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Abstract

Variance components in regression models are usually unknown. They
must be estimated and it leads to a construction of plug—in estimators of
the parameters of the mean value of the observation matrix. Uncertainty
of the estimators of the variance components enlarge the variances of the
plug—in estimators. The aim of the paper is to find this enlargement.

Key words: variance components, plug-in estimator, multivariate
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Introduction

A construction of the best linear unbiased estimator (BLUE) of model param-
eters need a knowledge of the covariance matrix. If variance components are
under discussion and they must be estimated, then a plug—in estimator of the
model parameters must be used. This enlarges the variance of the BLUE. The

aim of the paper is to find this enlargement.
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2 Notation and preliminaries

Four basic structures of multivariate models are under consideration (in more
detail see in [2]).

P
vec(Y) ~ nm | (I, @ Xy i) vee(Bgm), Z Vi mm) @I |, (2.1)
i=1
P
vee(Y) ~ nm | (Ln @ Xy i) vec(Bg ), Ly ® vamn)] . (22
i=1
P
vec(Y) ~ l(er’m ® Xy ) vee(Bg m), Zﬁivi’(m) QI,|, (2.3)
i—1

p
vec(Y) ~ [(Z;,m ® Xn-,k) VeC(Bk,m)’ I ® Z 19Z'V737(nml)‘| : (2.4)
i=1

Here Y is either n x m or n x r random matrix (observation matrix), I, is
m X m identity matrix, X is a given n X k matrix, Z is a given m X r matrix,
Vi,...V, are given either 7 x r or n X n symmetric and positive semidefinite
matrices and ¥, ...,v, are unknown variance components.

Because of simplicity all models are considered to satisfy the following con-
ditions.

r(Xpx) =k <n, Vi,...,V, are symmetric and positive semidefinite,
9, >0,i=1,...,p,

¥ €9 (open set in the p-dimensional Euclidean space E?),

P
I ey = Z ¥;V; is positive definite matrix, 7(Z,,,) =m <.
i=1

Let 9y be an approximate value of the vector ¥ and X(9) = Y7  9,V,,
Yo = (Y1,0,...,%,0). Then ¥o-LBLUEsS (locally best linear unbiased estimator)
of the matrix B are

B = (X'X)!X'Y, Vary, [vec(B)] = E(9) @ (X'X)*

in the model (1),

B = [X'S71(90)X] ' X'S(9)Y, Vary, [vec(B)] = L,@[(X'= 7 (99)X] "

in the model (2),

-1

B = (X'X) XY 1(90)2' [227 1 (90)2'] ",
Varg, [vee(B)] = [ZE_l(ﬂo)z’]_l ® (X'X)"L
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in the model (3) and

B = [X'S1(90)X] ' X'S" (9 YZ (ZZ)) ",
Varg, [vec(B)] = (2Z') ' @ [X'S™1(90)X]
in the model (4) (in more detail see in [2]).

In fact the model (2) is m-tuple of univariate models. Nevertheless it can
be analysed as the multivariate one.

In the following text the symbol
My =1-XX*

(here ”T” means the Moore-Penrose generalized inverse of a matrix; in more
detail see in [3]) and

[MxE(9)Mx]| " = 71(#9) - E1(90)X[X'E "1 (90)X] ' X'E"1(d0)

will be used.

If the vector ¥ of variance components is estimable, then the ¥9¢-MINQUEs
(minimum norm quadratic unbiased estimator; in more detail see in [4], [2], [1])
of 9 are

!/
)

9= —S_*l(ﬁo)ﬁa %’ = (:Y\la s 7%{1)
i =Tr [YMxYS ™ (9) V= (9)], i =1,...,p,
{SE_l(ﬁo)}i,j =Tr [Viz_l(ﬂ())vjz_l(ﬂ())] y i =1,...,p,
2

Vary, (5) = ms;wg) (in the case of normality of Y)

in the model (1),

1

~ 1 SR R R
9= ES[sz(ﬁO)MX]Jr'Yv ¥=0,- 7’7}7)/

:Y\i =Tr {X’ [sz(’ﬁo)Mx]-i_Vl [sz(ﬁo)Mx]+X} 5 Z,] = 17 PN VN

{SiMxs o) M)+ }” =Tr {Vi [Mx ()M, | v, [Mx % () Mx| +} ;

iﬂjzlﬂ"'7p7

2 o1

Vary, (9) = ES[MXE(ﬂo)Mx]*

(in the case of normality of Y)
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in the model (2),

-1 <

9 = [(n— k)Ss-1(95) + ESiar, s00)mpt] A ¥ = Gy,
5i =T (Y MY S (00)Vi= ™! (9) + YPxY{ Mz B(90)My]
X Vi [MZ’Z(ﬂo)MZ’:I+}>7 1= la Ry

3 -1,
Varg, (9) =2 [(n — k)Ss-1(94) + kS[n1,, 5(90) M, ]+ ] (in the case of
normality of Y)

in the model (3) and in the model (4) it is valid that

-~ -1 ~ ~ ~ ~
9= [(7’ - m)Szfl(ﬁ(,) + mS[JWXE(ﬁo)MX]Jr] ¥, A=A, 77p)/7

Y =Tr [YMzY'S7H(90)V;E " (9o)] + Tr {XPZ'XI [MXE(@O)MX]JF
x V; [MXE(’BO)MX]Jr}v i=1,... Nz

Varﬁo(a) =2 [(7" —m)Sx-1(9,) + mS[MXz(ﬂO)MXH]fl (in the case of
normality of Y).

Here Py = XXT.

3 Variance of plug-in estimators

In this section the normality of Y is assumed.

3.1 Model (1)

In the model (1) it is valid that the BLUE of the unbiasedly estimable function
Tr(HB) for any given m x k matrix H is

Tr(HB) = Tr [H(X'X)"'X'Y], Vary [Tr(HB)] = Tr [H(X'X)'H'S(9)],
thus the plug—in estimator need not be used and only Vary [Tr(Hfi)] must be
estimated. The estimator of the dispersion of Tr(Hﬁ) is

Vary [Tr(Hﬁ)] =Tr
i=1

/4
H(X'X) "' H' ) @ivi] =g,

where g = (g1,...,9p), g:=Tr [H(X’X)_lﬂ’Vi], i=1,...,p.
Thus

n —

—_ ~ T~ 2
Vary [ Tr(HB)| = g'd, Vary, {Varﬁ [Tr(HB)]} = kg’Sgllwo)g.
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3.2 Model (2)

Lemma 1 In the model (2) it is valid that

O B0 _ gy o (90)X'8 ! (90) V.S (9],

Y
where C(9y) = X'S 7' (90)X, v=Y — XB(d).
Thus
d'Tr [HB ()] 8 Tr [HB(9)] 8 Tr [HB(9))]
E’l9(] - aa = 07 E’L90
99 99 a9;

=Tr {HC‘l(ﬁo)X’E‘l(ﬂo)Vi [Mx2(9)Mx] +Vj2_1(190)XC‘1(190)H’},
,5=1,...,p.
Proof

oTr [HB(9)] 0T {H[X'S7'(80)X] ' X'S7'(8)Y |
o a9,

=Tr {H[x’zl(ﬁo)x] TS () VST (90) X [X/S T (90)X]

X X’El(ﬁo)X} —Tr {H[X’El(ﬁo)x} 1X’21(190)V121(190)X}
=—Tr {H[X’El(ﬂo)x]_lx’ﬁ1(190)Vi21(190)z}.

Since
Varg, [vec(v)] =1® [E(dy) — XC™'(99)X']
and

[I® =71 (0))] Varg, [vee(v)] [I0 71 (90)] =I® [MxE(d)Mx] ",

it is valid that

o (27T [HB(@,)] 9Tr [HB(9))]
o VY; dY;

=Tr {HCl(ﬁO)X’El(ﬂO)Vi [MXE(ﬂO)MX]JerEl(ﬂo)Xcl(ﬁo)H’}.
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Let Zy(Yp) be p X p matrix with entries given as
{Zu(Y0)}iy =
=Tr {HCl(ﬁo)X’Z‘l(ﬁo)Vi [MXE(ﬁo)MX]JerZ‘l(ﬁO)XC1(190)H’},

hwj=1,...,p.
Corollary 1 Let 59 =90 — Jg. Since

Tr [Hﬁ(ﬂo + 5@)] ~
~ Tr [HB(9y)] — i Tr [HC ™ (90)X'S ™1 (90) Vi E 1 (90)v] 89,
i=1

and v and B(9y) are non-correlated, it is valid that
Ey, (Tr { [HB(9, + 69)] ‘@}) ~ Tr(HB),
Vary, (Te { [HB(9 + 59)] ’@9 )~ Tr [H(X'X) " H'S(80)] + 59 Zir (90)99.
Lemma 2
Vary, { Te [HB(90 +69)] } = Vary, [Ey, (Tr { [HB(®, + 59)] ‘@})]
+ By, [Varg, (Te { [HB(90 + 69)] |50} )] .

Proof It is well known. O

With respect to Corollary 1 and Lemma 2 the following statement can be
obtained.

Theorem 1
Vary, { Tr [Hﬁ(ﬁo + 51\9)]} ~

_ 2
~ Tr {H[X'S 7 (90)X] 7 B} 4092 (96)50+ = T (2 (90)S 7 oy nr ) -

Remark 1 If the vector 9 is estimated by an iteration, i.e.

30D _ Lo NG
P = S nns@onngs T

50 =1 Y My @My VM@ MK Y =1,

then the estimator

—
o~

Varg { Tr [HE(@)]} ~Tr {H[X’Z*l(ﬁ)x]’lH’}+% (ZH(ﬁ)S[_I\/lIXE(ﬁ)MX]Jr)

can be used.
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3.3 Model (3)
Lemma 3 In the model (3) it is valid that

o1 [HBW)] _ oy, {(X’X)_lx’zx’l(190)V,E’1(190)Z’ (Z271(90)Z] ‘1},

a0,
1= ]‘? N 7p7
where v=7Y — Xﬁ(ﬂo)z
Thus
o (9T [HB(9)] dTr HB (99)] 0Tr [HB ()]
vo a9, a9,
—Tv {Viz—l(ﬁo)z' (2271 (90)Z] THX'X) '’ [Z2 7 (90)Z] ' ZZ 7 ()
XV[MZ/ MZ’] } ,7=1,...,p.

Proof It is an analogy of the proof of Lemma 1. The equality
Varg, [vec(v)] = £(d) @ My + {2(190) ~ Z/[ZX(90)Z] ‘1z} 2 Px

was utilized. Here Py = XX*. O

Let Ty () be the p x p matrix with the entries

{Tu(do)},,; =
=T {ViZ ™' (90)2 [Z2 7 (90)Z] H(X'X)"'H 257 (90)2]
X ZX 7 (9)V,; [MZ/E(%)MZ/F}, ii=1,....p.
Corollary 2 Since
Tr [HB(9 + 69)] ~ Tr [HB(9y)] — f: Tr {(X’X)_IX’XE_l(ﬂo)V
p

% 271 (90)2 [zz*l(ﬁo)z’]’l}a’{?i

and v and B(9y) are non-correlated, it is valid that
Ey, (Tx [HB(9 + 59)] ‘@) ~ Tr(HB),
Vary, (Tr [HB(9, + 59)][39) ~
~Te {HXX) B 287 (90)2] '} + 59 Ty (90)59.

Since
Vary, [Eﬂo (Tr [HB(9, + 69)] @)} ~



92 Lubomir Kubacek, Jana Vrbkova

and
o 153 N\ =1y -1 n—1
Eq, [var% (TY [HB(9 +5«9)]‘519)} ~ TY{H(X X)"'H' (257 (9,)Z] }
—1
+ 39" T(90)89 + 2T {TH(ﬁo) (0 = 1)1 000 + KSL m00)r1 } :
the following statement is valid.
Theorem 2 In the model (3)
Vary, {Tr [HB (9, + 579)]} ~ Tr {H(X/X)AH/ 25 (90)2] —1}
-1
+ 89T (90)09 + 2 Tr {TH(ﬁo) (0 = B)Ss-100) + KL, s 00y } .
Remark 2 If the vector ¥ is estimated by iteration, then
Vary { Tr [B(D)] } ~Tr {H(X’X)*H’ [zx'(9)Z/] ’1}
. -1
2Ty {TH(ﬁ) (0 = B)Ss25) + BSar,, 5@y } .

3.4 Model (4)
Lemma 4 In the model (4) it is valid that

d'Tr [HB(9)]

o, - T {vizfl(ﬂo)zZ’(ZZ’)*lH[X’E*(ﬂo)X]_1X’E*1(0o)} 7

1=1,...,p,

where v=Y — Xﬁ(ﬂo)Z. Thus

T [HB(Wo)]\ .
E'L90 (T _07 2_17' 2
8Tr [HB(9o)] 9Tr [HB(9)]
COVy 5
0 99, 99,

=Tr {Vi [Mx 2 (90)Mx] TV, 571 (90)X [X'E " (90)X] 'H/(ZZ')'H
X [X’zfl(ﬁo)x]’lx’zfl(ﬁo)} = {Un(Wo)}iy, ij=1,....p.
Proof The equality
Vary, [vec(v)] = Mz @ 5(9) + Py ® {2(190) — X[X'S7(90)X] *x’}

must be used. Further procedures are analogous as in the proof of Lemma 1. O
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Since
Tr [HB(9 + 69)] ~ Tr {Hﬁ(ﬁo)]

Y Tr{ V.21 (9)vZ (ZZ) "H[X'S 1 (99)X]| ' X'~ (390) L60;,
> [ ]

and ]§(190) and v are non-correlated, it is valid that

Ey, {Tr [HB(9 + 50)] ‘@} ~ Tr(HB),
Vary, {Tr [Hﬁ(ﬁo + 31\9)] ‘31\9} ~

~ Tr {H[X’E*l(ﬁo)x] ’1H’(zz’)*1} 450 Uy (90)59.

Thus the following statement is valid.

Theorem 3
Vary, (Eg, {Tx [HB(9 + 59)] |59} ) ~ 0,
Eq, (Vargo {Tr [HB(9 + 50)] ‘@}) ~ Tr {H[X’Z*l(ﬁo)x] ’1H’(zz’)*1}

—1
+ 69U (90)009 + 2 Tr {UH(ﬁo) [(r —m)Sgli )+ ms[—w}xwoww] } .

Remark 3 If the estimator of ¥ is determined by the iteration, the estimator
of Vary {Tr [Hﬁ(f?)]} can be given as

Vary {’;[Eﬁ(@)]} ~ Tr {H[X’E’l(@)x] ‘1H’(zz’)*1}

~ —1
—1 —1
+2Tr {UH(ﬁ) [(r *m)SE,l@ +mS[MXE(5)MX]+} } .

4 Numerical example

Let

vec(Yg 3) ~ [(I® X)vec(B), I @ X
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where
1, -3
1, -2
1, -1 0, 0.5, 1
Xo,2 = 1, 11|’ Bajs = (0.5, 1, 1.5)
1, 2
1, 3
_ I3,37 0 03,3, O
z=h 0, 03 >+192< 0, I3,3>’
1,1 9
H=|1,1|, 95 =(01)?2 9,=(03)?* = (191)
2
1,1
Then

1

0999 {Tr [HB(9)] - 10000

Tr [HB(9)] }2 — 0.2145846,

N 2
\/Tr {H[X/z—l(ﬁo))q 1H/} 5 T [Z(90)S 3l sog)aay)+ ] = 0-2037746.

Since

0.2037746
0.2145846

the approximate standard deviation of the plug-in estimator attains in the mean
95 % of the actual value.
Let in the same case ¥; = 12 and ¥ = 32. Since

= 0.9496236,

\/Tr {H[X’E’l(f})x]_lH’} = 1.946272,

1 10000 R 1 . )
o055 O { T [HB(9)] — 7o Tr [HB(9)] | = 2.165647,

i=1

N 2
\/Tr {H[X/z—l(ﬁo)x] 1H/} 3 T [Zr(90)S i 500 a1y = 2037746

Also in this case
2.037746

2.165647
the approximate standard deviation of the plug-in estimator attains in mean 94
% of the actual value. L
The probability density functions of the random variable Tr [HB(ﬂ)] see for
Y1 = 0.12, ¥ = 0.3% on Fig. 1, for the ¥, = 12, ¥5 = 3% on Fig. 2.

= 0.940941,
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0.15

Density
0.10

0.05

0.00

I I I
3.5 4.0 4.5 5.0 5.5
Fig. I: E{Tr [HB(9)]} = 4.5

0.15

Density
0.10

0.05

0.00

-5 0 5 10

Fig. 2. E{Tr [HB(9)]} = 4.5

The probability density of the random variable

o~ p— >3 - 2 9 -
(@) =T {HX'S @)X] B+ ST [Za@)S ] oy,

see for ¥; = 0.12, ¥5 = 0.32 on Fig. 3, for the ¥; = 12, ¥5 = 3% on Fig. 4.
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Density

T T
0.0 0.5 1.0 1.5
Fig. 3: E{7(9)} = 0.03787975

Density
0.10 0.15 0.20

0.05

0.00

I
4 6 8 10 12
Fig. 4: E{r(9)} = 3.787975

o
[\)
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