
Acta Universitatis Carolinae. Mathematica et Physica

Jan Vlček
Finite difference method for the Cauchy problem for linear hyperbolic systems with
discontinuous coefficients

Acta Universitatis Carolinae. Mathematica et Physica, Vol. 6 (1965), No. 2, 21--33

Persistent URL: http://dml.cz/dmlcz/142181

Terms of use:
© Univerzita Karlova v Praze, 1965

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz

http://dml.cz/dmlcz/142181
http://project.dml.cz


1965 ACTA UNIVERSITATIS CAROLINAE - MATHEMATICA ET PHYSICA NO. 2 PAG 21-33 

FINITE DIFFERENCE METHOD FOR THE CAUCHY PROBLÉM FOR 
LINEAR HYřERBOLIC SYSTEMS WITH DISCONTINUOUS 

COEFFICIENTS 

ŘEŠENI CAUCHYOVY ÚLOHY PRO LINEÁRNÍ HYPERBOLICKOU SOUSTAVU 
S NESPOJITÝMI KOEFICIENTY DIFERENČNÍ METODOU 

PEUIEHHE 3AÍWIH KOIUH JULJI JIHHEÍiHOa rHnEPBOJIHMECKOH CHCTEMLI 
C PA3PLIBHBIMH KOSOOHIJHEHTAMH METOJÍOM KOHE^HLIX PA3HOCTEÍÍ 

JAN VLČEK 

(Received October 1, 1964) 

1. ENERGY INEQUALITIES 

Denotations and definitions. 
We consider in the domain M = E±x <<?, T>, o < T < + oo 

in the plane {*, t} the system 

(I) *+2!gL + B.„f 

where A = (a k l ) , B = (fek'J), k, I = 1, 2 , . . . , r are matrices, 
/ = ( / ( 1 ) , / ( 2 > , • • . , / ( r ) ) , U = (K<D, U™, . . .if W (r) } 

are vector-functions. •We suppose, during all the paper, all the functions to be 
real. We say that the function u (x, t) is die generalized solution (solution almost 
everywhere) of (1) with initial condition 

(2) u (0, x) = <p (x) 

where (p (x) = (g^) (*), <p<2< (*),. . . . , q>fy is a given fimction, if 

i rm. duim) 3(Au)^) 
1. w<™>, - ^ - , - ^ — c L 2 (.M), w = 1, 2 , . . . , r, 
2. M satisfies the system (1) almost everywhere, 
3. u admits initial values (2) in the following sense: 

lim f | w<™) (JC, r) — <?<"*) (JC) | 2 dx = 0, m = 1,2, . . . , r. 
t^o+ £x 

We say that the fimction ^ , defined on M, has the compact support with respect 
to x in M if there exists a positive constant L such that /n = 0 for t € <o, T>, 
| x | > L. We denote by e<*) (M) the set of functions with compact support with 
respect to x in M such that all their derivatives up to the order k are continuous 
in M. We denote, for arbitrary open domain £2 in the plane {xy t}, by e<*)(Q) the 
set of the functions with continuous derivatives up to the order k in Q, having com
pact support in Q. 
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Suppose that 
(a) the elements of A are bounded piecewise continuous functions on M with unique 

discontinuity line x = 0, and they have bounded first derivatives with respect 
to r, satisfying the Lipschitz condition with respect to t. A is symmetric and 
positive definite uniformely in M. The elements of B are bounded piecewise 
continuous in M, satisfying the Lipschitz condition with respect to t. 

(ft) The components of/ are piecewise continuous in Af, satisfying the Lipschitz 
condition with respect to t and they have the compact support with resp. to x. 

The components of y are piecewise continuous with compact support in E\ 

and such that the derivative d I ^ is bounded. 
dx 

We construct, in the {*, i) plane, the net with mesh sizes A* = A, A* = x and 
netpoints (*A,/T), I , / integers; if p is a function defined in the net points, we write 
Pa = P (ihyjr). We introduce the operators 

w = 2A^ ' w = 2r ' ***** = w + 1 + w " 1 -

We shall use, for solving the probleme (1), (2) the following explicit difference 
scheme: 

In the net points we define the function u as follows: 

(3) un = mo = q>(ih) for every integer i. 

For every integer i and 0 < / < — we write the difference equations 

(4) A2Ki> + Aizty + (Bu)tj = /«/, 

where v = /Iw. 

(3) and (4) determine uy for every integer i and/ = — 1,0, . . . , - — + 1 : 

we take in the discontinuity points the left-hand (or right-hand) limit values. 
The symbol 2 signifies the summation over all the integers i. We denote by Q„, 

for a positive integer />, the set of all the couples of integers t, / satisfying the 
inequdities 1 < / < p — 1; u. v is the scalar product of the vectors w, v, u2 = u. n, 
(u> V)LS(G) = f U. vdG, || u \\2Lt(G) = (u9 u)G for an arbitrary set G and for vector 

G 

functions w, v defined on G. We denote by L*(G) the set of the vector functions u 
such that || u \\L%(G) < + <X>. 

Lemma 1.1 There exists a positive integer q such that for all integer i satisfying the 

inequalities i > q,i < — £,0 < / < — + 1 holds uy = 0, where uy is the 

function defined by (3), (4). 

Proof. There exists a qo such that for i > qo, i < — qo 0 < / < —I /*/ = 05 

(p(ih) = 0. Hence we can take q = qo + — . 

Lemma 1.2 For arbitry mesh functions \nh hu satisfying the conditions 
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fHj = ^ = 0 for 0 <j < — and i = qi, i = q* ($1 < q* are two integers) 

the relation 

(5) 2 A i W & J = — 2 w A i & j 

holds for every integer j , satisfying the inequalities 0 < j < — . 

Proof. The formula (5) follows immediately from the evident formula 

(6) i w k + i ) - K k - i ) ] m = - i > [ K k +1)-Kk-1)] + 

+ ^ / + i)i(/) - ^i)i(O) + KOf (/ + i) - rtO)f (i), 
which is true for arbitrary functions ^, £ of integer argument. 
Theorem 1. There exists a positive constant K> independant on T, A,/, <p such that 
for w<j defined by (3) and (4) the inequality 

(7) h 2 u\p <:K{h% M, + «f0 + TA 2 / » 
• « Up 

holds for r, A, x = ---- sufficiently small and for arbitrary />, 1 < p < — . 

Proof. Multiplying (4) by Jvtj and summing over Qp, we get 

(8) 2 A2 uv • JW + 2 Ai ̂  >i^ + 2 Wtf Jktf = 2/tf • ><> • 
.Op .Op .Op -Op 

Let us arrange the expressions in (8) as follows: 

Uij+i Vij-i — Utj-i Vij+i 
/ A 2 Uij JVij = y&2 (Uij Vij) + y> - 2 T 

.Op .Op Op 

Put d(j) -= 2 1 ^ . We have also 

2 A / \ ^C Wp V*P + uip-± Vip-i ^\ uti va + vto vto 
A2 («„ vt,) =- 2^ 2 7 - ^ Z, 2-

•Op i i 

By the boundedness, the symmetry and the positivity of A we obtain (the Kj are 
positive constants) 

(9) ^ A2 <M "«) ̂  ^ ( W + *(P-0) ~ ^ WO + *fl» 
p 

It holds also 

^C utj+i Vij-i — Uij-l vtj+i ^S? ( Atj_i — Atj+i \ 

"2r 27" = 2*Uij+1 \—it—) ^ 
Op ' O p 

p 

(10) | ^ « . m ^ - i - « < , - i 0 « + i ^ K 2 ^ m > 
Op / - • 

where the Lipschitz continuity of A with respect to t was also used. 
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It follows by the lemma 1.2: 

2 Ai Vij Jvu = — 2 Vij Ai (Jvij) = — 2 Vij-i Ai Vij — 2 *><y+i Ai vtj + 
Up Up Up Up 

+ ^VipkiVip-i 
i 

— 2 V*P-I^i ^ + 2 Vi0 A l *«• + 2 ^i ^ ^o = — 2 ^1 *ty jfc*y + 

+ 2 2 ^ Ai ̂ il?_i + 2 2 îo Ai vn 
i* i 

hence we get 

(11) | 2 A l ^ > < > ^ J ^ - { # ( P ) + « ( P - 1 ) + «(0) + «(1)} 
Up 

It can be easily proved now that 

(12) llPuhJuvl^KtZm* 
Up y=o 

(i3) 12/« • >« I < 2/« + ** 2 #(/')• 
^ p .Op y=o 

Suppose 
(*) * < -^j— and substitute the relations (9) — (13) in (8). We obtain 

(14) 0(/>)<K6(0(O) + 0(l) + T2/ 2 y) + K6T2^(j). 
Up y=o 

Let y = K6 (0(0) + 0(1) + x 2/2y) , *(/>) = 2 #0')-
.Qp y=o 

In these expressions the relation (14) gets the form 

(15) R(p) (1 - TKS) <y + R(p- I). 

Let r be so small, that 1 — TKQ > -y. If we denote E = (1 — T-KB)-1* we easily 

prove by mathematical induction 

PP-I l 
(16) R(p) < yE. E_x + B*-iR(l). 

Substituing this in (14) and using the relations 

/ rKa \ v vK* F 1 
Er={1 + -lZ^rK7) < ^ - ^ <e^;rKe=^-^,R(l) = 

= 0(0) + 0(1), 

we obtain immediately the statement of the theorem. 

Theorem 2. There exists a positive constant L, independent on r, h,f, <p such that 

24 



* T 
for Uij defined by (3), (4) and T, A, « = -=- sufficiently small the inequality 

n 

(17) h 2 I A2 uip I* < L {h J (t& + ift) + A 2 (|Ai «?0 + A2«?«) 
i i i 

+ Th[22f() + 2(*2fid*]} 
i I=o op 

holds for arbitrary p>\ <p < ш 
Proof. Denoting A2«^ = /^ and appliing to the system (4) the operator A2 we 
obtain 

(18) A2 fiih + Ai (Aî +i im + A2 An Uif-i) + Bij + 1 //̂  = A2/# — A2.B{; f/̂ -i 

for 1 <j < —— — 1. Let us define the matrix A in E2 > M as follows: 

^ (*> 0 = - | r (*> -T). (r — T) + i4 (*, T) for r > T, x e a 

_4 (*, r) = --— (x, o)t + A (x, o) for r < 0, * e J3i. 

We note that the functions A2 i4#, AS -4ij remain bounded by a constant indepen
dent on T, A. 
Denoting Atj+i ^ + A2 An utj-i = | # , 
multipliing (18) by jfSij and siunming over Clp we get 

(19) 2 A2 in ijsa + 2 A i *« J& + 2 -Vi w J*« = 
flp Qp Qp' 

= 2-^2 /tf Jf tf — 2 A 2 -Btf Kij -1 Jgij. 
Op Op 

Let us transform the expressions in (19) as follows: 
It is 

(20) 2 A z ms J£u = 2A2 IHJ [J (Aij+i fMj) + J(A2 An im_i)]. 
Op Op 

We shall estimate separately the two terms in the right-hand side of (20). 
We have 

(21) 2 ~*2 /Hj J (Aij+l pij) = 2 ^ 2 (jHj Aij+1 jLiij) + 
Op Op 

, ^ ^ fJLjj+l Ajj fJLjj-1 fJLij-1 Ajj+2 JUjj+l0 

Denoting #(/) = 2 tf» vU) = % ul>we obtain 
i i 

2 A- (w A(m m)=2 ^ Atp* fitp+£p-1 Aip-x ***• -
Op i 

2 pn Ai2 fin + /no An wo *S? fiipAjp fijp + fXjp-i AjP-i fnp-i 
2T Z . 2T + 
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" \ Atp+i — Aip ~\" Aip — Aip-i 
+ / ^iv 2ř ,Hv z L /Mií,~1 2TT ^iv~x ~ 

i i 

IHl Ai2 flil + fliO Au fJLiO 

2r 

According to the assumptions (a) on A the following inequalities hold 

(22) ~~^ B^AiEBLt^ A i ^ •"»-! _C_i9(p) + i>(p_l))t 

Op 

ro*\ ^^T Aip+i — Aip ~\* Aip-i — Atp—i 
(23) 2^ &*> — ~ 2 r /Hp + 2^, tlip~'1 2T fHp'1 ~ 

i i 

_ ^ ^Ai2^ + ^Aaw^Li^^) + Hp_l)+Up<.l) + Ho))t 

i 
where Lj are positive constants. 
Let us estimate now the second term in the right-hand side of (21). By the sym
metry of A we derive simillarly as in the proof of the theorem 1 the inequality 

(24) I V PH+iAii/n,-i — /iu-iAii+2iHi+i < L 3 V ^ (y) m 

Op y=o 
Now, we estimate the second term in the right-hand side of (20). We shall use the 
obvious identity 

2 A2 (uij Vij) = fan A2 Vij + fan A2 Uij, 
which is true for arbitrary mesh functions w, v. Using this formula, we get 
(25) 2 A 2 /Hi J (A2 Ay txn-i) = 2 2 A2 (pui A2 Ai} utj-i) — 

Op Op 

— 2 fPu (^2 Atj Uij + Aa Ay -i im _i). 
Op 

First, we transform the first term of the right-hand side of (25): 

(26) 2 ̂  A2 (flu A2 An un-i) = 2 ^ "» A* -4<, m,-i + ^ - i A2 Aip-y uiJL± _ 

-.2 > ^ fiii A2 A i mo + /no A2 Ao ut-i 
Z-4 2x 

b2 

Using the inequality 2\ab\ <a2e2 -\—-r (a, b, e arbitrary real numbers), we 
obtain 

| 2 ]> A2 (w A2 A, i ^ ) < - î- [ ^ - (tf (p) + #(p-1)) + 

+ ~ ( v > ( / > - 1 ) + v(P. 2) + #(*) + #(l) + y(0) + y (-1)] 
(with c arbitrory smallj. 

«. 
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The second term in the right-hand side of (25) otn be estimated as follows: 

(27) [ 2 Jw (AS AijUij + hAii-i/m-i) \<uf&(j) + u*2 V> (0. 
Qp y=o y = i 

We obtain similarly as in the proof of the theorem 1 

2 Ai Sn jg v = 2 tip Ai Sip -i + 2 &°Ai f<i = 

Op i i 

= 2 (Aip+i/Hp + A2AipUtP-i) Ai (Aipfjup-i) + 
i 

+ 2 (Aip+Wp + ^AipUip-i) Ai (L\2Atp-iUiP-2) + 
i 

+ 2 (Ailing + L\2AiQUi-i) Ai (Ai2fzn) + 
i 

+ 2 (An/no + &2AioUt-i) Ai (k2AaUio). 
i 

It follows. 

(28) | 2 ^ ^ ^ <^$?{P) + HP- 1 + #(1) + 
a* 

+ *(*) + V>(P— 1) + V (P — 2) + Y>(*) + V> ( - 1)]. 
It is easility to prove that 

(29) | 2 BwwJto I < U [ | # (/) + 1 > 0")] 3 
-7P y=o y — I 

(30) 12 btfvjtt, I <; 21 -tyw I2 + u [ | (*•(;") +*2 v OU 
flp » p y=o y = - - i 

(31) | 2 LtBtum-itfi, | < Lio [|*(i) + 2v0')1-
«p y-o /—i 

c c 
Suppose now x < . . , T < 

4 .L7 lo .Li 
arid substitute (22) — (31) in (19). We obtain 
(32) #(/>) < L i i { # ( l ) + &(o) + V(p) + y>(— 1) + y(p— 1) + y>(p — 2) 

+ * [2(A-/<>)2 + 2 / 0 ' ) + '2 v(i)l}. 
It Mows by (7) and (16) °" 
(33) 0 (/>) < L11 {0 (1) + 6 (0) + y>(o)+ % 

+ T [2(A2/«)2 + 2l/«l«} + ----*i*(i)l-
-^P t y=o y=o 

From (33) we derive by the same arguments as in the proof of the theorem 1 the 
inequality (17). 
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Theorem 3. There exists a constant M such that under the assumptions of the 
theorem 2 

(34) xh 2 2 (A- ^ ) 2 < M {h 2 [i& + IA + (A2 UioY + (A2 Wil)
2] + 

i y - i i 

+ rh[2ifi+^(^h)2]} 
i j=o nv 

holds for an arbitrary integer />, 1 < p < — . 

Proof. (34) follows immediately from (4) using the theorems 1,2. 

2. EXISTENCE THEOREM 

Let the matrices A, B and functions / , tp satisfy the conditions (a) and (/?) 
respectively. Let us define, for an arbitrary mesh function /*#, the function 
t*(x, t) by 

(36) jn (Xy t) = fxij for hij< x < h(i + l),/r < t < (j + 1) r. 
Theorem 4. There exists a constant K independent on r, A, <p, / such that for 

sufficiently small r, A, -------- * 

(37) || J ||L|(M) < KG, || A î || < K0, || A^ || < K6 

holds with 0 = xh 2 [/?, + (A2/*,)2] + h 2 ?> (iA)2 + A 2 [Ai (Ao <p(ib))}2. 
Up i i 

Proof. Since the expresions h 2 (A2 w*o)2, A 2 (A2 un)2 may be estimated by (4), 
i i 

we get the statement easily by theorems 1—3. 
For instance • 

2 (A2w*i)2 < C 2 ( ( A i - 4 ^ (ih)\2 + (Btocp («A))* + /?-} < 
i i 

< & 2 {(Ai -*« ?> (<A))« + *2 [ ^ a ~ A o ?> (<A)] 2 + (5<0?> («A))- + /fxJ 

We also use the obvious estimate h 2 (/<2o + fa) < C2rh 2 (f% + (A2/ij)
2). 

i. Qv 

Let rn, An be sequences of sufficiently small positive numbers such that xn, hn -> 0 
as n -> 00 and «n = -r— satisfy (*). Let Wn, z>n be the respective functions. The 

nn 
/ *w .*»•*/ 

weak compactness (in L2 (M)) of the sequences wn, A2wn- &ivn follows by the theo
rem 4. Hence we may choose weakly convergent subsequences which will be de
noted by 
(38) • Uv, &2UV, &ivv: 

Let 
(380 u, U2, vi e L2 (M), 
be the respective limits and v = Au 
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It holds: 

Theorem 5. 

дu дv 

-дt=U2> -w=Vl> 
where the derivatives are to be taken in the sense of distributions. 

Proof: Let xp = (y>0)3 VW, . . . , y<*>) e eW (Afo) 

(Afo is the interior of M). Let $ m ) , /fro>, af, if, /w, &, / = 1, 2, . . . , r be the 
functions coinciding with ^(w),/»,'a* z, fe** respectively at the points of the nets 
(with mesh sizes T„, kv) and defined in the other points by the formula (36). It is 
easy to prove 

(39) (y)Vi A2My)L1(M) = — (A2W, Uv)Lt(M) 

(40) (yv, Ai^)Lt(M) = — (Avyv, zv)z,t(M). 

Now, limiting the equalities (39), (40) we get the statement of the theorem. 
Theorem 6. It holds 

1. w, -y- E L2 (Af), 9 e WJ(Af). 

2. The functions w, z; have a compact support with respect to x in M. 

Pra?/. The assertion 1. is an immediate consequence of the for (38), (38') and 
theorem 5. The assertion 2. follows by the lemma 1,2. 

In the following, we shall use the embeding 
7k 

Theorem 7. Let w, -=- e L% (Af). Then there exists u (JC, t) such that u (x, t) = 
7k" 7k 

= « (x, r), -=— = -7-- allmost everywhere in Af, and for every t e <0, T> 

/ (« (JC, r) — « (#, T))2 djc->oasT->t and 

f(u(x,t)ydx<K\\\u\\lm+ - f r f ' ] • 
J I tft L.(M)J 

Bi 

where .fC depends only on t. 
(A similar theorem may be found e. g. in (1) p. 35). 

Theorem 8. The function u is a generalized solution of (1), (2) in Af. 

Proof Let 0 = 0*1), . . . , 0<M e e1 (.Afo). Multipliing the equation (4) by rh . &v 

and summing over the net-points in Af, we get 

(41) (A2W„ + £&, + BVUV —fVy ®v)Lt(M) = 0. 

Limitting in (41) gives: 
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Since the <P was arbitrarily chosen in e1 (Af°), and since e1 (M°) is dense in L2 (Af), 
we get 

дu д(Au) 
+ Bu=f almost everywhere in Af. 

dt dx 
Let us, to prowe that the function u satisfies the condition (2), define the functions 

u* = fiv f o r ' ^ ° v \uv for t > 0 

where uv are the functions of (38) and <pv (x) = <p (kfh) for x e <A A,, (k + 1) A*>5 

A integer. 
As A2«* = 0 for t < 0, we have (by (38) and the theorem 5) 

u; -* u\ A2«; - ^ £ in L2 (-V)> where N = Ei x <— 1, T>. 

Obviously «* = w for t > 0, «* = <p for t < 0. By the embedding theorem 7 
there exists y> (x) e L2 (Ei) such that 

( (м* (x, ř) — y)2 áx -* 0 for t -> 0 + . 
Бг 

As w* = <p for r < 0 it follows ^ = <p allmost everywhere. Hence u satisfies the 
condition (2). 

3. GENERAL EXISTENCE THEOREM 

We shall prove in the present section the existence theorem for the problem (1), 
(2) under more general assumptions. We suppose that 

(ľ) /,-!**. CM 
A(o,x)<p(x) eW2(M) 

Than there exist sequences/n, <pn satisfying the condition (/?) such that 

dtn df 
(0 Wfn—/|Ui(M) ~>0, 

дt дt 
0 

L,(Щ 

II A (a, o) <pn (x) — A (Xy 0) <p (x) WWKEJ -> 0, || <pn — <p ||L,(M) -> 0 as « -> OO. 

Let rn, hn be two suquences of positive numbers such that TW, hn -> 0 such as »->o© 

and such that 

0?) 

Tn 

Һm 
Hn satisfies the condition (*) and finally that 

l|/»-/||Ł,(M)->0, Л~, дf 
Lt(M) 

o, AiAo<pn-
d(A(0,x)<p(x)) 

dx L,( д 
\\<Pn — <p\\LtM 

with n -> oo. ^ 
Here /w, ŵ, -4n ^ are piecewise constant fimctions which coincide in the points 
of the net with mesh sizes rn, hn with the functions/n, <pn, A (x, 0) <pn respectively, 
and defined in the other points by the formule (36). 
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Now we are ab& to prove the 

Theorem 9. There exists, under the assumptions (a), (y) a generalized solution 
(solution almost everywhere) of the probleme (1), (2). Moreover, if un is the solu
tion of the difference equations (3), (4) on the net with mesh sizes xn, hn, with/n, 
(fn defined by (<5) and (rj), than 

~ ~ du ~A dAu 
Un -*• W, &2Un -* -gr , &\Aun -* — g — 

where u is a solution of (1), (2). 

Proof: The weak compactness of the sets of functions Un, A2w», Ai.4 u» = Ai©„ in 
L2 (Af) follows from the assumptions (<5), (rj) by the theorem 4. Let us denote by «, 
u%, t>2 the limits of some convergent subsequences. 

We get 
du b\Au) . 

T + ^ + * - / . 
almost everywhere in Af, similarly as in the proof of the theorems 5, 8. It can be 
proved in the same manner that u satisfies the condition (2). The convergence of 

the whole sequences un, ^uny k\Aun follows from the uniqueness theorem, stated 
in the next section. 

4. UNIQUENESS THEOREM 

Theorem 10. Let A, B and/, q> satisfy the assumptions (a) and (y) respectively. 
Than the generalized solution of (1), (2) is unique. 

Proof: Suppose u\ and U2 be two solutions of (1), (2) with the same values /, (p. 
The difference v = u\ — U2 satisfies the conditions 

(42) 

(43) 

дv 
~дt 

д(Av) 
+ дx 

+ Bv = 0 

j v2
 (JC, t) dx -> 

Ex 

Oas t-> o+, 
дv єL2(M), AvєWì \(M). 

Put w = Av. There exists a sequence wn e el (Af) such that 

(44) \\Wn — W WwlM -> 0. 
If vn = A-1 Wn, we get 

(45) II^-^II^^^O, * * ** 
J)t дt Lt(M) 

according to the boundedness A, A J- and their first derivatives with rsepect to t, 
Using also the theorem 7, we obtain from (42)—(45) 
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where 
(47) | |/n||L,(M)^0 

and 
(48) || vn (*, 0) \\Lt{El) -+ 0 as n -> oo. 
Multiplying (46) by Avn and integrating over Mt = Eix(o,ť) 0 < t ^ r, we 
obtain 

I -g-1 Avndxdt+ I • 3 Avndxdt+ J Bvn A vn dx dt = 
M M Mt 

= J fnAVndxdt. 
Mt 

Integration by parts leads to the equation 

~Y J A(xy t) vn(Xy t). z>n(*, t)dx = ~Y J A (*, 0) vn(x, 0) . vn(x, 0) dx + 

+ ffn Avn dxdt — J Bvn Avn dx dt 
Mt Mt 

and we get (using the positivity of A) 

|| Vn | |i l ( S i ) < K { || Vn \\l,St) + f\\Vn | | U > * + l | / | | . W > 
0 

where ST is the plane t = T. 
Hence, we get by the well known lemma, the inequalities 
(49) . || vn \\ltiSt) <KX{\\ vn \\l,So) + ||/. | | i i ( M i )} 

|| vn ||£,(Ai) < K2 {|| ^.||it(So) + || fn ||£t(M)}. 

Now, if n -> co, the left-hand side of (49) tends to || v |||t(Af) and the right-hand 
side tends, to zero, which proves the theorem. 
Remark. The results of the paper holds if A admits finite number of discontinuity 
Unes x = Xi = const. Also B can be taken more general. 
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SOUHRN 

Pro řešení Cauchyovy úlohy pro soustavu 

(2) u (*, o) = <p (x) 

v oblasti M = Ei x <0, T>, 0 < T < + 00, 

kde A má konečný počet přímek nespojitosti, rovnoběžných s osou x — 0, ---— splňuje Lipschi-

tzovu podmínku podle f, A je symetrická a positivně definitivní, je použito následujícího diferenčni-
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ho schématu. Na síti s kroky T = Ař, h = Ax s K = —— dostatečné malým určíme v uzlových 
n 

bodech sítě funkci utj = u (ih, jr) z rovnic 
UÍO = un = q> (ih) 

A2UÍJ + Ai (Au)i} + Bij Uij = fa 
pro libovolná celá i a celá j , 0 < j <, I I , kde Ai resp. A 2 jsou symetrické diferenční operátory 

A Ui+lj — Ui-lj A Vij+l Vij-l 

Aiuv = J—z — resp. A2ui} = 
2h _ ^ . ~ ^ 2 T 

Je dokázána stabilita tohoto schématu a existence a jednoznačnost zobecněného řešení u úlohy (1), 

(2)," splňujícího podmínky w, --— , — = — e L2(M), které nabývá počátečních hodnot (2) v pru
dí dx 

měru. 

P E 3 I O M E 

JJJIH peuieHHH 3afla^H KOUIH fljra CHcreMbi 
du d(Au) 

(2) t<(*,0) = <p(*), 
B o6jiacTH Af = Ei x <0, T) 0 < T < + oo, 

ЬA 
где А имеет конечное число линий разрыва, параллельных оси х = 0, --=—удовлетвор

ен 
яет условию Лишиида по г, А симметрическая и положительно-определенная, предлагается 

следующая явная разностная схема. На сетке с шагами т = Аг> к = А х с х =--—достаточ-
п 

но малым определяется сеточная функция иц = и (*Л, /г) из уравнений 

то = иц = у (гН) 

А2иц + А1 (Аи)ц + Вциц = /у 
д л я любых целых * и целых У, удовлетворяющих неравенствам 0 <^ 7 < I I , где Ах, 
А 2 симметричные разностные операторы 

А иц+1 — Щ]-1 А иц + 1 — Щ)-\ 

Ам) = ^ , А2иц = 2А ' — " 2т 
соответственно. 

Доказывается устойчивость этой схемы и существование и единственность обобщенного 
решения задачи ( I ) , (2), удовлетворяющего условиям 

ди дАи 
и>-дГ'-дх-еи{М)> 

и принимающего начальные данные (2) в среднем. 
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