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Strong pseudocompact properties

S. GARCIA-FERREIRA, Y.F. ORTIZ-CASTILLO

Abstract. For a free ultrafilter p on N, the concepts of strong pseudocompact-
ness, strong p-pseudocompactness and pseudo-w-boundedness were introduced in
[Angoa J., Ortiz-Castillo Y.F., Tamariz-Mascaria A., Ultrafilters and properties
related to compactness, Topology Proc. 43 (2014), 183-200] and [Garcia-Ferreira
S., Ortiz-Castillo Y.F., Strong pseudocompact properties of certain subspaces of
N*, submitted]. These properties in a space X characterize the pseudocom-
pactness of the hyperspace K(X) of compact subsets of X with the Vietoris
topology. In this paper, we study the strong pseudocompactness and strong
p-pseudocompactness of certain spaces. Besides, we established a relationship
between these kind of properties and a result involving topological groups of
I. Protasov [Discrete subsets of topological groups, Math. Notes 55 (1994),
no. 1-2, 101-102].

Keywords: p-pseudocompactness; ultrapseudocompactness; strongly pseudocom-
pactness; strongly p-pseudocompactness; weak P-points; ¢ — OK points; Rudin-
Keisler pre-order

Classification: Primary 54A20, 54D99; Secondary 54D80

Preliminaries and introduction

In this article, every space will be Tychonoff and infinite. The Greek letter
w represents the first infinite cardinal number. For a space X, we let D(X) be
the set of all discrete subsets of X. If X is a topological space and A C X, then
we denote by clx(A) (or simply cl(A)) the closure of A in X. The Stone-Cech
compactification SN of the discrete space of natural numbers N will be identified
with the set of all ultrafilters on N and its remainder N* will be identified with the
set of all free ultrafilters on N. If A C N, then A = clgmyA={p e B(N): Acp}
is a basic clopen subset of S(N), and A* = A \A={peN*:Ae€p}isa basic
clopen subset of N*. Given two ultrafilters p, ¢ € SN, we say that p <grg q if there
exists a function f : N — N such that f(q) = p, where f is the Stone extension
of f to BN. This relation is known as the Rudin-Keisler pre-order on SN. We
say that two ultrafilters p and g are <y -equivalent if p <px q and ¢ <gx p (in
symbols, p ~ q); they are <gx-comparable if either p <gri q or ¢ <grx p; and
they are <gg-incomparable if they are not <ppx-comparable. For p,q € N*, it is
known that p and q are RK-equivalent iff there is a bijection f : N — N such that
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f(p) = q (see [6]). The type of p € N* is the set T'(p) = {q¢ € N* : p ~ ¢}. For an
infinite set X, we write [X]¥ := {A C X : |A| = w}. Those notions used and not
defined in this article have the meaning given to them in [7].

Following the paper [11], given a space X, p € N* and a sequence (Sy,)nen of
nonempty subsets of X, we say that x € X is a p-limit of (Sp)nen, in symbols
x=p—limp 00 Sp, if {n € N: S, NW #£ 0} € p for each neighborhood W of z.
In particular, if (2,)nen is a sequence of points of X and z is a p-limit point of
this sequence, then the point z is unique and we simply write x = p —lim,, o0 T,
rather than = p—lim,, oo {x, }. In some cases, the set of p-limit points, denoted
by L(p, (Sn)nen), of a sequence (S, )nen of nonempty subsets of X can have more
than one point. The concept of p-limit point of a sequence of points has been
around in the mathematical literature for a long time and has been considered
by several mathematicians (for instance, R.A. Bernstein [4], H. Furstenberg [8,
p.179] and E. Akin [1, p.5, 61]). For p € N*  a topological space X is named
p-pseudocompact if every sequence of nonempty open subsets of X has a p-limit
point. This concept of p-pseudocompactness was introduced by Ginsburg and
Saks [11]. In the literature, a space X is called pseudo-w-bounded if for each
sequence (U, )nen of nonempty open subsets of X there is a compact subset K of
X such that KN U, # 0 for each n € N, a space X is called ultrapseudocompact
if X is p-pseudocompact for all p € N*. As in the paper [3], a space X is called
strongly p-pseudocompact, for p € N*| if for each sequence (U,,)nen of nonempty
open subsets of X there are a sequence (2, )nen of points in X and z € X such
that x = p—lim,,_,~ =, and z,, € U,, for all n € N. Base on this notion, a space X
is called strongly pseudocompact if for each sequence (U, )nen of nonempty open
subsets of X there are p € N*, a sequence (z,,)nen of points in X and z € X such
that x = p — limy,, 00 @, and x,, € U, for all n € N (see [9]). All this notions
arose from the following result concerning hyperspaces. Given a space X, K(X)
denotes the hyperspace of compact subsets of X with the Vietoris topology.

Theorem 0.1 ([2, Theorem 2.2]). Let X be a topological space. Then the fol-
lowing statements are equivalent:

(1) X is pseudo-w-bounded,

(2) K(X) is pseudocompact,

(3) K(X) is p-pseudocompact for some p € N* and

(4) K(X) is strongly p-pseudocompact for some p € N*.

It is easy to check that the strong pseudocompactness of (X)) is equivalent to
any statement of the previous theorem. Also, the properties of p-pseudocompact-
ness and strong p-pseudocompactness are equivalent under locally compactness,
and for every space X satisfying N C X C SN (see [3]). The first examples of
p-pseudocompact spaces non-strongly p-pseudocompact, was given in [9] (actu-
ally, ultrapseudocompact non-strongly pseudocompact spaces). An example of a
strongly pseudocompact non-ultrapseudocompact space is a countable compact
space whose square is not pseudocompact. In Section 1, we give an example of
a strongly pseudocompact, ultrapseudocompact non-strongly p-pseudocompact
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space for several p € N*. In the second section, we use some ideas of I. Protasov
[12] to give an approach to the answer to the next question:

Question 0.2. Is it true that every pseudocompact group G is strongly pseudo-
compact?

Unfortunately, we could not answer this question.

1. Strong pseudocompactness and p-pseudocompactness

Clearly, strong pseudocompactness is stronger than pseudocompactness and
weaker than countable compactness. It is proved in [3] that the set of RK-
predecessors Pri (p) of p is a strongly p-pseudocompact, non-p-compact space,
for any p € N*. Also it is showed in [9] that the subspace of weak P-points of N*
is an ultrapseudocompact, non-strongly pseudocompact space. The only missing
implication between these properties is from the strong pseudocompactness to the
p-pseudocompactness. In the present section, we will show that this implication
is false. To construct our example we shall need the following two lemmas. The
first one is a well-known result due to Z. Frolik (for a proof see [5, Lemma 8.2]).

Lemma 1.1. Let S,T € [N*]*. If cl(S)Ncl(T) # 0, then either cl(S)NT # 0 or
Sne(T) # 0.

To the rest of this paper, we simplify our notation introducing the following
definition.

Definition 1.2. Let X be a space. Given S € [P(X) \ {0}]* and p € N*, the
p-boundary of S in X is the set

Bp(S):{xEX:z:pfnli_{gozn,{zn:nGN}1§US and

VAe S({n:x, € A} <w)}.

Lemma 1.3. Let U be an infinite family of nonempty pairwise disjoint clopen
sets of N* and let p, ¢ € N*. If there exist two countable sets S1,S2 C U such
that Bp,(S1) N By(S2) # 0, then p and q are RK -equivalent.

PrROOF: Fix z € B,(S1) N By(Sz2). Choose {z, : n € N} C |JS1 and {ym, :
m € N} C |JS, satisfying the conditions of Definition 1.2. In particular, z =
p—lim, o p = ¢ —lim y,,. Consider the sets

A={neN:ImeN(@, =yn)} and B={m € N:3n € N(y,, = x,)}.

Claim: We have that A € p, B€ ¢, {m e N:3n € ANC(ym = x,)} € ¢ for
every C € p, and {n € N:3Im € BN D(zy, = ym)} € p for every D € q.

PrOOF OF CLAIM: Suppose A ¢ p. Since p is an ultrafilter, N\ A € p and hence
p —lim,en a4 n = 2. So, without loss of generality, we can assume that A = ().

1n the set notation {zn : n € N}, we shall undertand that =, # z,, whenever n # m.
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But, on the other hand, by Lemma 1.1, cl({zy, : n € N}) N {y,, : m € N} # 0 or
{xn :n e N}Ncd{ym : m € N}) £ 0. Then {z, :n € N} N{yn :m e N} #£0
which is a contradiction. This prove that A € p and, in a similar way, we can
prove that B € q.

Now, let C € p. Let S4 = {U, : n € N}. For each n € A\ C choose
an € Uy \ {ym : m € N} and let a,, = z,, in other case. Of course, z = p —
lim,, o an. Applying the part of the Claim already proved, we obtain that {m €
N:3dne€e ANClym = an)} = {m € N: In € N(y;n, = an)} € ¢. The proof of
{neN:3Im e BND(x, =ym)} € p is similar.

Let f: N — N be a function such that f|4 : A — B is the bijection defined by
f(n) = m iff x, = y,,. By the Claim, we have that f(p) = ¢ and so ¢ <gx p.
Therefore, by [6, Theorem 9.2], p and ¢ are RK-equivalent. O

We are ready to construct our example.

Example 1.4. Let {C), : 7 < ¢} be a family of subsets of N* such that:

(1) p and g are RK-incomparable provided that p € Cy, ¢ € C¢ where n <
¢ < ¢; and
(2) |Cy| = 2°¢ for each n < c.
There is a strongly pseudocompact, ultrapseudocompact space that it is not
strongly p-pseudocompact for all p € U,] < Oy

PRrROOF: Fix a MAD family A of size ¢ and let S be a partition of {A* : A € A}
in subsets of size w. Enumerate |J, ., Cy by {p¢ : £ <2} and S by {S; : n < c}.
Now re-enumerate S by {S¢ : € < 2°} in such a way that pe € C,, iff S¢ = S5, for
n < cand for £ < 2°. For each £ < 2%, let X¢ = N*\ B, (S¢). The space will be
X = ﬂ§<2c X¢ with the topology inherited from N*. Observe that A* C X for
all A € A. Thus, X has dense interior in N*. Since X contains the subspace of
weak P-points of N* and this space is ultrapseudocompact [9], we obtain that X
is ultrapseudocompact too. We shall prove that X is strongly pseudocompact and
it is not strong p-pseudocompact for any p € U77 < Cy. First, we shall prove that
X is not strong p-pseudocompact for any p € U,Kc Cy. Fixn < cand p € C,.
We know that p = pe for some { < 2°. Let {V,, : n € N} be an enumeration of Sg.
Suppose that (2, )nen is any sequence of points such that z,, € V,, for every n € N.
Then the p-limit point of (x,)nen belongs to By, (S¢). This shows that X cannot
be strongly p-pseudocompact. To prove that X is strongly pseudocompact, we let
(Un)nen be a sequence of nonempty open subsets of X. Without loss of generality,
we may assume that for each n € N there is A,, € A such that U,, C A} and U,
is clopen in N*. We need to consider three cases:

Case I. There is m € N such that [{n € N: A, = A, }| = w. In this case
just pick any sequence (zp)nen in X so that x,, € Uy, \ {z; : ¢ < n}. Since A}, is
compact, any accumulation point of {z,, : n € Nand A, = A,,} liesin A¥ C X.

Case II. There are an infinite set B C N and an injective function ¢ : B — S
such that U, N(J ¢(n)) # 0 for every n € B. Now choose a sequence (T )nen in X
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so that x; € Uy and z,, € [Up,Np(n)]\{z; : i < n} for every n € B\ {1}. Let ¢ be
any accumulation point of the set {x,, : n € B} in N*. Suppose that ¢ ¢ X. Then
there is & < 2¢ such that ¢ € Bpg(Sg). Hence, there exists a sequence (Y, )nen in
\JSe such that ¢ = pe — lim,, 00 ¥n. By Lemma 1.1, we must have that either
cy ({zn :m € B})N{yn :n €N} £Dor {z, :n € B} Ncly-({yn : n € N}) £ 0.
Hence, we obtain that {z,, : n € B} Neln-({yn : n € N}) # 0, but this contradicts
the assumption ¢(n) N Se is finite for all n € B. Therefore, ¢ € X.

Case III. The first two cases do not hold. Then there is n < ¢ such that
{v.esS,:3In e NU, CV)} is infinite and each U,, and each element of S,
contains finitely many U,’s. Without loss of generality, we may assume that for
every n € N there is V' € S, such that U, C V. As before, pick 21 € U; and
zn € Uy \ {z; : ¢ < n} for each n > 1. Choose { < ¢ so that C,, # C¢ and
fix ¢ € C¢. Then, z = ¢ — limy 00 & € By(Sy). Suppose that z ¢ X. Then
there exists £ < 2¢ such that z € B, (Se¢). Let {y, : n € N} C [JS¢ such that
z = pe —lim y,. It follows from Lemma 1.1 that {z,, : n € N} N {y, : n € N} # 0,
and so S¢ = §,. This implies that p¢ € C),. Since n # ¢, we must have that p¢
and ¢ are RK-incomparable. On the other hand, as 2z € B,(S,) N By (S¢), by
Lemma 1.3, ¢ and p¢ are RK-equivalent which is impossible. Therefore, z € X
and it is an accumulation point of the set {z, : n € N}. This shows that X is
strongly pseudocompact. (I

So far, we do not know whether or not there is a strongly pseudocompact
space that it is not strongly p-pseudocompact for all p € N*. This will be true
when N* = J, _ C) and the family {C) : 7 < c} satisfies the two conditions
from the previous example. But we know that there are models of ZFC where
N* = U, <. Cy does not hold (see for instance the book [13] that describes a
model of ZFC' in which there is a free ultrafilter on N* which is RK-below any
free ultrafilter on N). By using the 2¢-many weak P-points of N* pairwise RK-
incomparable constructed in [14], we can see that there is, in ZFC, a family of
Cy’s satisfying the conditions of Example 1.4.

2. Pseudocompact groups

I. Protasov [12] has shown that every infinite totally bounded group contains
a nonclosed discrete subset. Inspired in the proof of his result we introduce the
following notions.

Definition 2.1. We say that a space X is:

(1) D-pseudocompact if for every infinite countable family {U,, : n € N} of
nonempty pairwise disjoint open subsets, there is a discrete set D C
Unen Un such that cl(D) \ U, ey cl(Un) # 0 and |U, N D| < w for all
n € N;

(2) F-pseudocompact if for every infinite countable family {U, : n € N} of
nonempty pairwise disjoint open subsets, there is a non-closed discrete

set D C U, cn Un such that [U, N D| < w for all n € N.
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These two properties are closely related to the strong pseudocompactness which
is equivalent to: for every sequence (Uy,)nen of nonempty pairwise disjoint open
sets, there exists a discrete set D such that cl(D)\ U, ey Un # 0 and |[DNU,| =1
for all n € N. Clearly, by definition,

strongly pseudocompact = F-pseudocompact = D-pseudocompact.

An example of a pseudocompact non- D-pseudocompact space is given in [9]. Next,
we give an example of a D-pseudocompact, non-F-pseudocompact space X.

Example 2.2. There is a D-pseudocompact space X that is not F-pseudo-
compact.

PROOF: Fix a free ultrafilter p on N and let {A,, : n € N} be a partition of N in
infinite sets. Define

B, = T(p) N A

*, and P, ={p— lim =z, : {z,:n €N} e [D(B,)]“}
n—oo

for each n € N. Clearly, for every n € N and all S € [D(B,,)]*, we can choose a

point g(n,S) € cl(S) \ P,. Let

Qn ={q(n,S): S € [D(B,)]“}, foreach neN.
Observe that (|J,cy Pn) NT(p) = 0. The desired space will be:

X=(JB.uQn)UB,({P,:n eN}).

neN

To prove that X is D-pseudocompact, let {U; : i € N} be a pairwise disjoint
family of nonempty open sets. Without loss of generality, assume that | J;c U; C
Unen 4y- We will verify two cases:

Case I. There is n € N such that [{i € N : U; N A% # 0}| = w. In this
case there is an infinite subset 7' of N such that U; N A% # @ iff i € T. As B,
is dense in A}, it is possible to pick some z; € B, NU; for each ¢ € T. Since
{z; i € T} € [D(B,)]*, by definition, g(n, {z; :i € T}) € Qn \ U;en cl(Us).

Case II. The first case does not hold, ie. [{i € N: U; N A% # 0} < w for
each n € N. Then, [{n € N:3i € N{U; N A # ())}| = w. In this case there is
{kn : n € N} C N and there is {i, : n € N} C N such that kg < k1 < ... <
kn < ... and A, NU;, # 0 for each n € N. Choose S" € [D(By, NU;, )|“
such that z, = p — lim,oc 8™ € U;, for each n € N, thus z, € P, NU;,
for each n € N. Let z = p — limp, y00 2y, and D = |J,,cS™. Then D is a
countable discrete subset of |J,, .y Ui such that z € B,({P, : n € N}) nel(D).
Since By ({Pn:n € N}) N (Upen 4s) =0, z € cl(D) \ U;en cl(Us). Therefore, X
is D-pseudocompact.

Now, suppose that X is F-pseudocompact and let U,, = B,UQ,, for each n € N.
Then there are a discrete set D C J,,cy Un and one point z € cl(D) \ U, ey Un
such that |D N U,| < w for each n € N. Thus z € B,({P, : n € N}). Let
{y; : i € N} C {P, : n € N} such that z = p — lim,,,c y;. By Lemma 1.1,
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cd({yi:i e N})ND #0or {y; : i € N}nel(D) # 0. Since cl({y; € N})\ By ({Py :
n € N}) = {y; : i € N} and cl(D) \ B,({P, : n € N}) = D, we obtain that
{yi : © € N} N D # 0 but this is a contradiction because of {y; : i € N} N X = 0.
Thus X cannot be F-pseudocompact. [l

We could not answer the next question.
Question 2.3. Is there an F'-pseudocompact non-strongly pseudocompact space?

We can see that in the proof of I. Protasov it is shown that every totally
bounded topological group is D-pseudocompact. On the other side, it is well-
known that every pseudocompact group is totally bounded. All these remarks
make Question 0.2 be natural and interesting. By using the basic idea of the
construction of Protasov, we can prove the following.

Theorem 2.4. Every pseudocompact topological group is F'-pseudocompact.

PROOF: Let G be a pseudocompact group and let (U,)nen be a sequence of
nonempty pairwise disjoint open sets of G. Since G is pseudocompact we can find
an accumulation point z for the sequence (U, )nen. Without loss of generality,
assume that = e. By the proof of Lemma from [12], we can find a discrete set
{an : n € N} such that:

(1) The set {ana,!:n, m € Nand n < m} is discrete,

(2) {ana,,' : m € N} C U, for each n € N, and

(3) e € cl({ana,,! :n, m € Nand n < m}).
Let D = {ana,;,! :n, m €N and n < m < 2n}. It is evident that [DNU,| < w
for every n € N. Now, let U be an open set such that e € U. Fix a symmetric
open neighborhood V of e so that V2 C U. Since G is totally bounded, there is
a finite set F' such that {a, : n € N} C VF. If i > |F|, then, there are n,m € N
and g € F such that i <n <m < 2i < 2n and ay,,a, € Vg. So ana;L1 € D and
ana,t € (Vg)(Vg)~t. As (Vg)(Vg)~! = V2 C U, we obtain that D N U # 0.

Since e ¢ D, D is not closed. Therefore, G is F-pseudocompact. O

When we tried to construct an example of an F-pseudocompact, non-strongly
pseudocompact group, we ran into the following obstacle.

Recall that an ultrafilter p € N* is a @Q-point if for every infinite partition
{P, : n € N} of N in finite sets, there is A € p such that |A N P,| = 1 for each
n € N (we remark that the existence of Q-points is independent from the axioms
of ZFC).

Proposition 2.5. Let (U, )nen be a sequence of nonempty open sets of X. Sup-
pose that {y,, : m € N} C |, ey Un satisfies that |U, N {ym : m € N}| < w, for
all n € N, and (Ym )men has a p-limit @ € X for some Q-point p. Then there is a
set {xz, : m € N} C {ym : m € N} such that Uy, N {x, : n € N} = {x,,} for each
m € N and z € cl({z, : n € N}).

PRrOOF: Without loss of generality, we can suppose that the sets U,,’s are pairwise
disjoint. For each n € N, we let P, = {m : y,, € U,}. It is evident that the family
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{P,, : n € N} is a partition of N in finite sets. Since p is a Q-point, there is a set
A € p such that |[AN P,| =1 for every n € N. Define N(n) as the unique natural
number in ANP, and let z,, = yn(n). Clearly, Upn N {z, : n € N} = {x,,} for each
m € N. Let = p—limy, 00 Ym. We are going to prove that z € cl({z,, : n € N}).
Suppose that this assertion is false. Let V' be an open set such that x € V and
VNn{z, :neN}=0. Since x = p — limy s 00 Ym,

{meN:y,eV}I\A={meN:y, e V}ep,

but this is a contradiction because of A € p and p is an ultrafilter. So, x € cl({z,, :
n € N}). O

This proposition was the main problem to construct a pseudocompact group
that is not strongly pseudocompact. In the way towards a possible construction
inside of the Cantor cube {0,1}¢ we showed the following.

Given a product X = [[,.; X; and J C I, we define X := [[,.; Xi and let
7wy : X — X; be the projection map. For A C X we set sup(A) :={i € I :
mi[A] # Xi}.

Theorem 2.6. Let {X; : i € I} be a family of compact metric spaces and let

X = Hiel X;. Then, every pseudocompact dense subspace of X is ultrapseudo-
compact.

PROOF: Assume that Y C X is a pseudocompact dense subspace of X. Fix a
sequence of open sets (Up)neny in Y and p € w*. For each n € N, choose an
open set W, of X such that U, =Y NW,. Let S = |, cysup(W,). For each
n € N pick w, € U, and let z, = mg(uy). Since Xg is compact there exists
z=p—limy, 300 2n. Let V ={z € X : wg(x) = z}. Note that V is a G5 set of
X. Since Y is a pseudocompact dense subset of the compact space X, Y must be
Gs-dense in X. Hence, we obtain that V NY # . Pick anyy € VNY.

Claim: ye L(pa (Un)nEN)
PrROOF OF CLAIM: Let B be an open set of X with y € B. Then

{neN:(BNY)NU, #0} ={neN: (BNW,)NY #0}
={neN:BNW, #0} D{neN:z, € ng[W,]| # 0} € p.

So y € L(p, (Upn)nen)- O

Thus, every dense pseudocompact subgroup of a Cantor cube {0,1}%, for any
uncountable cardinal «, is actually ultrapseudocompact. Indeed, this assertion is
also a direct consequence of the fact that every pseudocompact topological group
is ultrapseudocompact (for a proof see [10]).

To finish the paper we state a particular case of Question 0.2.

Question 2.7. Given an uncountable cardinal «, is every dense pseudocompact
subgroup of {0,1}¢ strongly pseudocompact?
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