
Czechoslovak Mathematical Journal

Xiaowei Pan; Wenpeng Zhang
On Lehmer’s problem and Dedekind sums

Czechoslovak Mathematical Journal, Vol. 61 (2011), No. 4, 909–916

Persistent URL: http://dml.cz/dmlcz/141796

Terms of use:
© Institute of Mathematics AS CR, 2011

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/141796
http://dml.cz


Czechoslovak Mathematical Journal, 61 (136) (2011), 909–916

ON LEHMER’S PROBLEM AND DEDEKIND SUMS

Xiaowei Pan, Wenpeng Zhang, Xi’an

(Received May 31, 2010)

Abstract. Let p be an odd prime and c a fixed integer with (c, p) = 1. For each integer
a with 1 6 a 6 p − 1, it is clear that there exists one and only one b with 0 6 b 6 p − 1
such that ab ≡ c (mod p). Let N(c, p) denote the number of all solutions of the congruence
equation ab ≡ c (mod p) for 1 6 a, b 6 p−1 in which a and b are of opposite parity, where b

is defined by the congruence equation bb ≡ 1 (mod p). The main purpose of this paper is to
use the properties of Dedekind sums and the mean value theorem for Dirichlet L-functions
to study the hybrid mean value problem involving N(c, p)− 1

2
ϕ(p) and the Dedekind sums

S(c, p), and to establish a sharp asymptotic formula for it.

Keywords: Lehmer’s problem, error term, Dedekind sums, hybrid mean value, asymptotic
formula

MSC 2010 : 11L40, 11F20

1. Introduction

Let p be an odd prime and c be a fixed integer with (c, p) = 1. For each integer a

with 1 6 a 6 p− 1, it is clear that there exists one and only one b with 0 6 b 6 p− 1

such that ab ≡ c (mod p). Let M(c, p) denote the number of cases in which a and b

are of opposite parity. In [4], Professor D.H. Lehmer encouraged the authors to study

M(1, p) or at least to say something nontrivial about it. It is known thatM(1, p) ≡ 2

or 0 (mod 4) when p ≡ ±1 (mod 4). For general odd number q > 3, Zhang Wenpeng

[10] studied the asymptotic properties of M(1, q), and obtained a sharp asymptotic

formula

M(1, q) = 1
2ϕ(q) + O(q

1

2 d2(q) ln2 q),

where ϕ(q) denotes the Euler function, and d(q) is the number of divisors of q.
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Research Program Funded by Xi’an Medical University (10FC027).
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Zhang Wenpeng [9] also studied the asymptotic properties of the mean square

value of the error term M(a, p) − 1
2 (p − 1), and gave the asymptotic formula

p−1
∑

a=1

(

M(a, p) −
p − 1

2

)2

=
3

4
p2 + O

(

p exp
( 3 ln p

ln ln p

))

.

Now, let p be an odd prime, c any integer with (c, p) = 1, N(c, p) the number of

pairs of integers a, b with ab ≡ c (mod p) for 1 6 a, b 6 p − 1 in which a and b are

of opposite parity, and

E(c, p) = N(c, p) −
p − 1

2
.

In this paper, we find that there are some close relations between E(c, p) and the

classical Dedekind sums, which are defined by

S(h, q) =

q
∑

a=1

((a

q

))((ah

q

))

,

where

((x)) =

{

x − [x] − 1
2 , if x is not an integer;

0, if x is an integer.

Several authors have studied various properties of S(h, k), namely, L. Carlitz [2],

J. B.Conrey et al. [3], Jia Chaohua [5], and Wenpeng Zhang [8]. For example, Wen-

peng Zhang [8] proved the asymptotic formula

k
∑′

h=1

|S(h, k)|2 =
5

144
kϕ(k) ·

∏

pα‖k

((

1 +
1

p

)2

−
1

p3α+1

) /

∏

p|k

(

1 +
1

p
+

1

p2

)

+ O
(

k exp
( 4 lnk

ln ln k

))

,

where pα ‖ k denotes that pα divides k, and pα+1 does not divide k.

In this paper, we consider the following hybrid mean value problem related to the

error term N(c, p) and the Dedekind sums:

(1)

p−1
∑

c=1

E(c, p)S(c, p).

Concerning this mean value, it seems that no one had studied it yet, at least

we have not seen any related result before. In this paper, we use the properties of

character sums and the analytic method to study the asymptotic properties of (1),

and obtain the following two conclusions:
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Theorem 1. For any prime p > 3, we have the asymptotic formula

p−1
∑

c=1

E(c, p)S(c, p) = −
1

8
p2 + O

(

p · exp
( 4 ln p

ln ln p

))

,

where exp(y) = ey.

Theorem 2. For any prime p > 3, we have the asymptotic formula

p−1
∑

c=1

E2(c, p) =
3

4
p2 + O

(

p · exp
( 5 ln p

ln ln p

))

.

As an application of our method, we can also give a series identity for the mean

square value of the Dirichlet L-function. For example, we have

Corollary 1. For any odd prime p, we have the identity

∑

χ mod p
χ(−1)=−1

χ(2)|L(1, χ)|2 =
π
2

24
·
(p − 1)2(p − 5)

p2
.

Corollary 2. Let p > 3 be an odd prime, then we have the identities

∑

χ mod p
χ(−1)=−1

χ(4)|L(1, χ)|2 =
π
2

48
·
(p − 1)2(p − 17)

p2
,

if p ≡ 1 (mod 4);

∑

χ mod p
χ(−1)=−1

χ(4)|L(1, χ)|2 =
π
2

48
·
(p − 1)(p2 − 6p + 17)

p2
,

if p ≡ 3 (mod 4).

It is very interesting that the value of the mean value
∑

χ mod p
χ(−1)=−1

χ(4)|L(1, χ)|2

depends on the congruence p ≡ 1 or −1 (mod 4).
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2. Several lemmas

To prove our theorems, we will make use of the following lemmas.

Lemma 1. Let χ be a primitive character modulo m with χ(−1) = −1. Then we

have
1

m

m
∑

b=1

bχ(b) =
i

π

τ(χ)L(1, χ),

where τ(χ) is the Gaussian sum associated with χ, e(y) = e2πiy, and L(1, χ) denotes

the Dirichlet L-function corresponding to χ.

P r o o f. This can be easily deduce from Theorems 12.11 and 12.20 in [1]. �

Lemma 2. Let q > 3 be an odd number. For any nonprincipal character χ mod q,

we have

1

q

q
∑

a=1

aχ(a) =
χ(2)

1 − 2χ(2)

q−1

2
∑

a=1

χ(a).

P r o o f. See Lemma 1.5 in [6]. �

Lemma 3. Let p be an odd prime. For any integer c with (c, p) = 1, we have the

identity

E(c, p) = −
2p

π
2(p − 1)

∑

χ mod p
χ(−1)=−1

χ(c)|1 − 2χ(2)|2 · |L(1, χ)|2.

P r o o f. From the orthogonality relation for character sums modulo p and the

definition of N(c, p) we have

N(c, p) =
1

2

p−1
∑

a=1

p−1
∑

b=1
ab≡c(p)

(1 − (−1)a+b) =
1

2
ϕ(p) −

1

2

p−1
∑

a=1

p−1
∑

b=1
ab≡c(p)

(−1)a+b(2)

=
p − 1

2
−

1

2(p − 1)

∑

χ mod p

χ(c)

p−1
∑

a=1

(−1)aχ(a)

p−1
∑

b=1

(−1)bχ(b)

=
p − 1

2
−

1

2(p − 1)

∑

χ mod p

χ(c)

p−1
∑

a=1

(−1)aχ(a)

p−1
∑

b=1

(−1)bχ(b)

=
p − 1

2
−

1

2(p − 1)

∑

χ mod p

χ(c)

∣

∣

∣

∣

p−1
∑

a=1

(−1)aχ(a)

∣

∣

∣

∣

2

.
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If χ(−1) = 1, then

(3)

p−1
∑

a=1

(−1)aχ(a) = 0.

If χ(−1) = −1, then

(4)

p−1
∑

a=1

(−1)aχ(a) =

p−1

2
∑

a=1

χ(2a) −

p−1

2
∑

a=1

χ(p − 2a) = 2χ(2)

p−1

2
∑

a=1

χ(a).

Combining (2), (3), (4), and applying Lemmas 1 and 2, we obtain

N(c, p) =
p − 1

2
−

2p

π
2(p − 1)

∑

χ mod p
χ(−1)=−1

χ(c)|1 − 2χ(2)|2 · |L(1, χ)|2.

Hence

E(c, p) = −
2p

π
2(p − 1)

∑

χ mod p
χ(−1)=−1

χ(c)|1 − 2χ(2)|2 · |L(1, χ)|2.

This completes the proof of Lemma 3. �

Lemma 4. Let q > 3 be a positive integer. Then for any integer c with (c, q) = 1,

we have the identity

S(c, q) =
1

π
2q

∑

d|q

d2

ϕ(d)

∑

χ mod d
χ(−1)=−1

χ(c)|L(1, χ)|2.

P r o o f. See Lemma 2 in [11]. �

Lemma 5. Let p be a prime, χ a Dirichlet character modulo p, and m > 0 a fixed

integer. Then we have

∑

χ mod p
χ(−1)=−1

χ(2m)|L(1, χ)|4 =
(3m + 5)π4

72 · 2m+1
p + O

(

exp
((3 + m) ln p

ln ln p

))

,

where exp(y) = ey.

P r o o f. See Lemma 6 in [7]. �

913



3. Proof of the theorems

In this section, we will use the lemmas from Section 2 to prove our theorems.

First we prove Theorem 1. For any prime p, Lemmas 3 and 4 and the orthogonality

relation for character sums modulo p, yield

p−1
∑

c=1

E(c, p)S(c, p)(5)

=
−2p2

π
4(p − 1)2

p−1
∑

c=1

∑

χ1 mod p
χ1(−1)=−1

∑

χ2 mod p
χ2(−1)=−1

χ1(c)χ2(c)|1 − 2χ1(2)|2

× |L(1, χ1)|
2 · |L(1, χ2)|

2

= −
2p2

π
4(p − 1)

∑

χ mod p
χ(−1)=−1

|1 − 2χ(2)|2 · |L(1, χ)|4

= −
2p2

π
4(p − 1)

∑

χ mod p
χ(−1)=−1

(1 − 2χ(2) − 2χ(2) + 4) · |L(1, χ)|4

=
2p2

π
4(p − 1)

∑

χ mod p
χ(−1)=−1

(4χ(2) − 5) · |L(1, χ)|4.

From Lemma 5 we know that

(6)
∑

χ mod p
χ(−1)=−1

|L(1, χ)|4 =
5π

4

144
· p + O

(

exp
( 3 ln p

ln ln p

))

and

(7)
∑

χ mod p
χ(−1)=−1

χ(2)|L(1, χ)|4 =
π
4

36
· p + O

(

exp
( 4 ln p

ln ln p

))

.

Then combining (5), (6) and (7), and taking into account the asymptotic formula

p3

8(1 − p)
= −

p2

8
+ O(p),
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we immediately deduce that

p−1
∑

c=1

E(c, p)S(c, p) =
2p2

π
4(p − 1)

(

∑

χ mod p
χ(−1)=−1

(4χ(2) − 5) |L(1, χ)|4

)

= −
2p2

π
4(p − 1)

[52
π
4

144
· p −

4π
4

36
· p
]

+ O
(

p · exp
( 4 ln p

ln ln p

))

= −
1

8
p2 + O

(

p · exp
( 4 ln p

ln ln p

))

.

This proves Theorem 1.

Now we prove Theorem 2. From the orthogonality relation for character sums

modulo p and Lemma 5 we have

p−1
∑

c=1

E2(c, p) =
4p2

π
4(p − 1)2

p−1
∑

c=1

(

∑

χ mod p
χ(−1)=−1

χ(c) |1 − 2χ(2)|
2
· |L(1, χ)|2

)2

=
4p2

π
4(p − 1)

∑

χ mod p
χ(−1)=−1

|1 − 2χ(2)|
4
· |L(1, χ)|4

=
4p2

π
4(p − 1)

∑

χ mod p
χ(−1)=−1

(33 − 40χ(2) + 8χ(4)) · |L(1, χ)|4

=
4p2

π
4

(

33 ·
5π

4

144
− 40 ·

8π
4

72 × 4
+ 8 ·

11π
4

72 × 8

)

+ O
(

p · exp
( 5 ln p

ln ln p

))

=
3

4
p2 + O

(

p · exp
( 5 ln p

ln ln p

))

.

This proves Theorem 2.

To prove Corollary 1, note that E(1, p) = N(1, p)− 1
2 (p− 1) = − 1

2 (p− 1) and (see

[11])

(8)
∑

χ mod p
χ(−1)=−1

|L(1, χ)|2 =
π
2

12
·
(p − 1)2(p − 2)

p2
.

From Lemma 3 we immediately deduce the identity

∑

χ mod p
χ(−1)=−1

χ(2)|L(1, χ)|2 =
π
2

24
·
(p − 1)2(p − 5)

p2
.
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Now we prove Corollary 2. Note that 1
2 (p + 1) = 2, E(1

2 (p + 1), p) = N(1
2 (p + 1), p)−

1
2 (p − 1) = 1

2 (p + 1) − 1
2 (p − 1) = 1 if p ≡ 3 (mod 4); and E(1

2 (p + 1), p) =

N(1
2 (p + 1), p) − 1

2 (p − 1) = 1
2 (p − 1) − 1

2 (p − 1) = 0 if p ≡ 1 (mod 4). From (8),

Lemma 3 and Corollary 1 we also have

∑

χ mod p
χ(−1)=−1

χ(4)|L(1, χ)|2 =
π
2

48
·
(p − 1)2(p − 17)

p2

if p ≡ 1 (mod 4);

∑

χ mod p
χ(−1)=−1

χ(4)|L(1, χ)|2 =
π
2

48
·
(p − 1)(p2 − 6p + 17)

p2

if p ≡ 3 (mod 4).

This completes the proof of our all conclusions. �
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