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KYBERNETIKA — VOLUME 48 (2012), NUMBER 5, PAGES 939-957

NUMERICAL SOLUTION OF SECOND ORDER
ONE-DIMENSIONAL LINEAR HYPERBOLIC EQUATION
USING TRIGONOMETRIC WAVELETS

MAHMOOD JOKAR AND MEHRDAD LAKESTANI

A numerical technique is presented for the solution of second order one dimensional linear
hyperbolic equation. This method uses the trigonometric wavelets. The method consists of
expanding the required approximate solution as the elements of trigonometric wavelets. Using
the operational matrix of derivative, we reduce the problem to a set of algebraic linear equa-
tions. Some numerical example is included to demonstrate the validity and applicability of the
technique. The method produces very accurate results. An estimation of error bound for this
method is presented and it is shown that in this method the matrix of coefficients is a sparse
matrix.

Keywords: telegraph equation, trigonometric wavelets, hermite interpolation, operational
matrix of derivative

Classification: 65T60, 65T40, 65160, 35120

1. INTRODUCTION
Consider the second order one dimensional linear hyperbolic equation
Au = f, (1)
where A is an linear partial differential operator as

Au = (Dy — D, + B*T)u

0?u ou 0%u 9
= W(%t)‘k%éa(%t)—ﬁ(%ﬂ‘i‘ﬂ u(z,t) = f(z,t) (2)
(z,t) € [0,27] x [0,27], > (>0
where o2 p
Du(a,t) = (35 + 20 Jula. 1),
2
Dmu(xat) = @u(‘rvt)v

Tu(z,t) = u(x, t),
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with initial conditions

u(z,0) = g1(z), (3)
%(3770) :.92(37)7 (4)
and boundary conditions
u(0,t) = hq(t), t >0, (5)
u(2m,t) = ho(t), t > 0. (6)

The hyperbolic partial differential equations model the vibrations of structures (e.g.,
buildings, beams, and machines) and are the basis for fundamental equations of atomic
physics.

In recent years, much attention has been given in the literature to the development,
analysis, and implementation of stable methods for the numerical solution of second-
order hyperbolic equations, see, for example [5] [19] 27]. These methods are conditionally
stable. Mohanty [20] [21] made investigations on the one-space-dimensional hyperbolic
equations. In [20], Mohanty carried over a new technique to solve the linear one-space-
dimensional hyperbolic equation , which is unconditionally stable and is of second-
order accurate in both time and space components. Also this author proposed in [2I] a
three level implicit unconditionally stable difference scheme [16] of second-order accurate
in both time and space variables for the solution of (1.1) with variable coeflicients that
fictitious points are not needed at each time step along the boundary. Authors of [22] pre-
sented a high-order accurate method for solving one-space-dimensional linear hyperbolic
equation. A compact finite difference approximation [6] of fourth order for discretizing
spatial derivative of linear hyperbolic equation and collocation method for the time com-
ponent are used in their work. The main property of the approach in [22] additional to
its high-order accuracy due to the fourth-order discretization of spatial derivative, is its
unconditionally stability. In their technique, the solution is approximated by a polyno-
mial at each grid point that its coefficients are determined by solving a linear system
of equations [7]. A numerical scheme is developed in [§] to solve the one-dimensional
hyperbolic telegraph equation using the collocation points [7] and approximating the
solution using thin plate splines radial basis function. Also several test problems are
given and the results of numerical experiments are compared with analytical solutions
to confirm the good accuracy of the presented scheme. A Chebychev Cardinal functions
method presented in [9] to solve telegraph equation numerically. In [I4] was given an
interpolating scaling function method for numerical solution of telegraph equation.

The wavelet approach has been proved already as an efficient tool to analyze functions
[3]. The trigonometric Hermite interpolation enables a completely explicit description
of the corresponding decomposition and reconstruction coefficients by means of some
circular matrices. Starting from consideration on R™ there are also well-known results
on bounded intervals and in the periodic case. In particular, in the periodic case a
wavelet analysis by trigonometric polynomials is obtained for the first time by C. K. Chui,
H.N. Mhaskar [2].

In the present paper we apply the Hermite interpolation by trigonometric wavelets,
to solve second order one dimensional linear hyperbolic equation of the form The
purpose of the present paper is to develop a trigonometric Hermite wavelet Galerkin
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approximation for the second order one dimensional linear hyperbolic telegraph equation.
Finally, the convergence analysis of this wavelet Galerkin method for the telegraph
equation [1] is developed. Considering this basis being trigonometric polynomial, our
method is essentially a spectral method.

The outline of this paper is as follows. In Section 2, we describe the trigonomet-
ric scaling and wavelet functions on [0, 27] and introduce the operational matrix of the
derivative for these functions. In Section 3, the proposed method is used to approximate
the solution of the problem. As a result a set of algebraic equations is formed and a
solution of the considered problem is introduced. In Section 4, we discuss the conver-
gence analysis of the trigonometric Hermite wavelet method in this paper. In Section
5, we report our computational results and demonstrate the accuracy of the proposed
numerical scheme by presenting numerical examples. Section 6 ends this paper with a
brief conclusion.

2. TRIGONOMETRIC SCALING AND WAVELET FUNCTION ON [0, 27]

In this section, we will give a brief introduction of Quak’s work on the construction of
Hermite interpolatory trigonometric wavelets and their basic properties [24]. Through-
out this study we denote by L2_ the set of 27m-periodic square-integrable functions f
as

2
L{f/ F@)P de < o0, £(&) = fla+21), xeR}.

Let T}, denote the linear space of trigonometric polynomials with degree not exceeding
n. For all n € N, the Dirichlet kernel D,,(z) and its conjugate kernel D, (z) are defined
as [24] 26]

1 n
D, (z) = 3 + ZCOS kx, (7)
k=1

Dy (x) = Z sin kx. (8)
k=1

Let zj, = 2%, j € No,n=0,1,...,27"" — 1, where Ny = NU {0}.

0 1

Definition 2.1. The scaling function spaces are defined by V; = span{qu,n, im0 =

0,...,29%1 — 1}, where

29+l _1
1 1 ~ 1 )
0 _ 1 _ _ . +1
io(T) = 2511 ,;,O Dy (x), bjo(x) = Jo1 <D23+11(I> + 3 sin (27 x)) ,

and ¢§,n(x) = ¢;J)($ - zjﬂL)7 §= 07 17 n= 07 17 cee 72j+1 - L

Theorem 2.2. (see Chui [24]) For all j € Ny, the following interpolation properties
hold for each k,n =0,1,...,2/%t! —1,

&0 0 (250) = Oy (62,) (2j0) =0, (9)
¢},n('rj,k) =0, ( jl',n)/ (Ij,k) = 516,"’ (10)
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where dy, 5, is the Kronecker delta.
Given j € Ny, the space V; is defined by V; = span{1,cosz,...,cos(2/ ! — 1)z, sinz,...
., 8in 2/ x},

Definition 2.3. For j € Ny, the wavelet spaces are defined by W; = span{w] " j =
0,...,29%1 — 1}, where

29+2_1
1 . 1 .
jOO( ) 97+ COS(23+1(I;) + W Z (3_23+1 — l) COS(Z.’L’), (11)
’ 1=2i+141
I 1
1o(z) = ST > sin(lz) + PR sin(29+2z), (12)
) [=2i+141

and 9%, (x) = P8 o(x — 2j,), s =0,1,n=0,1,..., 271 — 1.

2.1. The function approximation

For any ;7 € Ny, the operator P; mapping any real-valued differentiable 2m-periodic
function f into the space V; is defined as

27+l
Prf(x)= Y [axd9u(@) + brd)(z)] = @"F, (13)
k=0
where PJf eV;CTym, F= [ao, ceyGoit1_1,b0, .-, b2J+1_1]T ,
0 0 1 1 T

¢ = { J,00 ¢J,2J+1—17 ¢J,0a IR ¢J,2J+1—1:| ) (14)

are vectors with dimensions 2712 x 1, and
(073 :f(xj7k), bk :f,(l'(]yk)7 k':(),l,...,QJJrl 71. (15)
Furthermore, It follows that
1 J—12tT1-1 .
Prf(x) = [ard (@) +bpdi ()] + [kt (@) +di i (2)] = UTF, (16)
k=0 =0 k=0

where ¢ () and 9%, are scaling and wavelets functions, respectively, and F' and ¥ are
. - T
2742 % 1 vectors given by F = [ao,al,bo,bl, €0,05+-+,Cy27-1,d0,0, - - - ,dJ’QJ,l] , and

T
0 0 1 1 0 0 1 1
U= [le,oa ¢1,17 (151,07 ¢1,1a 7/’0,07 cee ,1/1,],2],1, wo,oa s 71/).],2‘!71} ’ (17)

where R
F=G"F, (18)
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and G is the 27/%2 x 27%2 transform matrix between vectors ¥ and @, as [15]
o = GU. (19)
The projection of two-dimensional smooth function k(x,t) in the space V; @ Vy, is as
Prk(x,t) = o7 (2) K®D(t), (20)

where K is a block matrix with dimension 2712 x 2742 a5

K:H; Zi} (21)
and
ki(i,1) = k(2 g0, 200), ka(i,1) = %k”hmm,
Ok(x,t) 0?k(x,t)

ks(i, 1) = ox |($J,MCJ,L)7 ka(i,1) = Wkwu,w,z)’
for i,1 =0,1,...,27%t1 — 1. Also using Eq. we get

Pyk(x,t) = 97 (2)GTKGU(t).

2.2. The operational matrix of derivative

The differentiation of vector ® and ¥ in and can be expressed as [12] [13, [14]
P = Dy, V' =D,VU, (22)

where Dy and Dy, are 2742 % 2742 gperational matrices of derivative for trigonometric

scaling and wavelet functions, respectively. The matrix D, was represented in [I5] as a
block matrix as o o
A B

D¢|:A1 Bl:|7 (23)

where A% is a 2771 x 29t zero matrix, A' is a 2771 x 27*! identity matrix,

cos((n—k)2m
BO — (bg n) — 27+1
’ 2711 1)(2p+1
_221'1+1 Zp:O P(P+ )6( Pt )7 k =n,
and h)

_ n—r)m k 7£ n
Bl _ bl — cot 27 F1 9
(b%.) { 0, k=n,

for k,m=0,1,...,27"1 — 1. Using Egs. , and we get
UV =G'9'=G"'Dy® =G 'DyGV.
So using Eq. (22)), the matrix Dy, can be obtained as

Dy =G 'DyG. (24)
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3. DESCRIPTION OF NUMERICAL METHOD

Consider the second order one dimensional linear hyperbolic equation . Using Eq.
(20) we can approximate u(zx,t) as

u(z,t) = T (H)UD(2), (25)

where U is a 2772 x 27%2 unknown matrix and should be found. Now using Egs.
and we can write

w(z,t) = ¥ (UP(x) = () DS UD(x), (26)
up(z,t) = ®(t)(D3) UD(), (27)

and
Une (2, 1) = D()UD;P(x). (28)

Also using Eq. 7 the function f(z,t) in Eq. can be approximated as
fla,t) = T (H) K®(a), (29)
where K is a 2712 x 27/%2 matrix as with submatrices
ki(i,0) = f(z,i,200),
_ Of(x,1)

kg(i,l) ot |($J,i73€J,L)7
. of (z,t

kg(Z, l) = (.gx ) |(w1,i,IJ,l)’
. O f(x,1)

ka(i,l) = Wkwu»wu)'

Using Eqs. - in Eq. we get
T () (D) US(x) 4 200" () DI UR(z) — @7 (t)UD;® ()

+ 32T () UD(x) = T (1) KD(x), (30)
or
" (t) {(D3)"U +2aDJU — UD3 + B°U — K} ®(x) = 0. (31)
Using Eq. in Eq. we have
v ()GT {(D3)"U 4 20DJU — UD; + °U — K} G¥(x) = 0. (32)

Because of the independency between the entries of vector ¥, we get
H=G"{(D})"U+2aDJU —UD} + f°U - K} G =0. (33)

Eq. gives (2712 —1) x (2712 — 1) independent equations, because the rank of matrix
Dy is 2772 and the rank of Di is 2712 — 1 . Here we choose the independent equations
as

Hi;=0, i,j=2,...,2772 1. (34)
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Using Eq. we can approximate the functions gi(x), g2(z), h1(t) and ha(t) as
(35)

where Vi, Vs, V5 and Vj are vectors of dimension 2712, and can be found using Eq. .
Applying Egs. , and (35)) in the initial and boundary conditions (3]) — @ we get

VIOV (2) = V" T(2),

VT(0)DLU(z) = Vo' ¥(z),

VT UL(0) = T (1)V5,

V(UL (2m) =TT ()Vy.

The entries of vectors ¥(t) and ¥(x) are independent, so Eq. gives

0OU =V,

(36)

\I/T

Let
A =
Ay =0T
Ay = UT(0) - Vi,
Ay =UT(27) — Vj.

By choosing the first 2712 equations of any equations A; = 0,As = 0,A3 =0and Ay, =0

(38)

we get 2J+4 equations, mean
Ay, =0, i=1,2,...,27%2
Ao, =0, i=1,2,...,27+2
Ag; =0, i=1,2,...,27+2 (39)
Ay; =0, i=1,2,...,27+2,

Eq. together with Eq. (39) gives 22/t equations, which can be solved for
Uij,i,j=1,2,...,2772 So the unknown function u(z,t) can be found.

4. CONVERGENCE ANALYSIS OF TRIGONOMETRIC WAVELET METHOD

Now we shall give the error analysis of the method presented in the previous section for
the telegraph equation .

Lemma 4.1. (see Chui [24], Dahmen et all. [26]) For any J € Ny, The interpolation
operator P; mapping any real-valued differentiable 27-periodic function f into the space
V; is defined as follows

2J+171

Pif(x)= > [f@sx)d5s(@) + £ (@1n)d) 5 (2)] .

k=0
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The following properties of the operators P; are therefore obvious :
i) Prf € Tyoir,

i) Prf(zsn) = f(zse) and  (Prf) (xse) = f'(@sn), kEZ,

iii) Pyf=f forall feVj.

Lemma 4.2. (Lp-Bernstein Inequality Lorentz and Lorentz [I7, [I8]) Let f belong to
trigonometric polynomial 7;, of degree < n then for we have

1 lp < nllfllp, 1<p<oo. (40)

Theorem 4.3. (see Gao and Jang [10]) Assume that k(z,t) € L}, 0., and its trigono-
metric wavelet approximation is Pk, then it follows that

|k(z,t) — Prk(x,t) <27, (41)

[FZE.

where C' is a positive constant value.

For the operator equation the approximate equation is
P;(A)us = P;(Dy — Dy + T uy = f. (42)

System may be solved numerically to yield an approximate solution to given by
the expression uy = U7 (1)U (z) and f; = ¥ (t)K¥(x).
At the first, we give the approximation results of the differential operators.

Theorem 4.4. Assume that u(z,t) € L3, 49., and u is real-valued two time differen-
tiable 27-periodic function, then we have

J? +2a
Dyu — PyDyul| 2 + 2

2r@2r 22(J+1) ’ (43)

where C' is a positive constant value. So | Diu — PyDyul 12 sy — 0, When J — oo

Proof. Because the trigonometric wavelets belong to the trigonometric polynomial,

using and , we have

HDtU — PJDtUHLgﬂ@ B < Hutt + 2au; — Pyugy — QOéPJ’U,tHL2

2 2T R27w

+ 2a||ug — PJutHngmw

+2a|(u = Pru)tl| 3

2r@2m

< lug — PJUtt||Lgﬂ®27r

< [(u — Pru)es| 2

2r@2m

< J?|lu— Pyul| 2

2r@2m

+ 2aJ||u — Pyul| g2

2r@2m

< C(J? 4 200)2720+Y),
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Theorem 4.5. Assume that u(z,t) € L3, 59., and u is real-valued two time differen-
tiable 27-periodic function, then we have

J2
IDeu = PyDaulls , < C gy (44)
where C' is a positive constant value. So | Dyu — PyDyul| 2 oor — 0, when J — oo.
Proof. The proof is similar to the proof of theorem [£.4] O

Next, the error ey = u — u; of the approximate solution will be presented.

Theorem 4.6. Assume that u; is the approximate solution of , the exact solution of
is u, also the operator A = D; — D, + 3°Z has bounded inverse and u(z,t), f(z,t) €
L3 wox, are real-valued two time differentiable 2m-periodic functions, then we have

lesllzz,,. < CRJ*+2a] + 5% +1)2720FD. (45)

Proof. Subtracting Eq. form yields
—PjA(u—uy) = (A= P;Au—(f - f1),
provided that A~! exists, we obtain the error bound

= 1(PrA) ez, 1A = PrAyu—(f = fo)lles

||6J||L2 2r@2m 2r@2m

2T@27

Furthermore, by using theorems [{.3}[1.5 we have

1(A=Ps Ayl s, <I(Pe=PrDi)ullpz , HI(DePrDa)ullrz , +°I(Z-PiT)ulrz ,.
< 01272272 4 20] + 37),

and
If = Fillz,,,. < Ca2720740.

From [T}, p.142], we know that P;A is invertible for large J, and its inverse has the
same bound. Therefore, we get

llu—uslrz < C(2J% 4 20] + 32 +1)272U+D),

2T 27

where C' > max{C1, Cs2}. O

Remark. It was discovered in [T}, 25] that the representation of an integral operator
by compactly supported orthonormal wavelets produces numerically sparse matrices
to some degree of precision. The properties of trigonometric wavelet base determine
that the trigonometric wavelet compression technique cannot be applied well compared
with the other wavelet methods [4, 23]. In this problem we see that the matrix of
coefficients of the obtained system is a sparse matrix. In following examples we see that
the percentage of sparsity for J = 1 is 91.58 and for J = 2 is 96.04. This can reduce the
whole computational cost and facilitate the iterative method for the resulting algebraic
equation. Figures 1, 2 show the plots of sparsity using the method proposed in this
paper.
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Fig. 1. Plot of sparsity with percentage of 91.58 % for J=1.

Fig. 2. Plot of sparsity with percentage of 96.04 % for J=2.
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7=0.5 a=20, 8=10 a=10, 3=5

J TWM CCFM TWM CCFM

0 3.5 x 10711 3.2x 1077 5.0 x 10~ 3.6 x 107
1 2.3x 10715 2.0 x 10710 4.4 x 10714 4.1 x 10710
2 5.0 x 10717 2.3 x 10713 3.5x 10718 3.5 x 10713
3 3.1x 1072 1.1 x 10716 5.6 x 1021 3.4 x 10716

Tab. 1. RMS errors.

7=1.0 a=20, £=10 a=10, 8=5

J TWM CCFM TWM CCFM

0 1.1x 10711 3.4x10°° 2.1x 10711 21x10°°
1 5.4 x 1071 3.7x107? 1.2 x 10713 2.1x 1079
2 2.7 x 10716 2.4 x 10712 3.7 x 10717 1.4 x 10712
3 7.8 x 10721 1.0 x 10715 3.7 x 10721 6.5 x 10~16

Tab. 2. RMS errors.

5. ILLUSTRATIVE EXAMPLES

To support our theoretical discussion, we applied the method presented in this paper to
several examples.

Example 5.1. Consider the equation (1.1) with the following conditions:

)
ha(t) = cos(t) sin(2m),
f(z,t) = —2asin(t) sin(z) + 42 cos(t) sin(z).

The exact solution is given by [0, [14] 22]
u(x,t) = cos(t) sin(x).

In this example we calculate the RMS error by the following formula

j+2
RMS error = \/ Zass (i) - Ui )
2J+2
where u and 4 are the exact and approximate solution of the problem, respectively and 7
is an arbitrary time ¢ in [0, 27r]. In Tables 1 and 2 we represent the RMS errors obtained
by Trigonometric wavelet method (TWM) in comparison with Chebyshev cardinal func-
tions method (CCFM) [9]. The space-time graph of the numerical solution and error
graph for ¢t € [0 2] and « € [0 27| are presented in Figure 3.
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107!

Fig. 3. Space-time graph of the estimated solution (left) and error
graph (right) with @ = 20, 8 = 10 and J=3, for example 1.

Example 5.2. As the second test problem, Consider the equation (1.1) with the fol-
lowing conditions:

91(37) = esinw’
go(2) = cos(x)esn
hl (t — psint

f(x,t) = (2acos(z 4 t) + 2)esin@+0),
The exact solution is given by
u(z,t) = eSn(@+t)

Tables 3 and 4 show the absolute error using the technique presented in this paper with
J=2,3 and different values of a, and (3. The space-time graph of the numerical solution
and error graph for ¢ € [0 271] and = € [0 27] are presented in Figure 4.

Example 5.3. Consider the equation (1.1) with the following conditions:

g1(x) = sin(x)ln(27 + 1),

f(z,t) =sinx ( —2m) _ Zasind) 4 (52 4 1)In(cost + 271')) .

(cos t+2m)2 cos t+27
The exact solution is given by

u(z,t) = sin(z)in(cost + 2m).
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T a=20, £=10 a=10, (#=5

t=1 t=2 t=1 t=2
0 2.49 x 1077 3.40 x 1077 2.49 x 1077 4.30 x 107°
2m/9  6.85 x 1077 8.22 x 1077 1.10 x 1076 1.52 x 1076
4r/9  T12x 1077 717 x 1077 1.19 x 1076 1.53 x 1076
6m/9  6.00 x 1077 4.52 x 1077 1.03 x 1076 1.20 x 1076
8m/9  4.31x 1077 2.07 x 1077 8.36 x 1077 9.48 x 1077
10m/9  3.56 x 1077 171 x 1077 7.53 x 1077 9.52 x 1077
127/9  4.25 x 1077 3.81 x 1077 8.45 x 10~7 1.25 x 1076
147/9 561 x 1077 6.80 x 1077 1.02 x 1076 1.64 x 1076
167/9 6.34 x 1077 8.30 x 1077 1.05 x 1076 1.64 x 1076
21 2.49 x 1077 4.30 x 1077 2.49 x 1077 4.30 x 1077

Tab. 3. Absolute values of errors for u(z,t) with J = 2.

x a=20, 6=10 a=10, B8=5

t=1 t=2 t=1 t=2
0 3.04 x 10718 2.58 x 10719 3.04 x 10718 2.58 x 10719
27/9  1.34 x 10717 2.59 x 1017 2.33 x 10717 3.43 x 10717
47/9 121 x 10717 2.19 x 10717 2.25 x 10717 3.62 x 10717
6m/9  1.21 x 10~Y7 1.98 x 10717 2.21 x 10717 3.36 x 10717
8r/9  1.32x 10°Y7 1.77 x 10717 2.28 x 10717 3.12 x 10717
10m/9  1.30 x 10-17 1.77 x 10717 2.25 x 10717 3.16 x 10717
127/9  1.10 x 10717 1.94 x 10717 2.09 x 10717 3.42 x 10717
147/9  1.56 x 10717 2.12 x 10717 2.09 x 10717 3.66 x 10717
167/9 1.27 x 10717 2.58 x 10717 2.23 x 10717 3.49 x 10717
21 3.04 x 10718 2.58 x 10719 3.04 x 10718 2.58 x 10719

Tab. 4. Absolute values of errors for u(z,t) with J = 3.

951
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Fig. 4. Space-time graph of the estimated solution (left) and error
graph (right) with @ = 20, 8 = 10 and J=3, for example 2.

Tables 5 and 6 show the absolute error using the technique presented in this paper with
J=2,3 and different values of «, and 3. The space-time graph of the numerical solution
and error for ¢ € [0 27] and z € [0 27| are presented in Figure 5.

Example 5.4. Consider the equation (1.1) with the following conditions:

g1 (‘/E) = Oa

92 (‘/E) 2+c§s(m) ’

(t) = 2522

B (t) _ sm32t) ’

(o) = _ 2sin(2¢) sin?(z) _ sin(2t) cos(z) (8% — 4) sin(2t) + 4a cos(2t)
’ (2 + cos(x))3 (2 + cos(x))? 2 + cos(z) '

The exact solution is given by

sin(2t)

Tables 7 and 8 show the absolute error using the technique presented in this paper with
J=2,3 and different values of o, and 3. The space-time graph of the numerical solution
and error for ¢ € [0 27] and x € [0 27| are presented in Figure 6.
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T a=20, £6=10 a=10, B5=5
t=1 t=2 t=1 t=2
0 2.50 x 10719 1.41 x 1077 1.08 x 1011 1.46 x 1010
2r/9 121 x 107° 3.35 x 107° 1.38 x 10710 8.42 x 107°
47/9  1.85x 107° 5.14 x 107° 2.11 x 10719 1.29 x 108
6m/9  1.63 x 107° 4.52 x 107° 1.86 x 10710 1.13 x 1078
87/9  6.44 x 10710 1.74 x 1079 7.35 x 1071 4.48 x 1077
10m/9  6.44 x 10710 1.78 x 107° 7.35 x 10711 4.48 x 1079
127/9  1.63 x 107° 4.52 x 107 1.86 x 10710 1.13 x 1078
147/9 1.85x 107° 5.14 x 107° 2.11 x 10719 1.29 x 108
167/9 1.21 x 107° 3.35 x 107° 1.38 x 10710 8.42 x 107°
21 2.50 x 10719 1.41 x 1079 1.08 x 10711 1.46 x 10710
Tab. 5. Absolute values of errors for u(z,t) with J = 2.
x a=20, 6=10 a=10, B8=5
t=1 t=2 t=1 t=2
0 3.00 x 10729 1.00 x 10=20 9.03 x 10721 5.35 x 10720
2m/9  6.54 x 10718 7.10 x 10718 6.01 x 10718 2.11 x 10717
47/9  1.04 x 10717 1.03 x 10717 8.31 x 10718 3.27 x 10717
6m/9  9.33x 10718 9.13 x 10718 7.84 x 10718 2.99 x 10717
8m/9  3.52x 10718 3.79 x 10718 2.77 x 10718 1.05 x 10717
10m/9  3.72 x 10718 3.99 x 10718 3.06 x 10718 1.12 x 10717
127/9 8.70 x 10718 8.89 x 10718 7.39 x 10718 2.83 x 10717
147/9  1.00 x 10717 1.04 x 10717 8.80 x 10718 3.43 x 10717
167/9 6.24 x 10718 6.67 x 10718 5.04 x 10718 2.20 x 10717
21 3.00 x 10720 1.00 x 10720 9.03 x 1072 5.35 x 10720

Tab. 6. Absolute values of errors for u(z,t) with J = 3.
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Fig. 5. Space-time graph of the estimated solution (left) and error
graph (right) with o = 20, 8 = 10 and J=3, for example 3.

Fig. 6. Space-time graph of the estimated solution (left) and error
graph (right) with a = 20, 8 = 10 and J=3, for example 4.

6. CONCLUSION

The trigonometric wavelets are used to solve the telegraph equation. Some proper-
ties of trigonometric wavelets are presented and the operational matrices of derivative
for trigonometric scaling functions and wavelets are utilized to reduce the solution of
telegraph equation to the solution of linear system of equations with sparse matrix of
coefficients. The trigonometric Hermite interpolant wavelet method in this paper tackles
this difficulty of the large costs of computation and transforms the dense matrix due to
its simple explicit forms. The convergence analysis is developed. The method is compu-
tationally attractive and applications are demonstrated through illustrative examples.
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T a=20, £=10 a=10, (8=5
t=1 t=2 t=1 t=2
0 9.02 x 10~ 21 7.56 x 10721 9.09 x 10721 7.56 x 10721
2m/9 141 x107° 4.82 x 1076 3.85 x 107° 3.81 x 1076
47/9  3.58 x 107° 1.64 x 1075 6.66 x 10~° 8.33 x 1077
6m/9  6.78 x 107° 4.19 x 107° 1.24 x 1074 1.45 x 1075
87/9  1.23 x10~* 7.79 x 107° 2.14 x 1074 4.00 x 107°
10m/9 1.23x 1071 7.79 x 1075 2.14 x 1074 4.00 x 107°
127/9  6.78 x 107° 4.19 x 107° 1.24 x 1074 1.45 x 1075
147/9  3.58 x 107° 1.64 x 1075 6.66 x 10~° 8.33 x 1077
167/9 1.41x107° 4.82 x 1076 3.85 x 1075 3.81 x 1076
2m 9.02 x 1072 7.56 x 1072 9.09 x 10721 7.56 x 1072
Tab. 7. Absolute values of errors for u(z,t) with J = 2.
T a=20, £6=10 a=10, B=b
t=1 t=2 t=1 t=2
0 5.60 x 10~ 21 1.01 x 10=20 9.00 x 10721 2.31 x 10720
2m/9 146 x 107° 4.58 x 10710 4.48 x 107° 7.14 x 10710
4r/9  2.56 x 107° 1.11 x 107 6.80 x 107 7.58 x 10710
6m/9  3.53 x 107° 1.36 x 1079 9.97 x 107° 1.41 x 1079
8T/9  3.53 x 107° 6.51 x 10710 1.27 x 1078 3.16 x 107°
10m/9  3.53 x 107° 6.51 x 10710 1.27 x 1078 3.16 x 107°
127/9  3.53x 1077 1.36 x 1079 9.97 x 107 1.41 x 1079
147/9  2.56 x 1079 1.11 x 1079 6.80 x 107 7.58 x 10710
16m/9  1.46 x 1077 4.58 x 10710 4.48 x 1079 7.14 x 10710
27 5.60 x 10~21 1.01 x 10720 9.00 x 107! 2.31 x 10729
Tab. 8. Absolute values of errors for u(z,t) with J = 3.
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