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REGULARITY RESULTS FOR A CLASS OF OBSTACLE
PROBLEMS IN HEISENBERG GROUPS
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Abstract. We study regularity results for solutions v € HWP(Q) to the obstacle problem
/ Az, Vyu)Vy (v —u)dz > 0 Vv € Ky ()
Q

such that v > ¢ a.e. in Q, where Ky, ,,(Q) = {v € HWYP(Q): v —u e HWOI’p(Q)U >

=
1 a.e. in Q}, in Heisenberg groups H™. In particular, we obtain weak differentiability in
the T-direction and horizontal estimates of Calderon-Zygmund type, i.e.

Ty € HW2P(Q) = Tu € LP. (Q),

loc loc

[Vuyl? € LL (Q) = [Vuul’ € L (),

loc
where 2 <p <4, ¢> 1.

Keywords: obstacle problem, weak solution, regularity, Heisenberg group

MSC 2010: 35D30, 35J20

1. INTRODUCTION

The aim of this paper is the study of some regularity results for solutions of one-
side obstacle problems in the Heisenberg group. More precisely, let 2 be an open and
bounded domain in the Heisenberg group H™. We will consider the weak solution
u € HW1P(Q) of the obstacle problem

(1.1) /Q.A(J), Vuu)Vi(v —u)de =20 Yo € Ky ()
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such that u > 1 a.e. in Q, where Vi and HW1P(Q) are respectively the horizontal
gradient and the horizontal Sobolev space introduced in (2.5), v € HWHP(Q) is a
given obstacle function and

(1.2) Kypu()={ve HWY(Q): v —ue HW,P(Q), v > ¢ ae. in Q,

where HW,?(Q) is the closure of C§°(Q) in HW?(1).
We need the following assumptions, with positive constants a and [, to hold for
the operator A: Q x R?" — R?":

(1.3) x +— A(x, &) is measurable for all ¢ € R®™;

(1.4) & — A(x,§) is continuous for almost all z € Q;

(1.5) A(z,€) - € > aléfP for almost all = € Q and £ € R?™;
(1.6) |A(x,€)| < B(|€JP~! 4+ 1) for almost all z € Q and ¢ € R?™;
(17)

(Al m) = A(2,), (1 = €)) = (@) (1® + Inl* + 1€ P22 )n — ¢
for almost all z € Q and £ # n € R?".

We may assume that o < 3, by choosing 3 larger, if necessary. We will refer to this
set of conditions as the structure conditions of A.

It is worth noticing that the first four structural conditions are not strong enough
to give a unique solution to the KCy ,-obstacle problem. However, if A satisfies the

monotonicity condition

(1.8) (A, &) — Az,€2)) - (61 = &2) >0, & # &

for a.e. x € R™, then it can be shown, working as in the Euclidean case, that the
KCy,u-obstacle problem admits a unique solution provided that K, # 0 (see for
instance [23], Chapters 3 and 7).

The study of the classical obstacle problem, which started in the sixties with the
pioneering work of Stampacchia, Lewy and Lions [26], [27], [35] has led in the last
decades to deep developments in the calculus of variations and partial differential
equations; among other, some fundamental results have been achieved by Caffarelli
(3], [4]) concerning the theory of free boundaries for the obstacle problem. From
that moment onwards many authors have contributed, also following different points
of view bringing regularity results for single and double obstacle problem (see among
others [8], [12], [18], [19], [20], [33], [34] together with the references therein).

As already mentioned, the aim of this paper is to prove some basic regularity
results for the solution to the obstacle problem (1.1) in the Heisenberg group. Beside
his mathematical importance as a model of the metric space, the interest in the
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Heisenberg group has grown in the last years due to its many applications. The
former has been in the modellizations of nonholonomic mechanic (see [7] and reference
therein), other ones have been in control theory and in engineering (for instance the
motion of robot arms) [37] and neurobiology (models of perceptual completion) [9].
The study of regularity properties of solutions to sub-elliptic equations in Heisenberg
groups and in more general Carnot groups started with Hormander [24] and has been
developed more recently by the works of Capogna, Garofalo, Danielli, Manfredi,
Mingione, Goldstein-Zatorska, and Domokos [5], [6], [12], [14], [15], [16], [17], [21],
[28], [29], [32]. We quote the recent and important papers of Mingione and coworkers
[32] and Domokos [14], [15], which are fundamental in the techniques of proofs of
our results.

As we said we obtain integrability estimates on Tu and Vyu, where u is the weak
solution of the obstacle problem (1.1). The regularity result in the vertical direction
T is obtained under the assumption A(z, Vyu) = A(Vyu). We implement iteration
methods on fractional difference quotients, using the techniques of Domokos in [14],
[15]. In particular, we consider as test functions in the weak form of (1.1), the
fractional difference quotients of the weak solution multiplied by a corresponding
cut-off function. Notice that this method has been applied in the Euclidean setting
to regularity problems of nonlinear second order equations ([32]). The results we
prove (see Theorems 3.4, 3.5) can be summarized as follows.

Theorem 1.1. Let 2 C H" be an open set, 2 < p < 4 and let u € HVVlif(Q) be a
weak solution of the obstacle problem (1.1) with T € Wé:fOC(Q), where A(x, Vyu) =
A(Vyu). Then Tu € LY, ().

The second result we achieve goes along the lines of the nonlinear Calderén-
Zygmund theory; indeed, due to the recent result provided by Mingione and cowork-
ers [32] we are able to obtain a Calderén-Zygmund type estimate for the solution u
to the obstacle problem in the following sense: provided that the obstacle function
1 belongs to HW4(Q) with some ¢ > p, p being the natural growth exponent ap-
pearing in the structure conditions for A, then also v € HW149(Q). The study of
nonlinear Calderén-Zygmund type estimates goes back to the fundamental paper of
Iwaniec [25] in the case of elliptic equations with constant p growth, and to the paper
of Di Benedetto and Manfredi [13] in the case of elliptic systems. Recently, Acerbi
and Mingione proved estimates of this kind for parabolic systems in [1] and Bogelein,
Duzaar and Mingione proved similar results in the elliptic and in the parabolic case
in [2], using the technique introduced by [1]. The result of [2] has been subsequently
extended by Eleuteri and Habermann to the variable exponent case, see [19]. Fur-
thermore, Mingione [30], [31] developed a natural extension of the Calderén Zygmund
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theory for problems with measure data, showing appropriate fractional differentia-
bility of the solution. The result we prove extends to the subelliptic case the original
result of [2] and can be summarized as follows.

Theorem 1.2. Let u € HWP(Q) be a solution to the obstacle problem (1.1)
under the assumptions (1.3)—(1.8) and 2 < p < 4. If |[Vyy|P € L{ () for some
q > 1, then |VyulP € LL _(Q).

loc

The proof of this result goes through several steps. As in the Euclidean case,
the key point to the proof of a quantified higher integrability of the gradient of the
solution u to the obstacle problem (1.1) is a decay estimate of the level sets of the
maximal function of |Vyul?P to increasing levels, as we can see in (4.24) (recall also
the definitions of y1 and ug in (4.20)). Iteration of (4.24) in combination with the
well known L? estimates for the maximal function then directly provides the desired
integrability result. To prove (4.24), we make use of Lemma 4.2 which is a direct
consequence of a Calderén-Zygmund type covering argument. To apply this lemma
on super level sets of the maximal function (see the definitions of E and G in (4.22)
and (4.23)), it turns out to be crucial to show that assumption (ii) in Lemma 4.2
is fulfilled. This is the statement of Lemma 4.3. In order to prove Lemma 4.3, the
strategy consists in a comparison of the solution to the original obstacle problem to
the solution to the Dirichlet problem

(1.9)

diVu—uA(:L’o, VHZ) =0 in B,
z=u on 0B.

The structure conditions of this problem—a nonlinear degenerate elliptic equation
with constant growth exponent—guarantee an L estimate for the gradient of z,
namely the following theorem which is the novelty brought by Mingione and cowork-
ers in [32]:

1/p
(1.10) sup |Vyu| < c(/ (e + |V[H]u|p)dh) :
Br

Br/2

To compare the solution to the original obstacle problem to the solution to (1.9), it
turns out to be necessary to include further two comparison processes, in order to
be able, through the different comparison estimates, to pass the sup estimate on the
solution u to the original obstacle problem.

The structure of the paper is the following: in Section 2 we recall some preliminary
results and definitions in the Heisenberg group, Section 3 is devoted to the study of
the vertical derivative Tu and Section 4 to the Calderén-Zygmund type estimates of
the horizontal gradient Vyu.
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2. HEISENBERG GROUPS

The Heisenberg group H” = C” x R = R2?"*! is the simplest example of the
Carnot group, endowed with a left-invariant metric d.,, which is not equivalent to
the Euclidean metric.

We shall denote the points of H™ by « = (z1,...,%n, Tnt1,...,Ton,t). If 2 =
(2',t), y = (v, s) € H™, we define the group operation

1
(2.1) xT-yi= (x' +y t+s— 5 Z[yixlqrn - xiyiJrn])

(2

and the family of non isotropic dilations d,(z) := (Ra’, R%*t), for R > 0. The Heisen-
berg Lie algebra b is (linearly) generated by

0  Tjpn O 0 xz; 0 0
29) X;= — _Zm 2 ox % 8 i1 T==
@A Xi=gp, "2 a0 YT gt T b at’
the only non-trivial commutator relations are [X,;, X;4,] =T for j = 1,...,n. Let
us define ||z := max{|2’],|t|"/?} and the distance du., defined as du.(z,y) :=
=" ylloo-

Proposition 2.1. For any bounded subset ) € H" there exist positive constants
c1(£2), c2(Q) such that

(2.3) 1 (Q)|z — ylpans < doo(@,y) < e2(Q)]a —ylghiy,  for z,y € Q.

Hence, the topologies defined by ds, and by the Euclidean distance coincide on H™,
therefore the topological dimension of H" is 2n 4+ 1. On the contrary, the Hausdorff
dimension of (H",dy) is @ = 2n+2. Q is called the homogeneous dimension of H".

We will indicate the ball with center xyp € H™ and radius R with respect to the
distance dos by B(xo, R) := {x € H": doo(z,20) < R}. The ball B(zo, R) has a
doubling property, i.e. there exists a constant C', depending only on the homogeneous
dimension Q such that

(2.4) L2 (B(x0,2R)) < CLX Y (B(xo, R)).

When the center of the ball is not important, we shall use the notation Bg = B(zo, R)

and when no ambiguity may arise, we shall also denote AB = B(zg, AR) for A > 0.
There is a natural measure dx on H™ which is given by the Lebesgue measure

d£?"*1 = dz on R?*"*!1. The measure dx is left (and right) invariant and it is the

Haar measure of the group.
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Definition 2.2. Let Bg C H" beaball and f: Br — R” an intagrable function.
Let us define the average of f over Bg as

Nr= 4 f@)de = -

Br L2H1(BR) /g

f(x)da.

We shall identify vector fields and associated first order differential operators; thus
the vector fields Xy, ..., Xn, Xnt1, ..., Xo, generate a vector bundle on H™, the so
called horizontal vector bundle HH™ according to the notation of Gromov (see [22]),
that is a vector subbundle of TH", the tangent vector bundle of H™.

Let Q@ C H™ be an open set and u € C°(€2). We will define in the sense of
distributions as the horizontal gradient of u the vector

Vihu = (Xqu,. .., Xpu, Xpi14, ..., Xopu).

It is well-known that Vy acts as a gradient operator in H™. Let us denote by C(Q)
the set of continuous real functions in 2 such that Vyu is continuous in 2. The
notion of Cf () is given analogously. Finally, let us define the horizontal Sobolev
space

(2.5) HWYP(Q) := {u € C°Q): Vyu € LP(Q;R?™)};
HW?'P(Q) is a Banach space with the norm

HUHHWLP(Q) = ||U||L3(Q) + HVHUHLﬁ(Q;W")-

As already mentioned, HW, () is defined in the usual way, as the closure of C§° ()
in HWHP(Q). We will write u € HVVlif(Q) if u € HW'P(K) for every compact set
K cQ.

To conclude this section, let us recall that if Z is an invariant vector field, then
for some P = (z1,...%2,,t) we can write

2n

Z = inxi +¢T.

i=1

The exponential mapping in canonical coordinates is defined by e = P. Let us
finally recall the Baker-Campbell-Hausdorff formula for the invariant vector fields
zZ,V

eZoV — ez+v+%[z,\/].
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3. A REGULARITY RESULT FOR THE VERTICAL DERIVATIVE

In this section we consider the obstacle problem (1.1) in the case A(z, Vyu) =

A(Vyu), ie.
(3.1) /QA(VHu)VH(v —u)dz >0 YveKy.(Q)

under the assumptions (1.3)—(1.8). Let us recall some preliminary definitions and
results about fractional difference quotients, following the notation of [14].

Definition 3.1. Let 2 C H™ be a bounded open set. Let = € , let Z be a left
invariant vector field, s € R, 0 < «,0 < 1 and let u: € — R. We define

u(w - e¥?) — u(x)

DZ7S,9’U(J)) = |S|9 s
Az u(z) = u(z - e*?) — u(x),
A% u(z) = u(z ) +u(z - e %) — 2u(x)

Let us notice that

DZ,—s,aDZ,s,GU(x) = DZ,S,QDZ,—s,aU'(x)

Cu(z-et?) fule-e7) — 2u(z) A u(x)
— |S|O‘+0 - |S|a+9

If 0 =1, we will denote Dz s 1u = Dz su. We will use the following results from [5],
14], [24]

Proposition 3.2. Let  C H" be an open set, K C §) a compact set, Z a left

invariant vector field and u € LY (Q). If there exist constants o, C > 0 such that

loc

sup / |Dz.s1u(z)|P de < CP,
0<|s|<oc J K

then Zu € LP(K) and || Zul|1»(xy < C. Conversly, if Zu € LP(K) then for some
c>0

swp [ |Dzul@)do < 2 Zulor0)
0<|s|<o J K
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Proposition 3.3. Let Q0 C H™ be an open set, 1 < p < oo, let u € HWI})’C”(Q),
xg € Q, and R > 0 be such that Bsg = B(x,,3R) C Q). Then there exists a positive
constant ¢ independent of u such that

| Drou@rds<e [ up+9eup) de.
Br

Bar

We are now able to show our result.

Theorem 3.4. Let 2 C H" be an open set, let u € HW,-(Q) be a weak solution
of the obstacle problem (3.1) with Ty € HVV&)C”(Q), xo € Q, R > 0 such that
Br = B(zo,R) C Q. Let us suppose that there exist ¢ > 0, ¢ > 0, and « € [0,1/2)
such that

(32)  sup / Dy s au(e)Pdz < ¢ / (4 + V() 272 + u()p? da.
0#|s|<o J Br 2 Bar

If (1 +2a)/p < 1/2 then with possibly different ¢ > 0 and o > 0 we have

(3.3) sup / |D7.s.1 /241 /p+(2/p)at(7)[P dz
0#|s|<o J Bry»

< C/ (1? + [Veru(@)P)? + [u(@)]? + [To(@)|? + [VuT () da.
Bar
If (1+2a)/p > 1/2 then

(3.4) /B \Tu(z)[P da
R/4

< C/ (1% + [ Visu(@) P)P2 + [u(@)]? + [Ty ()P + [V T ()P da.
Bar

Proof. Letu € HWY?(Q) be a weak solution of the problem (3.1) and let 7
be a cut-off function between Br/, and Br such that there exists C; > 0 such that
|Vun| < Cy/R. Let us define the function
(3.5) () := u(x) + Dr,—s 5 (11" Drsy [u — ).
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Let us verify that ¢ is a good test function. Indeed,
p(x) = u(z) + DT7—S,7(772DT7877[UJ —¢]) = u(z) + DT7—s,’v(772DT,S,'vu)
w(z - e’T) —u(x
Dy (D) = () + D () 2 )Y

PSR BT

+ 5% [ (@ - e~ u(@) + n(@)u(x - eT) + P (z- e~ u(a - e™7) = n*(z)u(z)]
- 5%[772@ e p(a) — P (@)(a - o) =Pz e Y (z - e — P ()¢ (2)]
o[t e Ty ] e o)
) 5%"2(3: e Tu(z  e=oT) 1 S%[nﬂ’(x =T + 12 (2)] 9 (=)
- @t T) = (e e i e )
> ()| 1 - 8%772(% o) - 8%772(”3)} - %”Q(x)w(x o
n S%nz(x e TYy(z - e T) + S%W(x e ) 4P (@)]Y (@)
@) — (e (e o) = ()

Let us consider now the equation
| AT (TP (4 D = 01)) d > 0
Br
Since Dr s ~, Dr,—s~ and X; are commutative, we have

Dr s~ (A(Vuu(z))) Vi (772DT7S,7[U —¢])dz <0,

Br
i Dr s o (A(Vu(@)))n* Vg (Drs 7 [u — 9]) d
+ ; Dy s (A(Vuu(x)))2nVunDr,s o [u — ¥] dz < 0.
Then
(3.6) ; Dr s (A(Vuu(2))n* Vi (Dr s yu)de < A — B+ C,
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where

A= D1 (A(Viu(2)))n* Vi (Drs 410) da,
Br

B= D54 (A(Vuu()))2nVunDr,s yu dz,
Br

C= Dr s o (A(Viu(x)))2nVunDr,s 4 dz.
Br

Using the same estimates of equation (3.9) as in Lemma 3.1 of [14] and denoting
A(z) = p® + |Vau()]” + [Viu(z - )P,
we obtain

Dr s (A(Viu(2))n* Vi (Dr,s ) da
Br

< C/ n* A(@) P22 D, Visu(2)| | Drys o Vaath(a)| dz
Br

Al

2 / NV unl A@@) =22 Dy, Vigu(z)| | Dr,s yu(z)] dz
Br

B’

12 / NV un| A@) P22 Dy, Vigu()| | Dr,s, Vith() | da.
Br

C’

Applying the e-Young inequality to A’, B’ and C’, we obtain with a possible different
constant ¢ > 0

(3.7) A+ B 40 <ec / en? A(2) P2/ Dy, Viu(a) 2 da
Br
+ & / PA(2) D2\ D, Vit ()2 de
19 Br "
i / Van?A(@) P=2/2| Dy, yu()? da
e Br
+f/ |V A(z)P=2/2| Dy, (2)|? .
e Br
Hence, we have that

/ P A@@) P2\ Dy Vu(a)2de < A + B+ C'
Br
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by the Young inequality and for all sufficiently small € > 0 we obtain
/ 72 A(2)?2/2| Dy, Vigu(a)P? da
Br

<C (1 + |VHu(m)|2)(p)/2 + |u(x)|P dx 4+ C/ [Vun|?|Dr,s 4¢P dz
Bar Br

+C NP|Dr s Viuth|P da.
Br

Since for every |s| < 1 the quantity Dr s, is monotone increasing with respect to
and since v < 1, we have

(3.8) / n? A(z) P22\ Dy, Vyu(z)|? dz
Br

<C[ @ V@R ¢ @ de+C [ [FunllDreavl? de
Bar Br

+ C/ 77”|DT,S71V[H]¢|” dux.
Br
Finally, applying Proposition 3.2 we deduce that for all s > 0 sufficiently small
(3.9) / n?A(x) P22 Dy Vigu(z)|* da
Br

<C (4 + |Vuu(z) )% + [u(z) [P do
Bar

+ ST o) + C@UTHT 105,
By virtue of
D157 V(@) [P = [ D15y Vigu(@)[P~2 - | Dr,s y Vigu()[?
and the inequality
|57 D7 Vinu(@)| < V2(i® + |Vau(@) * + [Viu(e - e7)))/?,

formula (3.8) gives
(3.10) / n?sP=27| Dy Vigu(z)|P da
Br

<o [ (4 Vuu@P)P? + u(@)P dz + C / Vunf?| Drs P da
Baor Br

+C 77”|DT,S71VH1#|” dx.
Br
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Since
Dr,s 7 Vi(n?u)(x) = Dr s o Vi () (@)u(z - e7) + Vi (n?) (2) Dz, s u()
+ DT,S,WHQ(x)VHu(x ! QST) + n2(x)DT,s,7VHu(x)v
we have that

(3.11) / |Dr s 9/, Viu(z)|P dz < C (12 + | Viu(z)|?)P? + |u(z)|P da
Br Bar

+ C/ IVun|?|Dr s 19|P dz + C/ 7’| D51 V| da.
BR BR
We denote the right-hand side of (3.11) by MP. Using Proposition 3.3, we obtain

(3.12) /B R

Therefore, for all s small enough we find that

p
DT,—s,1/2DT,s,2v/p(UQU)(x)‘ dr < MP.

||A%,5(772U)||LP(Q)
s1/2+(1+2a)/p
If (1+2a)/p < 1/2 then by Theorem 1.1 of [14] we get (3.3). If (1+2a)/p > 1/2
then, by Remark 2.2 of [14], we have Tw € L{, () and estimate (3.4) is valid.
If (14 2a)/p =1/2, since a € [0,(1/2)) we get 0 < (p—2)/4 < 1/2 which gives
2 < p < 4. By Theorem 1.1 of [14] it follows that we can use o’ arbitrarily close to
1/2, in particular o/ > (p — 2)/4, and the following form of (3.2):

(3.13) < M.

sup / ‘DT,S,l/Q-‘rOL'u(x)
Bry2

p
do<e [ (i + (Voul@) ) + fule)”) do
0#|s|<o Bar

Using a cut-off function n between By /4 and Br/» we get (3.13) with (14 a')/p > 3
and then the previous case. ([

Following the proof of Theorem 1.2 in [14], we obtain now this result:

Theorem 3.5. Let Q@ C H™ be an open set, 2 < p < 4, and let u € HVVlif(Q)
be a weak solution of the obstacle problem (3.1) with T € HVV&)C”(Q) Consider
xo € Q, and R > 0 such that B(zg,3R) C §). Then there exist a number k € N
depending only on p and a constant ¢ > 0 such that

(3.14) / \Tu(z)P dz
B(zo,R/2k+1)

o V@ P+ TP + T da,
B(z0,2R)

and hence Tu € L?

loc

Q).
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4. HORIZONTAL CALDERON-ZYGMUND ESTIMATES

At the beginning of this section let us recall some preliminary material. The
following lemma can be found in [10].

Lemma 4.1. Let p € [y1,72] and p € (0,1]. There exists a constant ¢ =
c(k,v1,72) such that, if v,w € R¥, then

(1 + PP < el® + [P 4 e(p® + ol + Jwf?) P22 0 — w]?,

The following lemma is a direct consequence of a Calderén-Zygmund type covering
argument and can be inferred from [19], [21], [32].

Lemma 4.2. Let Br, € H" be a ball with radius Ry. Assume that E,G C Bg,
are measurable sets satisfying the following conditions:
(i) there exists ¢ € (0,1) such that |E| < §|Bpr,|;
(ii) for any ball B(xo, R) centered in Bp,, with radius R < 2Ry and such that
|E N B(xo,5R)| > §|Br, N B(xo, R)|, we have E N B(x¢,5R) C G.

Then it follows that |E| < 0|G].

Let Br, C R™ be a ball. We will consider the Restricted Mazimal Function
Operator relative to Br,, which is defined as

(4.1) Mg, (F)(@) = sup / ()| da
BCBg,
rEB

whenever f € L'(Bg,), where B denotes any ball contained in Bg,, not necessarily
with the same center, as long as it contains the point (z,y,t). In the same way, for
s > 1 we define

1/s
(42) M, (@) = sw ([ 17 ao)
BCBR,
x€EB

whenever f € L*(Bg,). We recall the following estimate for M Bry = Mp,:

&
(43) W€ Br,: [Mp, (@) >N <55 | f@Pde vA> 0521
Ro
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which is valid for any f € L'(Bg,); the constant cy depends only on Q; for this and
related issues we refer to [36]. A standard consequence of the previous inequality is
then

wy [ g, O@ra<22 e o
Brg 0 Y=1 Jgg,
A similar estimate for the M Bg, OPerator is
ws) [ s, @< 22 pwpan g,
Br, e s(v = 5) /g,

which can be deduced from (4.4), compare [25], Section 7.

Now let us fix an arbitrarily fixed open subset Q' € Q; for the rest of the section
all balls B considered will be such that B € Q' unless otherwise specified, and in the
sequel all the regularity results we are going to prove are in €. Since the choice of
Q' is arbitrary, the corresponding local regularity of Vyu in Q will also follow.

In the following we shall concentrate on a ball Bg, such that Bog, C . The
symbol M* will denote the restricted maximal operator relative to the ball Byg, in
the sense of (4.1): M* =M 1*3230; accordingly we shall denote by M Ip the restricted
maximal operator in the sense of (4.2), again relative to Bag,, that is, M;/p =
M;/ p,B2rg”

We can now prove the following important lemma.

Lemma 4.3. Let u € HWY?(Q) be a solution to the K .,(Q)-obstacle problem
under assumptions (1.3)—(1.8) with 2 < p < 4. Then there exist numbers ¢ =
e(a, B,q,n,p) € (0,1) and A = A(n,p, q,a, 3) = 1 such that the following holds:

If B is a CC-ball centered in Bg, and with radius less than 2Ry satisfying

(4.6) |EN5B| > 0|BN Bg,|
then
(4.7) 5BN Bg, C G,

where we set
E:={z € Br,: M*(p" + [Vyul"|)(z) > AX and My, ([Vup[’ +1)(z) < erl,

and
G :={x € Br,: M*(p* + |Vyul?)(x) > A}.
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Proof. We proceed by contradiction, therefore we assume that (4.7) fails and
we thus show that, if we operate a suitable choice of € and A, also (4.6) fails (but
with the dependence on the constants as in the statement of the lemma).

Step 1: beginning

Indeed, assuming that (4.7) fails but (4.6) still holds true, we can infer that there
exists z1 € 5BNBg, such that M*(u?+|VyulP)(z1) < A. On the other hand, EN5B is
nonempty and therefore there exists zo € 5BN B, such that M; (IVuv|P)(z2) de <

/p
(eA). This means that we have

(4.8) / (1P + |VyulP)de < A and ]/ (V|7 + 1) dz < (eN)?/?.
40B 40B

Step 2: comparison to some reference problems
We define v € u + HW,"*(20B) as the solution to the obstacle problem

(4.9) / A(zo, Vi) (Vv — Vi) dax <0
B

for all ¢ € Ky ;(£2), where x¢ is the center of Bp = 20B.
Now we introduce w € u + HW1P(Bg) as the unique solution to the Dirichlet
problem

(4.10) {diVHA<wo7VHw> — divA(zo, Virg) in Br,

w=1u on 0Bg.

Let us notice that by the maximum principle (see for instance Theorem 2.5 in [11])
we have w > 1 on B, since w > ¢ on JB.
Finally, let z € u+ H WO1 P(Br) be the unique solution to the Dirichlet problem

diVHA(xo, Vu—uz) =0 in BR,
(4.11)

z=u on JBg.

By the recent results for degenerate elliptic equations in the Heisenberg group, for z
the following estimate holds true (for more details we refer to [32]):

1/p
(4.12) sup |[Vpz| < c(/ |V[H]z|pda:> ,
Br

Bry2
where ¢ is a constant depending only on n, p, «, 0.
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Step 3: comparison estimates—part I
We now establish the comparison estimates. First of all, we test (4.11) using z —u
as an admissible test function. We have

(15)
a/ [VuzlPdz < / (A(zo, Vyz), Viz) do
Br Br
(411) / (A(zo, Vnz), Vyu) dz
Br

(1.6)
< 6/ (IVuz|P~! 4+ 1)|Vyu| dz.
Br
By averaging and applying Young’s inequality, we have that

(4.13) ]/ [Viuz|P dz < c/ |Viuul? + 1dez,
BR BR

with a constant ¢ only dependent on n, p, «, (.
On the other hand, (4.8), (4.12) together with (4.13) yield

(4.14) sup (12 + | Vyz[2)P/2 < eal/?,

Bryo

where the constant ¢ only depends on n,p, a, (5.

On the other hand, if we test (4.10) by the admissible function w — u, again using
the structure conditions for the operator a and Young’s inequality, we immediately
deduce

(1.5)
a/ [VywP de < /(A(mo,VHw),VHw)da:
Br B

R

(4;0)/ (A(zo, Vyw), Vyu) dx—f—/ (A(xo, V), Vyw — Vyu) do
Br

Br

(1.6)
< g/ |VHw|”dx+c/ |VHu|”dm+c/ [Vuy|P + 1dz,
2 Br Br Br

which gives after averaging

(4.15) ]/ |[Viyw? doe < c][ |VigulP dx—i—c][ |Vuy|P + 1dz,
BR BR

Br
with a constant ¢ which depends only on n,p, a, 5.
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Finally we deduce the last comparison estimate for this part, which concerns v
and u; we exploit (4.9) in the following way:

(1.5)
a/ [VyolPda < / (A(zg, Vyv), Vyo) dz
Br Br

= / (A(mo,VHv),VHv—VHu)dx—i—/ (A(xo, Vo), Vyu) dx
Br

Br
(1.6),(4.9) o

< —/ |VHv|pda:—|—c/ [Viyul? + 1da,
2 Br Br

which gives, once more after averaging,
(4.16) / [Viv|P do < c/ [Viyu|P + 1dz
Br Br

with a constant ¢ only dependent on n, p, a, (.
Step 4: comparison estimates—part I1
We now establish the following three comparison estimates:
(4.17) I := / (12 + | Viw|? + |Vaz| ) P22 Vyw — Viz|? dz < ce P~ D/PR),
Br
(4.18) II:= / (1 + |V + |Vyw|?) P~ |V — Vyw|* dz < cePD/PRMA,
Br
(4.19) 11T := / (12 + |Vyul? + |[Viv)?) P22 Vyu — Vigo|? dz < ceP~D/PR™ A
Br

with constants ¢ = ¢(n,p, a, 3). First of all, exploiting the structure conditions on
the field A—mnotice that p > 2—the comparison problems (4.10) and (4.11) and
Holder’s inequality, we have

(1.7)
()] < / (A(zo, Vyw) — A(zo, Vnz), Vyw — Vyz) do
Br

(4é1)/ (A(xg, Vyw), Vyw — Vyz) do
Br
(4.10) / (Ao, Vith), Vigw — Viez) dae
Br
1.6

)
L6 [ (Tl + 1) Viw — Vsl da
Br

(p—1)/p 1/p
< cR”(/ (|Vy[P~t +1)P/ (P~ D dx) (/ |VHw—VHz|p>
BR BR

(p—1)/p 1/p
< cR”(/ |VHw|”+1dx> (/ Vil + |V[H]z|”da:> .
Br Br
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Using the comparison estimates established at Step 3, namely (4.15) and (4.13), we
can immediately estimate the second integral as

]/ (IVuw|? + |Vuz|P)de < c/ |[Viul? de + c/ VP dz + 1.
Br Br Br

Putting together the last two estimates, we obtain by means of Holder’s inequality

(r=1)/p 1/p
()] < CR”(/ [Vuy P + 1dx> (/ [Viul? + ]/ [Vuy|P + 1dx)
Br Br Br

_ cR”(/ |vww|p+1dx>
Br

(p—1)/p 1/p
+cR”<]/ V] + 1dx> <]/ Vul? + 1dx>
BR BR

(4.8) p/a
< cR”(/ |V[H]1p|q+1da:>
Br

(r—1)/q 1/p
+ cR”(][ [Vu|? +1 da:) (/ |ViulP +1 dx)
Br Br
CR™(eX) + cR™(eX)P~D/PAVP = ¢R™(e)) 4 cR" P~/ )

<
< e(n,p,q,a,B)e VPR

where ¢ > 1 appears in the assumption on the horizontal gradient of the obstacle
function.

Concerning the second comparison estimate, we again exploit the structure condi-
tions for the operator .4 but this time we also use the obstacle problem (4.9) together
with the comparison estimates established in Step 3, namely (4.15) and (4.16). We
thus deduce

(1.7)
() < / (A(zg, Vyv) — A(zo, Vyw), Vv — Vyw) dz
Br
4.9

(

NG

)
/ (A(zo, Vyw), Vyw — Vo) dz
Br

(20)/ (A(zo, V), Vyw — Vo) dz
Br

1.6)
< B[ (Ve +1)|Viw — V| dz
Br

(p—1)/p 1/p
< cR”(/ (|[Vuep|P~t + 1)p/(P=1) dx) (/ |VI}-U’U)—V|}-U’U|p)
BR BR

(p—1)/p 1/p
< cR”(/ |VHw|”+1dx> (/ Vil + |V[H]v|”dx)
Br Br
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(4.15),(4.16) (p—1)/p 1/p
< cR"< VP +1 dx) < [ViulP + ][ Vuy?P + 1dx>
Br Br B

< cR”(/ |VH1/J|p+1dx>
Br

(r—=1)/p 1/p
+cR"<][ |VHw|p+1dx) (/ |VHu|p—|—1dm>
BR BR

< c(n,p,a, B)EPV/PRN,

where the conclusion came working exactly as in the previous estimate of 1.
We finally conclude with the estimate of I17; we have

(@)1l < / (A(zg, Vyu) — A(zo, Vo), Vyu — Vo) do
Br

(1.5)
< B 2(1 + |VyulP™H)|Vyu — Vyo| dz
Br

(p=1)/p 1/p
< cR”(/ ([Viulr=L 4 1)p/ (=D da:) (/ IV — vHv|p>
Br Br

(r—1)/p 1/p
< cR”(/ [Viul? + 1dx) (/ [Vigul|? + |VHv|p)
Br Br

(4.8),(4.16)
< celn,p, a, B)Rne(p_l)/p/\.

Using repeatedly Lemma 4.1, we deduce
(12 + |Visu*)P/? < E(p® + |Vuaz P2 + T+ 1T+ 111)

where I, 11,111 have been introduced in (4.17)—(4.19), for a suitable ¢ = ¢&(n,p, g,

a,f3).
Let us consider the restricted maximal operator to the ball 105, denoted by M **
we have M** = M7,5. By the previous estimates we obtain immediately

{z € Bry: M™ (4" + |VuulP)(z) > AN, My, (1% +[Vug|P)(z) < e}
AN
< Hx € Bry: M (&(p® + |Vuz[?)P/?) > —H

4¢

AN AN
+ ‘{xéBR(): M**(el) > 4—6}'+ ‘{1'63302 M**(ell) > 4—6}‘

AN
+ Hx € Bp,: M**(¢III) > 4_5}‘ = IV+V +VI+VIL

Estimate for IV: by (4.14) we obtain IV < cA and therefore IV = 0.
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Estimate for V, VI, VII: we use estimate (4.3) for the maximal function and
the estimates (4.17), (4.18) and (4.19) to conclude that there exists a constant ¢ =
é(n,p, ¢, a, B) such that

V< Eg(p—l)/pRnA < e~ V/?|Bg |
cA ’

VI<eP VP Bg |, VII<eEP VP By
Taking € and A small enough to have
{x € Br,: M™(p* + |VnulP)(z) > AN} < §|Bgr, N B|,
following the argument of the proof of Lemma 10.3 of [32], by (2.4) we obtain
[{z € Bry: M* (1P + |Vuul|?)(z) > AN}| < §|Bg, N B,

which contradicts (4.6). O

We are now able to give the proof of Theorem 1.2.

Proof. The proof of the theorem can be handled in a quite standard way,
following [32]. We will sketch the main steps for the reader’s convenience. We will
start by choosing an exponent s such that s > ¢; this implies of course that from
now on, all the constants depending on s will actually depend on q. We choose A
with the aim of using Lemma 4.3. In this manner we determine the choice of the
number ¢, depending on the same quantities, once more in view of the application
of Lemma 4.3. Now let us set

(4.20) pa(t) := {z € Bry: M™ (P + [Viul?)(z) > t}],
pa(t) := {z € Bry: My, ([F|")(z) > t}]

and keep in mind that the maximal operators M(;"/p

The proof will proceed by iterating the function uq(-) using information on pa(:),

are restricted to the ball Bag,.

that is getting information on the measure of the level sets of |Vyul, in terms of
those of |Vi1|. We choose the starting level Ay as

Ao =C (1P + |Vyul?P) dz,

Bag,

where C' is a suitable constant depending on the doubling constant Cy and on c¢,;
the role of this constant in the sequel does not require any further detail. Therefore,
using (4.4) and the fact that A > 1, we find for any m € N

1
(4.21) (A" o) < 11(Xo) < 51 Br -
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Now we want to use Lemma 4.2; more precisely, for every m = 0,1,2,... we would
like to apply it with the choices

1
0= 2A4/p
and
(4.22) E:={z € Br,: M* (¢’ + |Vul?) > > A™FT)g, and M /p(|VH1/)|p) <eA™ N},
(4.23) G:={z € Br,: M*(uP 4+ |[Vuul|P) > A™N\}.

Thus we first check if the assumptions for Lemma 4.2 hold. First of all, we can
immediately see that |E| < p1(A™T1)g), therefore, combining this information with
(4.21), we readily have

é
|E] < §|BRO|7
which is the first assumption needed in the application of the lemma. The second
assumption is exactly given by Lemma 4.3, which is applied with A = A™\y; there-

fore, recalling that |G| = p1(A™N\o) and that |E| > py (A™TIN\g) — p2(A™e)g), the
thesis of Lemma 4.2 gives

m 1 m m
(4.24) p1(A™HN) < 2Aq/pu1(A Ao) + p2(AMeNg)
for any m =0,1,2,... Induction on the previous inequality easily gives
1 m+1
m+1 [
p (4 Ao) < (ZAQ/p) 1(%0) + Z (2A) 2(A'€o).

Therefore, if we multiply the previous equation by A?"+D/P and sum over m from
0 to M € N, we have

M M Mo m —i ,
Z Aq(m-ﬁ-l)/le(Am-‘rl)\O) < Z 2754_1 ey Z Z (I(H-l)/p( ) ) pi2(AleAo)
m=0 m=0 m=0 =0

1(Ao) + Z ZA‘I(”l)/”(%)miiug(/ﬁe)\o).

m=0 =0

Interchanging the order of summation in the second term of the last inequality and
exploiting the geometric series, we actually deduce after passing to the limit as
M —

(4.25) ZA‘?(’”“ Py (A N0) < pa(No) + 2477y T 2492y (AMeNy ).

m=0
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Now we would like to turn the previous estimate into an estimate for the maximal
function. This can be done in a standard way by applying the elementary inequality

(o)
/ gldx = / QA" (x € Br,: g(z) > \)d),
Brg 0

which holds for g € LY(Bg,), g > 0, ¢ > 1, to the function g = M*(u? 4+ |Vyul?); we
just need to decompose the interval [0, 00) into intervals [0, o] and [A™\g, A1)\
and exploit (4.25) together with the monotonicity of the functions p1, uo and the LP
estimate for the maximal function. At the end, we come up with

/ (u+ |Vyu)?de < c/ M*(pP + |VigulP)P dz = c/ AP (0 dA
Bnr, Br, 0

o 00 AN
:c/ Aq/pflm(A)dmLcZ/ AP () dA

0 m=0 A™ N\g
SAPBry |+ eX§/P " APy (AT eN)

m=1
q/p A 00 P
< P+ |VuulP)d B _ /P A)dA
<]{3(u Vi) de) 1Bl + s | (V)

q/p
<c( / (u”+|VHUI”)dw> Brl+e [ Mg (14 [Vbl?) da
B:r, Bry

q/p
<o(f wremara) Bl [ v
Bag, Bary

where the constants in the last line include the dependence on € and A, and therefore,
due to our choices, these constants finally depend on n,p, q,a, 3. Therefore, after
elementary manipulations, we finally come to the estimate

1/q
([ G 9yras)
Br,
q/p
Sc(][ (up+|VHu|p)da:> —l—c(][
Bag, Bagr,

which holds for any small radius Ry fulfilling the condition Bar, € €. The conclusion

1/q
Vi) dx) ,

0

comes due to a standard covering argument, in the spirit of [32]. O
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