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Abstract. Let A(G) be the adjacency matrix of G. The characteristic polynomial of the
adjacency matrix A is called the characteristic polynomial of the graph G and is denoted
by ¢(G, ) or simply ¢(G). The spectrum of G consists of the roots (together with their
multiplicities) A1(G) = A2(G) > ... = A (G) of the equation ¢(G, A) = 0. The largest root
A1(G) is referred to as the spectral radius of G. A f-shape is a tree with exactly two of its
vertices having maximal degree 4. We will denote by G(l1,l2,...,17) (I1 > 0,1; > 1, ¢ =
2,3,...,7) af-shape tree such that G(I1,ls,...,l7)—u—v = P, UP,U...UP,, , where u and v
are the vertices of degree 4. In this paper we prove that 3v/2/2 < A1(G(l1,1l2,...,17)) < 5/2.
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1. INTRODUCTION

Let G = (V,E) be a simple undirected connected graph with the vertex set V'
and the edge set E. For a vertex v € V, we denote by d(v) and A the degree of v
and the maximum degree of vertices of G, respectively. Let A(G) be the adjacency
matrix of G. The characteristic polynomial of the adjacency matrix A is called
the characteristic polynomial of the graph G and is denoted by ¢(G,\) or simply
©(G). The spectrum of G consists of the roots (together with their multiplicities)
A(G) =2 X2(G) = ... = A (G) of the equation ¢(G, A) = 0. The largest root A\ (G)
is referred to as the spectral radius of G. Since A(G) is a real symmetric matrix, its
eigenvalues must be real. The terminology concerning graphs will follow [2]; for all
details on graph spectra, not given here, see [1].

A f-shape tree D,, (n > 7) is the coalescence of the star K 4 and the path P,_4
with respect to two pendant vertices (see Figure 1).

This work was supported by the Natural Science Foundation of Xinjiang University
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A T-shape T'(kq, ko, k3) is a tree with exactly one of its vertices having the maximal
degree 3 such that T'(kq1, ko, k3) — v = Py, U Py, U Py,, where Py, is the path on k;
(i =1,2,3) vertices, and v is the vertex of degree 3.

A i-shape is a tree with exactly two of its vertices having the maximal degree 4.
We will denote by G(l1,la,...,17) (11 >20,1; >21,i=2,3,...,7) a {-shape tree such
that G(I1,12,...,l7) —u—v =P, UP, U...UP,, where u and v are the vertices of
degree 4 (see Figure 2).

Let W, be a graph obtained from the path P,_5 (indexed in the natural order
1,2,...,n — 2) by adding two pendant edges at vertices 2 and n — 3 (see Figure 1).

Let Sn be a graph obtained from the path P,_4 (indexed in the natural order
1,2,.. —4) by adding four pendant edges at vertices 2 and n — 5, that is S,, =
G(n 8,1,1,1,1,1,1 see Figure 1).

S

Flgure 1

There are many results in literature concerning the largest eigenvalue of a graph
and the graph structure (see [1], [7] and [4] for details). In this paper we are mainly
interested in obtaining the lower and upper bounds for the largest eigenvalue of
i-shape trees.
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G(l,la,...,17)
Figure 2

2. MAIN RESULTS

First some useful established results about the spectrum are presented, which will
play an important role throughout this paper.
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Lemma 2.1 ([5]). The characteristic polynomial of a graph satisfies the following
identities:
(a) p(GUH,\) = p(G,\)p(H,\);
(b) (G, A\) =¢(G—e,A\) — (G —u—wv,A) if e =uv is a cut-edge of G,
where G — e denotes the graph obtained from G by deleting the edge e and G —u —v

denotes the graph obtained from G by deleting the vertices u, v and the edges incident
to them.

Lemma 2.2 ([1]). Let P, denote the path on n vertices. Then

n T sin((n + 1) arccos %)\)
G,\) = A=2 = '
e(G, ) 31;[1 ( ST 1) sin(arccos £ )

Let A = 2cos 6, set t1/2 = ¢l it is useful to write the characteristic polynomial of
P, in the form
t—n/Q(tn—i-l _ 1)

(t—=1)
Lemma 2.3 ([7]). Let T,,, = T(m,m, m). Then

(P, 112+ 171/2) =

4—(m+1)/2

SO(TTYL) t1/2 + t71/2) = 11

(™2 — 2t™ L L ot — 1) (( Py A))2.
Lemma 2.4. Let G(0,6l) = G(0,1,1,1,1,1,1). Then

t—n/Q (tl-‘,-l _ 1)4

1/2 -1/2y _

[(£F2 — 2t 2t — 1) — (£ — 1)),

Proof. By Lemma 2.1 we get

p(G(0,61),A) = o(T1, \p(Ti, A) = (o(Fr, N))°.
Let A =tY/2 +¢"1/2 by Lemma 2.4 we have

=2 41 2 6
— o7 W =2 2t = D(p(B, 4)7 — e(B, )
B t—n/Q(tl-‘rl _ 1)4
B (t—1)°

P(G(0,61),t1/> +171/2) =
[(£F2 — 2t 2t — 1) — (£ — 1),

where 6] 4+ 2 = n. O
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Lemma 2.5 ([1]). Let G be a connected graph and H a proper subgraph of G.
Then )\1(H) <M (G)

Lemma 2.6 ([8]). Let D,, be a t-shape tree. Then

lim A (D) = 3V2.

n—oo 2

Lemma 2.7. Let S,, be a {-shape tree G(n —8,1,1,1,1,1,1). Then

Proof. By the structure of the graphs S,, M,, (see Figure 2) and D,,,, we
have that D,, is a subgraph of M,,,, and S,, contains M,,, as a subgraph for suitable
7 < ng < np < n.So we immediately obtain the following inequality from Lemma 2.5:

A1(Sn) > M (Mp,) > Ai(Dyy)-

By Lemma 2.6, for n; > ng we have \;(M,,,) > lim \;(D,,) = 3v/2/2, which im-
ng— oo

plies that Ay (M,,,) > 3v/2/2. Also by Lemma 2.5, we easily get A1 (S,) > A\ (M,,,) >
3\/5/2. Thus for all n > ng we obtain

A (Sn) > 3v/2/2.

O

Hoffman and Smith [3] define an internal path in a graph, denoted by wvo,
V1,...,Vk_1,Vk, as a path joining vertices vy and v; which are both of degree
greater than two (not necessarily distinct), while all other vertices (i.e. v1,...,v5-1)
are of degree equal to two.

Lemma 2.8 ([3]). Let G be a connected graph that is not isomorphic to W,,. Let
G v be the graph obtained from G by subdividing the edge uv of G. If uv lies on an
internal path of G, then A1 (Gyy) < A1 (G).

Lemma 2.9 ([6]). Let 7 be a tree with the largest vertex degree A. Then

(2.1) A (1) < 2VA 1.
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Theorem 2.10. Let G = G(ly,...,l7). Then

(2.2) — < M(G) < g

Proof. Let! be a positive integer such that Il; <1 (i =2,...,7). By Lemma 2.4
we have

tfn/Q(tl#’l _ 1)4

1/2  4-1/2y _
P(G(0,61), " + ¢711) L

(72 — 2t 2t — 1)% — (¢! — 1)

—n/2(44+1 _ 1)4
— e = 2 - 1 8- D) e 1)
=: O(¢).

Let t; be the largest root of ®(t), then t; < 4 since ®(¢) > 0 for ¢t > 4. Let
f(t) = t'/2 £ t7Y2 then f'(t) = t=3/2(t — 2)/2 > 0 for t > 1, so f(t) strictly
increases in [1,00). Thus A1 (G(0,61)) = t}/z +t 12 <42 44712 =5/2.

On the one hand, by Lemmas 2.5 and 2.7 we have the inequality

(23) % < )\1(5 ) = )\1(G(11, ]., ]., ]., ]., ]., 1)) < )\1(G(l1,l2,13,l4,l5,l6,l7)).

On the other hand, by Lemmas 2.5 and 2.8, we obtain the inequality

(24) AI(G(lla127l3;l47l5;lﬁ7l7)) < Al(G(llalalalalalal)) < Al(G(Oalalalalalal))

l\DIO"

Combining inequalities (2.3) and (2.4), we obtain the main result

3\f
—— < M(G(l1, 12,13, 14,15, 16,17)) <

Do | Ot

O

Now we have A\ (G(l1,12,13,14,15,16,17)) < 2v/3 by inequality (2.1). Here we see
that the upper bound inequality (2.2) is better than the upper bound inequality
(2.1).
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