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Abstract. Let Mg be the fractional maximal function. The commutator generated by
Mg and a suitable function b is defined by [Mg, b]f = Mg(bf) —bMga(f). Denote by Z(R"™)
the set of all measurable functions p(-): R™ — [1,00) such that

1<p_:=essinfp(z) and p4 :=esssupp(x) < oo,
zeR™ rERR

and by B(R"™) the set of all p(-) € Z(R™) such that the Hardy-Littlewood maximal function
M is bounded on LP (')([R”). In this paper, the authors give some characterizations of b for
which [Mg, b] is bounded from LPO(R™) into LIC) (R™), when p(-) € Z(R™),0 < 8 < n/py
and 1/q() = 1/p(-) — B/n with q(-)(n — B)/n € B(R").

Keywords: commutator; BMO; fractional maximal function; variable exponent Lebesgue
space

MSC 2010: 42B25, 46E30

1. INTRODUCTION AND MAIN RESULT

Let T be the classical singular integral operator. The commutator [T, b] generated
by T and a suitable function b is defined by

[T,0]f =T(bf) =0T (f)-

A classical result of Coifman, Rochberg and Weiss [3] states that if b € BMO(R"),
then [T, b] is bounded on LP(R™) (1 < p < o0). They also gave a characterization of
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BMO in virtue of the LP-boundedness of the above commutator. In 1990, Milman and
Schonbek [11] established a commutator result that applies to the Hardy-Littlewood
maximal function as well as to a large class of nonlinear operators.

As usual, a cube Q C R™ always means its sides parallel to the coordinate axes.
Denote by |Q| the Lebesgue measure of @) and by x¢ the characteristic function of
Q. For a function f € L] _(R"), we write fo = |Q|™* fQ x) dz.

For f € L (R™), the Hardy-Littlewood maximal functlon M is defined by

Mf(x) = s /If ) dy,
= Q|
the sharp function M*f is defined by

f d
M f(x = swp |Q|/ |f(y) — fqldy,

and the fractional maximal function Mg is defined by

1
Mﬁf(x)zgggw/cgv(yﬂdy, 0<pB<mn,

where the supremum is taken over all cubes Q C R™ containing x.
Let Qo be a fixed cube in R™. The Hardy-Littlewood maximal function and the
fractional maximal function relative to Qg are given by

Mo, (f)(@) = sup |Q|/ F)ldy,

Qsm

and

Qox
QCQo

M@ = s s [ 1f@ldy, 0<p<n

where the supremum is taken over all cubes Q C Qg and = € Q.
For a function b defined on R", we denote

0, if b(x) >0
b~ (z) = { .
b(z)|, if b(z) <0,

and bt (z) = |b(x)| — b~ (x). Obviously, b (x) — b~ (z) = b(x).
The commutator generated by Mg and a suitable function b is formally defined by

[Mg,b]f = Mp(bf) —bMps(f),
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and the commutators of M and M! are defined by
[M,b]f = M(bf) —bM(f) and [M*b]f = MF*(bf) — bMP(f).

In 2000, Bastero, Milman and Ruiz [1] studied the necessary and sufficient con-
dition for the boundedness of [M,b] and [M* b] on LP spaces. In 2009, the authors
[15] considered the same problem for [Mg, b].

In this paper, we will extend the results of Zhang and Wu [15] to the variable
exponent Lebesgue spaces. To state our result, we first recall some notation.

Definition 1.1. Let p(-): R™ — [1,00) be a measurable function. The variable
exponent Lebesgue space, LP()(R"), is defined by

/()]

LPO(R™) = {f measurable: / (
n n

p(z)
) dz < oo for some constant n > 0 5.

It is well known that the set LP()(R™) becomes a Banach space with respect to

. )|\ p()
s =t { >0 [ (L2 az <1

Denote by Z(R™) the set of all measurable functions p(-): R™ — [1, c0) such that

the norm

1<p_:=essinfp(x) and pg:=esssupp(z) < oo,
.’,CE[R" .’,CE[RW

and by Z(R™) the set of all p(-) € 2(R") such that M is bounded on LP()(R™).

Remark 1.1. If p(-) € A(R™) and A > 1, then by Jensen’s inequality, Ap(-) €
PAB(R™) (see Remark 2.13 in [4]).

We say an ordered pair of variable exponents (p(-), ¢(-)) belongs to ﬂgq(ﬂ%"), if
p() € Z(R"),0 < B <n/py and 1/q() = 1/p(-) = f/n with ¢(-)(n - 5)/n € B(R").
Our main result can be stated as follows.

Theorem 1.1. Let b(z) € L{, (R"), then the following assertions are equivalent:
(1) b€ BMO(R™) and b~ € L>®(R").

(2) [Mg,b] is bounded from LP()(R™) to L) (R™) for all (p(-),
(3) [Mg,b] is bounded from LP)(R™) to L") (R™) for some (p(-
(4) There exists (p(-),q(-)) € 2 ,(R"), such that

() € 27,(R™).
.q() € 27 ,(R").

p,q

q
)

(b= Mq(b)xell Lo (wm
up
Q HXQHLM([RH)
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(5) For all (p(+),q()) € ﬂgq(R”), we have

(b= Mq®)xQllLao) @n)
< 0
Q HXQHL’I('>(R”)

Remark 1.2. By Remark 2.13 in [4], we know that ¢(-)(n — 8)/n € ZB(R"™)
is equivalent to saying that there exists s with n/(n — ) s < oo such that
q(-)/s € B(R™). Moreover, it follows from Remark 1.1 that ¢(-)(n — 8)/n € B(R™)
implies ¢(-) € #(R"™).

One of the most interesting problems on spaces with variable exponents is to give
conditions guaranteing the boundedness of the Hardy-Littlewood maximal function.
Important sufficient conditions called log-Ho6lder have been obtained by Cruz-Uribe,
Fiorenza and Neugebauer [5].

Let p(-) € Z(R™), we say that p(-) satisfies the local log-Holder condition if there
exists a constant C' > 0 such that for any z,y € R”,

-C

1.1 z) — <—— iflz—y[ < 1/2
(1.1) lp(z) — p(y)] gz ] lzr —y| <1/

We say that p(-) satisfies the log-Holder decay condition if there exists a constant
C > 0 such that for any z,y € R",

(1.2) Ip(z) = p(y)| < <

X O if 2 xI|.
Toa(e £ 12) lyl = ||

If both the conditions (1.1) and (1.2) are satisfied, we say that p(-) satisfies the
log-Holder condition, abbreviated to p(-) € 22°8(R"™).

Remark 1.3. By Theorem 1.5 in [5], if p(:) € 2'°5(R") then p(-) € Z(R").
Furthermore, for p(-) € 2'°8(R"), 0 < 8 < n/py and 1/q(-) = 1/p(-) — B/n, it is
easy to check that ¢(-) € 2'°8(R") and q(-)(n — 8)/n € 22'°8(R"), which implies
(), 9()) € P2, (R™).

This along with Theorem 1.1 gives the following result, a special case of Theo-
rem 1.1.

Corollary 1.1. Let p(-) € 2'°¢(R"), 0 < 8 < n/py and 1/q(-) = 1/p(:) — B/n.
If b(x) € Li .(R™), then the following assertions are equivalent:

(i) b € BMO(R™) and b~ € L>®(R"™).
(ii) [Mg,b] is bounded from LP()(R™) to L) (R™).
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(iii)
b— Mg(b a() (Rn
¢ o®)xaellL ) (R™) < 0
Q HXQHL’I('>(R")

When p(-), ¢(-) are constant exponents, Corollary 1.1 was proved by the authors
in [15].

The remainder of this paper is organized as follows. In Section 2, we recall some
known results in the context of variable Lebesgue spaces. In Section 3, we will give
some auxiliary results which are of independent interest and will be used in the proof
of the main result. In the last section, we will prove Theorem 1.1.

2. PRELIMINARIES

In this section, we recall some known results in the context of variable Lebesgue
spaces. In what follows, we denote by p/(-) the conjugate index of p(-), that is
1/p(-) +1/p'(-) = 1. Tt is easy to check that if p(-) € P(R™) then p'(-) € Z(R").

The first lemma is known as the generalized Holder’s inequality on variable expo-
nent Lebesgue spaces and the proof can be found in [10] and [8].

Lemma 2.1. (i) Suppose that p(-) € 2 (R™), then for any f € LP()(R") and any
g€ LPO(RM),

[ 17@g(z)|dz < Gyl flucr e

9||Lp/<»>(u;en)7

where C, =1+ 1/p_ —1/p,.
(i) Assume that p(), p1(-),p2() € Z(R") and 1/p(x) = 1/p1(x) + 1/pa(a), then
for any f € LP*()(R") and any g € LP*()(R™),

Hfg”LP(‘)([R") < Cppy ”fHLPl(‘)([R") gHLPz(‘)([R")v

where Cpp, = (14 1/(p1)— — 1/(p1) )1/~

Lemma 2.2 ([6]). Let p(-) € Z(R™). Then the following conditions are equiva-
lent:
(a) p() € BR),
(b) p'() € AR™,
(c) p(-)/r € B(R™) for some 1 <r <p_,
(d) (p(-)/r) € B(R™) for some 1 < r < p_.
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Lemma 2.3 ([9]). Let q(-) € #(R™), then there exists a constant C' > 0 such
that

1
@HXQHM»)(W) XQllpoor@ny < C

for all cubes @@ in R™.

The next result follows from Corollary 2.12 and Remark 2.13 of [4].

Lemma 2.4 ([4]). Let p(-),q(-) € Z(R™), 0 < 8 < n/ps and 1/q(x) = 1/p(x) —
B/n. If q(-)(n — B)/n € B(R™), then Mg is bounded from LP)(R™) to LIC)(R™).

It is easy to check that if p(-) € Z(R"), 0 < 8 < n/py+ and 1/q(z) = 1/p(z) —
B/n, then ¢(-) € Z(R™). So, under the assumptions of Lemma 2.4, ¢(-) € Z(R"™)
automatically follows from p(-) € Z2(R™).

In 2007, Capone, Cruz-Uribe and Fiorenza [2] proved that if p(-) € 2°8(R"),
0 < B < n/py and 1/q(z) = 1/p(x) — B/n, then My is bounded from LP()(R™)
to L90)(R™). Remark 1.3 shows that Lemma 2.4 extends the corresponding result
in [2].

To state the extrapolation theorems, we recall the Muckenhoupt weights.

A locally integrable function w: R™ — (0,00) is called a weight. We say that
w € Ay, 1 <p < oo, if there is a constant C' > 0 such that for any cube @ C R",

(o) i e <o

where 1/p+1/p’ = 1. We say that w € A; if there is a constant C' > 0 such that
Muw(z) < Cw(x) almost everywhere.
The extrapolation theorems (Lemma 2.5 and Lemma 2.6 below) are originally due

to Cruz-Uribe, Fiorenza, Martell and Pérez [4]. Here we use the form in [7], see
Theorem 7.2.1 and Theorem 7.2.3 in [7].

Lemma 2.5 ([7]). Given a family F of ordered pairs of measurable functions,
suppose that for some fixed 0 < py < oo, every (f,g) € F and every w € A,

[ @@ <6 [ gimat) .

n

Let p(-) € Z(R™) with po < p—. If (p(-)/po)’ € B(R™), then there exists a constant
C > 0 such that for all (f,g) € F,

1 £l @ny < Cllgll Lo mny-
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Lemma 2.6 ([7]). Given a family F of ordered pairs of measurable functions,
suppose that for some fixed 0 < pg < qo < o0, every (f,g) € F and every w € Ay,

(/ ol dx>1/qo s CO(/,,L |g()[Pow (a)Po/ a0 dﬂT)l/pO.

Let p(-) € Z(R™) with po < p— and 1/po — 1/q0 < 1/p4+, and define q(x) by
1 1 1 1

q(x)  plx) @ po
If (q()/q0) € B(R™), then there exists a constant C' > 0 such that for all (f,g) € F,

Il Lacr @ny < CllgllLrer ()

3. SOME AUXILIARY RESULTS

In this section we will give some auxiliary results which are of independent interest
and will be used in the proof of the main result.
For b € BMO(R™) and 0 < 8 < n, define

M) (@) = sup |Q|/ b(z) — b1 (3 dy
and
Masl£)(@) = 510 e | 1) b)) o

where the supremum is taken over all cubes Q C R™ containing x.
The next result follows from Theorem 3 of Segovia and Torrea [12].

Lemma 3.1. Let 1 < p < oo and b € BMO(R"). Then for any w € A,, we have

| p@pe@is<c [ |fapu) de

R™

Let v be a weight function. We say v € A(p,q) (1 < p,q < 0), if there exists
a constant C such that for any cube @ C R", we have

(ﬁ/@v(aﬁ)"’/ dx)”')l (ra/Qv(x)Qdmy/q <c.

By Theorem 3.2 of Segovia and Torrea [13], it is easy to get the following result.
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Lemma 3.2. Let0< f<n,l1<p<n/fandl/q=1/p—B/n. If b € BMO(R"),
then for any v € A(p,q),

[Mpp(f)(@)v(2)] da 1/q<c @) d 1/,).
(/ )

Theorem 3.1. Let b(z) € L], .(R™) and p(-) € (R™). Then M, is bounded from
LPO)(R™) to itself if and only if b(z) € BMO(R™).

Proof. (i) We prove the “if” part first. Since p(-) € Z(R™), it follows from
Lemma 2.2 that there exists pg with 1 < pg < p_ such that (p(-)/po)’ € Z(R™). For
this po and every w € A; C Ap,, by Lemma 3.1 we have

| D@ e < Co [ If@P) de

Therefore, the “if” part follows from Lemma 2.5 applied to the pair (My(f), f).
(ii) Now, let us prove the “only if” part. For any cube @Q C R™ and any y € Q, by
the definition of M}, we have

01 . o)~ b@va(@)de < s 5 | 1)~ be)lxa(e) de

Q'3y
= My(xq)(v)-

Applying Lemma 2.1 (i), the boundedness of M;, on LP()(R") and Lemma 2.3, we
have

dy

a1 1) el s = 7 [ |0 [ b0) = o
<@, (|@|/' nale)dz) d

< @/QMb(XQ)(y)dy

= | 0@ xew)dy

C
< — || Mp(x P()(Rn

xQllzro @y

C
< @HXQHLP(')(R")”XQ”LP/(»)([R")
< C7

which implies b(z) € BMO(R™). O
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In 2007, Xu [14] proved that if p(-) € 22°¢(R") and b(x) € BMO(R™) then M, is
bounded from LP()(R™) to itself (see Theorem 1.3 in [14]). Obviously, p(-) € B(R™)
is weaker than p(-) € 2'°8(R"). So, Theorem 3.1 extends Xu’s result in [14].

Theorem 3.2. Let b(z) € Ll (R") and (p(-),q(-)) € ﬂﬁq(R"). Then Mg, is
bounded from LP)(R™) to L1")(R") if and only if b(z) € BMO(R").

Proof. (i) We first prove the “if” part. Since p(-) € Z(R") and

1 1 8 _1 8
—=— P —=—_-Z
q(z) plx) nm " p- n
we have
n np_
D= <o)

< <
n—p n-—LPp_
Noting that q(-)(n—8)/n € B(R"), by Remark 1.2 there exists s with n/(n— ) <
s < oo such that ¢(-)/s € B(R™). If s < np_/(n — Bp_), then we take r = 1. If
s > np_/(n — Bp_), then we take r = s(n — Bp_)/np_ > 1. Setting g = s/r, we
have

Since r > 1 and q(-)/s € B(R™), we have ¢(-)/q0 = rq(-)/s € B(R™) from
Remark 1.1. By Lemma 2.2, we have (¢(-)/q0) € Z(R").

Define po by 1/q0 = 1/po — f/n, then 1 < py < n/f and

1 1 1 1 B
p(x) qz) po q@ n

This together with qo < ¢(z) gives pp < p—.

For any w € A; we have w € Ay g, /pr. Set v(z)® = w(z), then v € Ay g/,
which implies v € A(pg, qo). By Lemma 3.2,

1/Q0 l/po
(/” (Mg p(f)(z)]w(x) da:) < C(/n |f(l‘)|p0w(x)p0/q0 da:) .
Applying Lemma 2.6 to the pair (Mg (f), f), we have

[Map(F)llLac) @ny < Cllfllzeer @m)-
So, the proof of the “if” part is completed.
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(ii) Now, we prove the “only if” part. For any cube @ C R™, by the definition of
Mg, and applying Lemma 2.1 (i) and the boundedness of Mg p, we have

1 1 1
& /Q ) = bl dy = / \@ (b(y) — b(z)) da

<o, (|Q|1 7 1) = boa(e) dr) dy
< W/QMﬁ,b(XQ)(y) dy

1
= QA /R Mg (xQ) (W) - xq(y) dy

dy

C

< 1gprar Mes(@lzeo @ Ixallro @
c

< WHXQHLP(»)(R,L) XQHL‘I/(‘)([R'IL)-

Noting that 1/p(x) = 1/q(x) + 8/n and p(-),q(-) € Z(R™), by Lemma 2.1 (ii) we
get
|B/n.

IxellLrr@ny < Clixellpao @n)|Q
Applying Lemma 2.3, we obtain

1 C
o1 L 190 = baldy < (o lalao @1 @l oy < €

which implies b(z) € BMO(R™). So, the proof of Theorem 3.2 is completed. O

Theorem 3.3. Let p(-) € Z(R™). If 0 < b(z) € BMO(R™), then [M,b] is
bounded from LP()(R™) to itself.

Proof. For a fixed © € R™ such that M f(x) < oo, noting that b > 0, we have

(3.1) |[Mb]f ()| = [M(bf)(x) = b(x) M (f)(z)|

= IQI/ vIF W)l dy - sup IQI/ 'dy‘
<swp |Q|/ Ib(z) — b(w)||£ ()| dy
= My(f)(x

Since M f(z) < oo for a.e. x € R™ when f € LP()(R™) and p(-) € B(R"), (3.1)
is valid almost everywhere in R™. Noting that b € BMO(R™), it follows from Theo-
rem 3.1 that [M,b] is bounded from LP()(R™) to itself. O
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Theorem 3.4. Let (p(-),q(-)) € gzgq(ﬂ%”). If 0 < b(x) € BMO(R™), then [Mag, b
is bounded from LPC)(R™) to LIC)(R™).

Proof. For afixed x € R", noting that b > 0, we have

|[M, 0] f ()| = [M(bf)(2) = b(x) Mp(f)(x)]

1
< s e [ By s o | bl
< s otz | [ 100~ bl ) dy\
< s g [, ) — b F6)] dy
M)

By Theorem 3.2, we see that [Mg,b] is bounded from LP()(R™) to L4O)(R™). O

It is easy to see that if p(-) € 2'°8(R"™), then the conclusions of Theorem 3.1 and
Theorem 3.3 also hold. If p(-) € 2°8(R"), 0 < B < n/p; and 1/q(-) = 1/p(-) — B/n,
then the conclusions of Theorem 3.2 and Theorem 3.4 also hold.

4. PROOF OF THEOREM 1.1

In this section, we will prove Theorem 1.1. To do this, we give two lemmas first.

Lemma 4.1. Let b(z) € Ll _(R™) and (p(-),q(*)) € ﬂﬁq(R"). If [Mpg,b] is

bounded from LPC)(R™) to L) (R™), then b € BMO(R") and

b— Q" M, (B))xal o) -
(4.1) sup I — || se®)xellow _
Q HXQHLQ(‘)([Rn)

Proof. Since for any fixed cube @ and all x € ) we have (see (2.4) in [15])

(4.2)  Mps(xQ)(z) = Mpq(xa)(@) = Q1" and  Mg(bxo)(z) = Ms,q(b)(2),
and since [Mg, b] is bounded from LPC)(R™) to L) (R™), we have
16— 112/ M o)l e ry = Q1 IG1QI/" — My gl o
<1QI™PM[bM5(xq) — Mp(bx Q)| o) )

= |Q|_6/n|\[Mﬁ,b]XQHLM(Rn)
< ClRI™MIx@ ooy ny-
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Noting that 1/p(-) =1/¢(-) + 8/n and applying Lemma 2.1 (ii), we have

QP

(4.3) IxQllLrr@ny < Cllx@llpao @n)

Then
(b = 1QI™P/™ Mig o(0))x@ | Lae> mny < Clix@llLac) (mny»

which implies (4.1).

Now, let us prove b € BMO(R"™). For any cube Q, let £ = {z € Q: b(z) < bg}
and F = {z € Q: b(z) > bg}. The following equality is trivially true (see [1],
page 3331):

/ 1b(x) — bo da = / Ib(z) — bo| da.
E F
Since b(z) < bg < |bg| < |Q|7P/" Mg o(b)(2) for any = € E, we obtain

[b(2) — bal < [b(x) —1QI™¥"Ms o(0)(2)|, =€ E.

Therefore,

1 1
(4.4) Ql /Q |b(x) — bg|dz = 0 Joor |b(x) — bg| dz

:%'[Ew(x)—bmdx
<%L@wuwarW%@@@unm

2 —B/n
<o L 1) = 1QI/ M5 00 @)
1Rl Jo
On the other hand, by Lemma 2.1 (i), (4.1) and Lemma 2.3 we get

ﬁ /Q b(x) — Q™" Mg o (b)(2)| dz

C - n
< @”(b— Q| B/ Mps.o(0))xQllLao @n)

C
< T llxellao e
Q| &

XQ”LG’(')([R”)

XQ”LLI’(‘)([R")

< C.
This along with (4.4) gives
! / 1b() — bo| de < C
— x) — x<C.
QI Jq ¢
So, by the definition of BMO, we obtain b € BMO(R™). O
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The following result was proved by Bastero, Milman and Ruiz, see Proposition 4

in [1].
Lemma 4.2 ([1]). Let b(z) € L} (R™). If
sgp|Q|/|b (0)(z)|dx < oo,

then b € BMO(R") and b~ € L (R").

Proof of Theorem 1.1. Since the implications (2) = (3) and (5) = (4) follow
readily, we only have to prove (1) = (2), (3) = (4) and (4) = (1) (the implication
(2) = (5) is similar to (3) = (4)).

(1) = (2). Using the definition of [Mg,b], the triangle’s inequality, and noting
that |b(x)| — b(x) = 2b~ (z) and Mg(bf)(z) = Mga(|b|f)(z), we obtain

|
b(x)Mp(f)(x) = Mp([blf) (@) + [b(2)| Ms(f) ()|

= [Mp(bf)(x) -
< [Mp(bf)(x) = Mp([olf)()] + |26 (2) M (f)(2)]
= 2b™ (2) M (f)(x).

Hence, we get

|[M, 0] f ()| < [[M, 0] f () = [Mp, [b]] f ()] + |[Mp, [b]}f (2)]
< 267 (2) Mg (f)(2) + |[Mg, [b]] f ()]

Noting that |b] € BMO(R™) when b € BMO(R"), it follows from Lemma 2.4,
Theorem 3.4 and b~ € L>(R™) that for all (p(-),q(-)) € 225 ,(R"),

1M, 0].f | Loy < 20167 oo ey 1M ()| Lo ey + 1 [M s [Pl L) ey

Clf oo @my-

N //\

(3) = (4). For any fixed cubes @ C R™ and all x € @, we have (see the proof of
Proposition 4 in [1])
M(xq)(z) = Ma(xe)(z) = xq(2)
and

M(bxq)(x) = Mq(b)(x),
which combined with (4.2) gives (for details see [15], page 1238)

(4.5) Mg q(d)(2) — Q17" Mo(b)(x) = [Mp, bll(x@)(x) — [QI°/"[M, b} (xo) ().
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Recall that assertion (3) says that for some (p(-),¢(-)) € ygq(R”), [Mg,b] is
bounded from LP¢)(R™) to L) (R™). By Lemma 4.1 we have b € BMO(R") and
there is a constant C' > 0 such that for any cube @ C R™,

(4.6) 16 = 1QI™/" Mg o (b))x@l at> (@) < Clixall Lo -

Noting that 0 < |b|] € BMO(R™) when b € BMO(R"), it follows from (4.5), (4.6),
Theorem 3.3 and Theorem 3.4 that

(b = Mq(®)xellLao mn)

= (b= Q1" Mg o(b) +1Q| /" Mg o (b) — Mq(b))xql Lac: (n)

< Ol = 1QI™" Mg (1) x|l ac) (mny
+C(1QITP" Mg g (b) — Mg (b)) xqll Lot (rm)
ClixellLae &ny + ClIQI™/™[(Mp o (b) — Q1" Mo (b)) xqll Lac) (rm)
Clixell Lo ny + ClQI™™[Mp, [bl) (x@) — Q™ [M, 1b]) (x@) Il Lac» (&)
Clixell Lo gny + ClQI™ ™[ [Mg, [b (x@) Il o> @y + CIIM, 1B (x @)l Lot
ClixellLao @ny + CIRI™™Ixqll Lo &ny + Clixall Loe @n)
C||XQ||Lq<»)(Rn),

INCINCIN NN

where in the last step we have used (4.3).

So, the proof of “(3) = (4)” is complete.

(4) = (1). Since ¢(-)(n — B)/n € %B(R™) hence by Remark 1.1 we have ¢(-) €
P(R™). For any fixed cube @, by Lemma 2.1 (i), assertion (4) and Lemma 2.3, we
have

1 C
—/ [b(z) = Mo(b)(2)| dz < 775 /[(b = Mg (b))xell Lao rmIX@ll o) 20
Ql Jq Q
c
< @HXQHL«(«)(W) xXQllpe o @my
<C.
This along with Lemma 4.2 gives that b € BMO(R") and b~ € L*™(R"). O

Remark 4.1. Lemma 4.1 says that if b(z) € L] _(R™), (p(-),q(")) € 3”57(1([!%")
and [Mg, b] is bounded from LP()(R™) to L) (R™), then (4.1) holds. From the proof
of Lemma 4.1 we see that (4.1) implies b € BMO(R™), but we do not know whether
(4.1) implies b~ € L>°(R™). So, it is natural to ask whether (4.1) is equivalent to
any of the assertions in Theorem 1.1.
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