is a complete atomic lattice effect algebra then the center C(E) = {x ∈
E | y = (y ∧ x) ∨ (y ∧ x′) for all y ∈ E} of E is a complete atomic Boolean
algebra [54, Theorem 2.8]. Hence

∨

C(E) AC(E) = 1, where AC(E) is the set of all

atoms of C(E). Moreover, since C(E) is a complete sublattice of E, we have also
that

∨

E AC(E) = 1. Recently, M. Kalina [38] proved that there are Archimedean
atomic lattice effect algebras E with atomic centers C(E) for which

∨

E AC(E) does
not exist. Moreover, Riečanová [55] has shown that for Archimedean atomic lattice
effect algebras E with atomic centers C(E) the condition

∨

E AC(E) = 1 is equivalent
to the condition

∨

E D =
∨

C(E) D for every D ⊆ C(E) for which at least one of

these suprema exists (note that some other equivalent conditions can be found).

If an effect algebra E is not lattice ordered but atomic and orthocomplete (mean-
ing that

⊕

G exists for every G ⊆ E such that x ≤ y′ for every pair of different
elements x, y ∈ G and

⊕

F exists for every finite F = {x1, . . . , xk} ⊆ G, in which
case we set

⊕

E G =
∨

E{
⊕

F | F ⊆ G is finite}) then C(E) is an atomic Boolean
algebra [35]. Here again

⊕

E AC(E) = 1 =
⊕

C(E) AC(E).
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Problem 4.3.

(Z. Riečanová, J. Paseka, zdenka.riecanova@stuba.sk, paseka@math.muni.cz)
For an Archimedean atomic effect algebra E with atomic center C(E) find some con-
ditions equivalent to the condition

⊕

E AC(E) = 1, resp. to the condition
⊕

E D =
⊕

C(E) D for every D ⊆ C(E) for which at least one of these sums exists.
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Kybernetika 42 (2006), 225–235.

[40] E. P. Klement, R. Mesiar, and E. Pap: Triangular Norms. Kluwer Academic Publish-
ers, Dordrecht 2000.

[41] E. P. Klement, R. Mesiar, and E. Pap: Uniform approximation of associative copulas
by strict and non-strict copulas. Illinois J. Math. 45 (2001), 1393–1400.

[42] E. P. Klement, R. Mesiar, and E. Pap: Problems on triangular norms and related
operators. Fuzzy Sets and Systems 145 (2004), 471–479.

[43] E. P. Klement, R. Mesiar, and E. Pap: Archimax copulas and invariance under trans-
formations. C R Math. Acad. Sci. Paris 340 (2005), 755–758.
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[47] A. Mesiarová: Triangular Norms and their Diagonal Functions. Master Thesis, Come-
nius University, Bratislava 2002.
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