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ADVECTION-REACTION EQUATIONS
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Abstract. We consider the original DG method for solving the advection-reaction equa-
tions with arbitrary velocity in d space dimensions. For triangulations satisfying the flow
condition, we first prove that the optimal convergence rate is of order k+ 1 in the Lo-norm
if the method uses polynomials of order k. Then, a very simple derivative recovery formula
is given to produce an approximation to the derivative in the flow direction which super-
converges with order £+ 1. Further we consider a residual-based a posteriori error estimate
and give the global upper bound and local lower bound on the error in the DG-norm, which
is stronger than the Lgo-norm. The key elements in our a posteriori analysis are the satura-
tion assumption and an interpolation estimate between the DG spaces. We show that the
a posteriori error bounds are efficient and reliable. Finally, some numerical experiments are
presented to illustrate the theoretical analysis.

Keywords: discontinuous Galerkin method; advection-reaction equation; optimal conver-
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1. INTRODUCTION

This paper investigates the optimal convergence and a posteriori error estimates
of the original discontinuous Galerkin (DG) method [17] for the advection-reaction
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equation governed by
(1.1) B-Vutau=f, ze€q,

with the inflow boundary condition given on I'_ = {z € 9Q: B -n(z) < 0}, where
2 C R? is a bounded polyhedral domain, n(z) is the outward unit normal at the
point x € 0N).

The first mathematical analysis of this DG method was given by Lesaint and
Raviart [15]. They showed that the DG scheme can be solved in an explicit fashion
and the convergence order is of O(h¥) if the method uses polynomials of order k.
Later on, Johnson and Pitkaranta [14] improved this convergence order to O(h*+1/2).
Peterson in [16], for a constant vector B and a particular type of two-dimensional
mesh, further proved that the O(h’”‘l/ 2)-order convergence is sharp, namely, the
convergence order of the original DG method is suboptimal in the general case.
Also, see Richter’s recent work [19].

On the other hand, in a diametrically opposed effort, some optimal error estimates
are achieved on special meshes. In 1988, Richter [18] showed that, in the two-
dimensional case, the Lo-error estimate

(1.2) lu = unll < CR* [l sz

holds for semi-uniform triangle meshes with the curious assumption that all ele-
ment edges are bounded away from the characteristic direction 3 of the hyperbolic
equation, that is, the triangulation T}, satisfies

(1.3) IB-n(x)| =>c>0, z€0K VK €T,

where n is the outward unit normal on the element boundary K. Obviously, condi-
tion (1.3) is less significant in the practical case, and the regularity required for the
exact solution in (1.2) is not optimal.

The first optimal convergence is obtained by Cockburn et al. in [7] under the
assumptions that B is a constant vector and the triangulation T}, satisfies the so-
called flow condition:

14 Each simplex K has a unique outflow face e} with respect to
K

and there are no hanging nodes on each interior outflow face e}g,

where a face e of simplex K is called the outflow (inflow) with respect to 3 if B-n|. > 0
(< 0). They showed that

(1.5) [ — un| < CH*Mulgri(r,),
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where |u|§{,€+1(Th) = KZT |u|qu+1(K). This estimate is optimal in both the conver-
€Th

gence order and the regularity requirement. Moreover, Cockburn et al. in [7] also
propose a postprocessing method for the approximation to the directional derivative
OJgu = B - Vu and have proved the following superconvergence estimate

(1.6) 1Pn(8pw) — Bp,nunll < CHMHul s (.

where P, is the Lo-projection onto the DG space and 0g pup is an approximation to
Ogu obtained by the postprocessing procedure.

The first part of this paper aims to further improve the optimal convergence re-
sults in [7]. Under the same flow condition assumption (1.4), we prove that, for an
arbitrary vector 3(z), the optimal convergence result (1.5) still holds, and our argu-
ment is more skillful. Meanwhile, we also present a very simple derivative recovery
formula by using the DG solution uj, to recover the derivative dgu and prove that

(L.7) 10w — Ru(9pu)ll < Ch*Hul s (.

where Rj,(0gu) is the recovery value of dgu. Obviously, estimate (1.7) is a better
result compared with estimate (1.6), noting that using (1.6) to derive a result like
(1.7) requires u € H*2(Ty,).

Now let us turn to a posteriori error estimates of the original DG method for
problem (1.1). An early attempt to derive a posteriori error estimates for advection-
dominated advection-diffusion problems was made by Eriksson and Johnson in [9],
using regularization and duality techniques. Improved energy norm techniques were
then proposed by Verfiirth in [20], where semi-robust estimates were obtained. How-
ever, for the pure advection-reaction problems, the estimates based on the ideas in
[9], [20] fail. This is mainly due to the fact that the elliptic problem has smoothing
properties, whereas the advection equation does not. This lack of smoothing and
symmetry of the advection-reaction problem is what makes standard techniques us-
ing coercivity no longer work well. Another possibility is to use the duality technique
to derive a posteriori error estimates. Indeed, Houston and Siili in [12], [13] used this
technique to establish two types of a posteriori error estimates (labelled as Type I
and Type II) by means of some target functionals of the exact solution. The main
idea in [12], [13] is to relate the a posteriori error estimate of the functional to the so-
lution of the dual problem, which is set in terms of this functional. However, in both
Type I and Type II estimates, the error estimators contain the unknown solution of
the dual problem that must be solved analytically or numerically. Such a posteri-
ori error estimates are clearly difficult to use in adaptive computations. Recently,
Burman in [4] also gave some residual-based a posteriori error bounds in the graph
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norm for linear finite element. The key assumption in [4] is the so-called saturation
assumption (see [3]): There exists a constant 0 < § < 1 such that

(1.8) [l — wp=

" <Ol —uall”

where uy, and up~ are two DG solutions associated with the triangulation T}, and the
refined triangulation T},-, respectively, and || - ||* is a mesh-dependent norm. The
saturation assumption has been used extensively in a posteriori error analysis. See,
for example, [1], [2], [3], [4], [8]. It is typically needed in situations where the standard
techniques for a posteriori error estimates based on coercivity or smoothing fail.

The second part of this paper aims to propose an efficient and reliable, residual-
based a posteriori error estimate for the original DG method. The key ingredient
of our analysis is to use the saturation assumption and establish an interpolation
estimate between the two DG spaces associated with the triangulations T}, and Tj, /5.
We give the global upper bound and the local lower bound on the error u — uy, in
the DG-norm (see (2.9)), which is stronger than the Ly-norm.

The paper is organized as follows. In Section 2, we review the original DG method
and some basic results. In Section 3, we derive the optimal convergence in the Ls-
norm and establish the superconvergent derivative recovery formula for the approxi-
mation of dgu. Section 4 is devoted to the a posteriori error analysis, and in Section 5
some numerical examples are presented to illustrate our theoretical analysis.

Throughout this paper, we use the usual Sobolev space and norm notations, and
use letter C' to represent a generic positive constant, which is independent of the
mesh size h.

2. THE PROBLEM AND ITS DG APPROXIMATION

Consider the following advection-reaction equation [11]:

(2.1) Lu=0B-Vu+au=/f inQQ,
u=¢g onl_,
where 3 = (1,...,84)" is a vector function, o, f, and g are some known functions.

As usual, we assume that B € WL (Q)]%, o € Loo(Q), f € L2(Q), g € Lo(T'), and
1.
(2.2) a—idlvﬁ:0>ao>0, x € Q.

Let T, = |J{K} be a shape regular triangulation of domain ) parameterized by
mesh size h = max hx, where K is the simplex and hg is the diameter of K. We say
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that the triangulation T}, is shape-regular, if the elements of T}, are affine equivalent
and there exists a positive constant v independent of K € T}, such that

hK/QK < Y VK € Th,

where o denotes the diameter of the biggest ball included in K.
With the triangulation T}, we associate the finite-dimensional space

(23) Sh:{U€L2(Q)I U|K€Pk(K) VK€T}L},

where Py (K) is composed of polynomials of degree at most & on each element K.
Also, we denote the piecewise smooth function space on T}, by

H(Ty) = {v € Ly(Q): v|x € HY(K) VK €Ty}, s>1.

In order to cope with the discontinuity of functions across element interfaces, we
introduce the jump of function ¢ € H(T},) on K by

[pl =¢" —¢~ and [¢]loa = ¢,

where ¢ 1 and ¢~ are the traces of ¢ on 9K from the interior and the exterior of K,
respectively. We will also use the notations

(o) = 3 (o) = Y /K wdz, (wv)s= 3 [3 s,

KeTy, KeTy KeTy,

where S is some collection of faces of elements.

In what follows, we denote by £L* = —3 -V + a — div3 the adjoint operator
of £, and by 0K and 0K_ the outflow boundary and the inflow boundary of K,
respectively, where 0Ky = {x € 9K : £8-n(z) > 0}, and n represents the outward
unit normal on the boundaries concerned.

Now we define the DG approximation of problem (2.1) by finding u;, € Sj, such
that

(2.4) an(un,vn) = (f,on) — (B-ng,vp)r_ Yo, € Sh,

where ay(+, ) is the bilinear form defined by

(2.5) ap(w,v) = (w, L ) + Z / B -nivds, w,v € H (Ty),
Kot JOK\T-



and @ is the numerical trace of w given by the upwind value:
. w~ on 0K _,
w =
wt  on 0K .

Equality (2.4) is the well-known DG scheme introduced originally by Reed and Hill
n [17]. By using integration by parts and the definition of @, an equivalent form of
ap(w,v) can be derived as follows:

(2.6) ap(w,v) = (Lw,v), — Z [wlvds, w,ve H(Ty),
KeT, BK_

which will be used sometimes for convenience. It is easy to derive the following
identity for w € H(T},),

(2.7) ap(w,w) = (cw,w) Z /aK\aQ 18- n|[w)* ds + % /69 |8 - njw? ds.

KET

In addition, following [5], [10], we may show the following inf-sup condition:

(2.8) Jeonlln < C sup 2{@n: %)
B A T

?

where || - || is the DG-norm:

(2.9) llolli = oollvlli+ D hellB-VollE, e+ D / [B-nl[v]*ds, veH (Th).

KeTy, KeTy

Introduce the La-projection operator Py : L2(2) — Sp (restricted to K € T,
Phu € P,(K)) defined by

(210) (u—Phu,v)K:O VUEPk(K), K eT,.

The operator P, can be a continuous linear operator mapping H**1(K) into Py (K)
and P,v = v for all v € Py (K). Hence, by the interpolation theory of Sobolev space
[6], we have the standard approximation result

(2.11) [lu— Py £,y +hil > u—Poul ooy < CRE ulgnsr i), k=0, K € T,
Denote by w® the piecewise constant approximation of the function w, that is,

(2.12) we = % /Kwda:, |w — W oo,k < hg|VU|co,x, K € Th.

The following finite element inverse inequality will be used throughout this paper:

(2.13) IVonllLocx) + bxe 2 Nonll ooy < ChEMonll Loy on € Pu(K), K € Th.

We now give the standard error estimate which will be used in Section 4.



Lemma 2.1. Let T} be a shape-regular triangulation, u and uy, the solutions of
problem (2.1) and (2.4), respectively, u € H'(Q2) N H**1(T},). Then, we have

lu = wnlln < CHM 2 ul ppss e, k2 0.

Proof. Let vy € Si. Then, from the error equation
(2.14) ah(u — uh,vh) =0 VYo, €585}
we can derive that

(2.15)  ap(up — Pru,vp) = ap(u — Pru,vp)
= (u—Pyu, L)+ Y (B n(u— Pyu),vn)or\r.
_ El +E2 KeTy

Since 3°Vuy, € Sp, we have

Ey=—(u— Pru, (B8 —0°  Vop)n + (o — div 8)(u — Pru), vp)n
< lw = Poullpy1) B o lh Vo || Ly (1) + oo = div Bloo [va | o))
< Cllu — Pyull||onll,

where we have used the inverse inequality. Next, note that when € 9K_\T'_, there

must exist an adjacent element K’ such that z € 0K_ N 8Kjr and B - n|yeorx. =
-3 n'|xeaK'+- Thus, we have

By =Y ((B-n(u— Pyu),vn)or, + (B n(u— Pyu),,vn)ox_\r_)

KeTy,
= Z (B-n(u—Pyu), [vn)or \r, + (B n(u— Ppu),vp)r,
KeTy,
< 3 1812w — Pl zagoresy (8 - nl 2 onl L zacorcy + 118 - 2l onll acorcor )
KeTy,
1/2
< 2Iﬂ|éé2( S Phuna@m) ol

KeTy,

where 'y = 00\ T'_. Therefore, it follows from substituting Fy and E» into (2.15),
using approximation property (2.11), inf-sup condition (2.8), and the triangle in-
equality that the desired estimate is available. (Il



3. OPTIMAL CONVERGENCE AND DERIVATIVE RECOVERY TECHNIQUE
3.1. Optimal convergence. We first give a simple and useful lemma.

Lemma 3.1. Let e% be the collection of faces of K that are neither inflow nor
outflow faces. Then we have

(3.1) |(B-n)()| < hg|VBloox Yz €e, ec€el.

Proof. Let e € €% be a face. Because e is neither an inflow nor an outflow face,
then there must exist points x1,z2 € e such that (8- n)(z1) > 0 and (8- n)(z2) < 0.
Therefore, by the continuity of (3-n)(z) on e, there exists a point zg = (1 — 0)z1 +
Oz € e with some 6 € [0,1] such that (8- n)(z¢) = 0. Thus, we have

(8- n)(@)] = [B(x) - n(z) — Bwo) - n(xo)| < [B(x) — Bwo)| < hx|VBloox, €,

noting that the outward unit norm n(x) = n(zg) on face e. O

In order to obtain the optimal convergence, we still need to introduce a special pro-
jection mapping H!(T},) into Sj,. Define the projection function Pu € Sy, restricted
to K € Ty, Pu € Py(K) such that

(3.2) / (u—Pu)vder =0 Vove P,_1(K),
K
(3.3) /+ (u—Pu)vds =0 Vove Pylef),

where e} is an outflow face of K and the first condition is vacuous if k = 0. Note

that although K may have several outflow faces for general meshes, we only select
one of them to define the projection in (3.3). This projection has been used in some
articles (see e.g. [7]), but the authors of the present paper did not find a strict proof
of its existence and approximation property in existing literature. We here give the
proof in detail.

Theorem 3.1. The projection function Pu is well posed and satisfies the approx-
imation property

(3.4) Hu — PUHLQ(K) + h}(/2||u — PU|L2(8K) < Ch’;(+1|u|Hk+1(K), k>0, K €Ty,

where C' is a constant independent of the element K.
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Proof. Let us begin by proving the unique existence of the function Pu € Py (K)
satisfying (3.2)—(3.3). Since

dim(Py—1 (K)) + dim(Pg(ex ) = (k B Cll ’ d) (k ZEI 1)

(1) = dim(p()),

we see that the linear system (3.2)—(3.3) is square, so we only need to show that
Pu =0 if u = 0. Without loss of generality, we assume that the face e}; in (3.3) lies
on the hyperplane 1 = 0 and 27 < 0 when = € K (otherwise we may use the affine
transformation F: K — K such that e;% lieson 1 = 0, and 7 < 0 when % € I/(\')
Let u = 0. Then we have from (3.3) that ’Pu|61+( = 0 and hence, Pu = x;p for some
polynomial p € P,_;(K). Taking v = p in (3.2), we get

(@10, p) = (21,p")x = 0,

since 1 < 0 on K, we conclude that p = 0. This implies that Pu = 0 on K.
Now we are in the position to prove the approximation property (3.4). Let P, be
the La-projection defined by (2.10). From (3.3) we see that

(3.5) |Pu— PhuHLz(e;) =||P(u— Phu)||L2(e;r<) < lu— PhuHLz(e;).
Introduce the polynomial space
PY(K)={ve P(K): (v,p)k =0 Vpe P1(K)}.

It is easy to see that ||'||L2(e,+<) defines a norm on the space PY(K) (see the argument
of the unique existence) and this norm is equivalent to the norm |-||.,(x), since
P,g (K) is a finite dimensional space. Then, by using the norm equivalence on the

reference element and a simple scaling argument, we have
1/2
o]l Loy < ChZ [0l ery Vo € PAK),
which, together with (3.5) and Pu — Pyu € PY(K), implies
1/2 1/2
1Pu = Puu] ey < ChP [ Pu = Poul oy < Chil2llu = Poul s -

This completes the proof by using the triangle inequality and the approximation
property (2.11). O

Now we can give the first main result of this paper.



Theorem 3.2. Assume that T} is a shape-regular triangulation satisfying flow
condition (1.4), and let u and uy, be the solutions of problems (2.1) and (2.4), re-
spectively, u € H'(2) N H**1(T},). Then we have the following optimal convergence
estimate:

(3.6) u— unl| < CH ul g (z,), k> 0.

Proof. First, by a similar derivation to that of (2.15), we obtain for v, € S,
that

(37) a’h(uh —Pu, ’Uh) = (u—Pu, ‘C*Uh)h + Z <ﬁ'n(u_75a)vvh>8K\F_ = 1+ Iy,
KeTy

and (noting that 3¢ - Vv, € Py_1(K))

Fy = —(u—"Pu,(8—p8° Vup)n + ((a — div B) (v — Pu), vp)n
< Cllu—Pull fonll < CH* ul sz,

’UhH.

It remains to estimate F5. We begin by writing F» as

(3.8) Fy = Z (8-n(u— 7/’Z)a’Uh>(aK\e9<>\F-
KeTy
+ Z <,6 : n(u - ﬂ)avh%%\r_ =51+ S.
KeTy

Since the numerical trace ﬁt is continuous across the interfaces of elements in T,
and an interior face of K is the outflow face if and only if it is an inflow face of some
adjacent element, we obtain

S1 = Z (B - n(u—Pu), [vh]>el+<.

KeTy

From the flow condition (1.4) we know that 3¢ - n[vh]|e; € Py(e}). Then, we have
from (3.3) that

Si= Y {(B—8°-n(u—"Pu),[vn)), -

KeTy,

Hence, by using the approximation properties and the inverse inequality, we obtain

1< Y ChielVBlucusc = Pull o [0nll sy < CHulguss oy o
KeTy,
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Next, from Lemma 3.1 we know that
S2 < Y hi|VBlo kllu = Pullpyeo ) l0nll acen,)
KeTy

< Y hk|VBloo.kllu = Pull pyom) 10| Lagore) < CRF Ml vz,
KeTy,

UhH.

Now, substituting S; and Sz into (3.8) to obtain the estimate for F5, and then
substituting F} and F» into (3.7), we arrive at

(3.9) ap(up, — Pu, vp) < C’hk+1|u|Hk+1(Th)||vh|| Yop, € Sh.

It follows from taking v, = u, — Pu and noting that ap(vp,vs) = ool lvn||? that the
proof is completed by using the triangle inequality and approximation property (3.4).
O

3.2. The approximation of dgu by the derivative recovery technique. In
this subsection, we consider the approximation of the directional derivative dgu =
B - Vu by using the post-processing technique.

Let up be the DG solution. The error order of [|0g(u — up)l|1,(7,) Will be, in
general, one order lower than that of ||u—uy||. In order to improve the approximation
accuracy, some post-processing methods have been used, e.g., see [7]. However, these
methods usually cost much additional computation. Here we provide a very simple
derivative recovery formula which gives a superconvergent approximation to dgu.

Theorem 3.3. Let T}, be an arbitrary shape-regular triangulation, v and uy, the
solutions of problem (2.1) and (2.4), respectively. Define the recovery formula of the
derivative dgu by

(3.10) Ry (0gu) = f —aup  in Q.

Then we have

(3.11) Opu — Rp(0pu) = —a(u — up).
Proof. Equality (3.11) comes from (2.1) and (3.10) directly. O
A direct result of Theorem 3.3 is

(3.12) 1051 — R (9pu)ll < llau — un)l| < Ch*ful gess z,,

where s = 1/2 for general meshes, and s = 1 for the meshes satisfying flow condi-
tion (1.4), see Lemma 2.1 and Theorem 3.2.
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Remark 3.1. Compared with the post-processing formula in [7], Theorem 2.3,
our formula (3.10) is simpler and dependent only on wj; and problem data f and «.

4. A POSTERIORI ERROR ANALYSIS

It is very important for the finite element method to have a computable a posteriori
error bound so that we can assess the accuracy of the finite element solution and
enhance the computation efficiency by adaptive algorithms in practical applications.
In this section, we will establish an efficient and reliable a posteriori error estimator
for the DG method (2.4) associated with general meshes and special meshes.

In what follows, we assume that |3(x)| = Bmin > 0. Since

Bl =3¢ [ (Bree )" do = (B1(61). .. AulE)”
= BE) + (Bi(&1)s - Baléa) T = B(&),

we have when A is small

d 1/2
(4.1) B°@)] > 18(6)] (Z 86 - &-(&)P)
=1
>IBmin_hK|V,8|oo,K>07 e K.

Denote by Ty~ a uniform refinement of T;, with mesh size h* = agph, 0 < ap < 1,
and a corresponding DG space Sp+ such that S, C Sp«. For a K € Ty, let us denote
by Fx = {e € 8K* \ 8K: K* C K} the set of interior faces of simplices K* C K,
i.e., the subgrid faces that are not included in a face of K. We assume that the
subdivision is such that

(4.2) B¢ ne| >0 Vee Fg, K €T,

It is easy to see that in two-dimensional space there is always at least one subdivision
of each K such that condition (4.2) holds. For instance, compare the two subdivisions
in Figure 4.1. If |3¢ - n.| = 0 for some face in one of the subdivisions, it will be larger
than zero on all faces in the other, since no two interior faces are parallel between
the two types of refinements.

Introduce the auxiliary problem: Find up« € Sy« such that

(4.3) ap=(up=,vp+) = (f,vn+) = (B-ng, vp=)r_ Vop- € Sp-.

12



Figure 4.1. Two different types of subgrids such that |3° - n| cannot vanish on the interior
faces in both Type I (left) and Type II (right) simultaneously.

Let up, be the DG solution of problem (2.4), and note that ap(up,vn) = aps(un, vy)
(see (2.6)). Then, we have the orthogonal equation

(4.4) ap (ups —up,vp) =0 Yoy, €S}, C She.

Let v € S, @ H*(Q). Since

B-Vve LyK), [v]|le=0, ecFk, %hK <hg- <hg, K*CK, VKEeT,,
we have

1
(4.5) Il <ol <ol Vv € Swo HY(Q).

The key of our a posteriori analysis is to introduce the so-called saturation as-
sumption, which has been used widely in existing literature (see [1], [2], [3], [4], [8]):
There exists a constant < 1, independent of A, such that

(4.6) flw — wp

he < Oflu — up|p-.

Clearly, by Lemma 2.1, assumption (4.6) is expected to hold for smooth u and h
sufficiently small. Under this assumption, we have

llw = wnllne < flw—wpsllne + lluns — unllns < 0flu — unllns + lluns — unlln-,

which, together with (4.5), implies
(4.7) u —unlln < V2(1 = 8) " fun- — unln--
Thus, the a posteriori error estimate of u — uy, is converted to an estimate of the

error up+ — up. The following approximation result is basic in our analysis.
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Lemma 4.1. Let iy: Sy~ — Sp be an interpolation or projection operator such
that ipv = v for all v € P, (K). Then we have

C|||’Uh* |||%L* Y op« € Sp.

> bt lone = inone [l 5 <

KeTy,

Proof. For any simplex K € T}, introduce the piecewise polynomial space
P.(K) = {(vp* — ipvp=)|Kx: vp» € Sp«} and the notation

K= Z 18-

K*+Z/ -n|[vp~]* ds.

K*CK e€Fy
We first prove that | - ||« x is a norm on Py (K). Let ||vp+ — ipvp-|l«,x = 0. Then it
follows from (4.2) that
c%h* % o
RRE K*:O, [on-]|, =0 VK" CK, e€ Fg,

which implies that vy« = ¢; on [ N K, where [ is any line that is parallel to 3¢ and
¢; is a constant. Since (3¢ is not parallel to any face e € Fyx (see (4.2)), we see that
the constant ¢; crosses each face e € ﬁ‘K. Then v« € P.(K) implies that vy« is
a polynomial on K such that vy — ipvp« = 0, noting that ipv = v if v € Pp(K).
This shows that | - ||« x is a norm on P, (K). Now, using the norm equivalence on
the reference element and a scaling argument, we obtain

+ |B¢-n|[v s)
ol 3 Jmate

ecFi

(4.8) i [lvn

Noting that 3¢ = B8+ O(hk)|B1,00,k, it follows from (4.8) and the inverse inequality
that

R [vne — inon= 1§

<c ¥ (low

K*CK

5.k +hi-]B - Vupe

2t / 8. n|[vh*12ds>,
OK*

which implies the conclusion of Lemma 4.1. O

Let 7r( I € Pi.(K) be an approximation of the function w on K, for example,

the Ls-projection or interpolation approximation. Similarly, wé w € Py(e) is an
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approximation of w on the face e C K. Introduce several quantities,

1/2
m(up) = ( S hkll(f — Lup) — 7 (f —cuh>|3,K) :

KeTy,

1/2
2q
(K; [Pl )
1/2
0= (35 fy 120080 02)

Obviously, these quantities are computable in terms of the DG solution uy. Now we
can give the second main result of this paper.

Theorem 4.1. Let u and uy, be the solutions of problems (2.1) and (2.4), respec-
tively, u € H'(Q) and |3 = Bmin > 0. Then, we have the following a posteriori error
estimate:

(4.9) lw = unlln < Clm(un) +no(un) +n3(un)), k= 0.

Proof. According to (4.7), we only need to estimate ||up« — up|n+. Using the
expression (2.6) of ap(u,v), equations (4.3) and (4.4), we gain for vp« € Sy« that

(4.10)  aps(uns — up, Vp=) = ap=(Ups — Up, Vp= — Prop-)
= Ap* (uh* , Upx — thh*) — Qp* (uh, Vh* — thh*)
= (f,vns — Ppop~) — / B - ng(vh+ — Ppop+)ds — ap(un, v — Phop+)
= (f — Lup,vp — Ppop=)n + Z / nfup](vps — Ppop«) ds
KeTy, OK— \F’
— B -n(g — up)(vps — Prop)ds

r_
=T + T+ Ts.

Below we estimate the terms T3, T, and T5. First, by using Lemma 4.1 (taking
ip, = Pp), we have

T =(f— Lup — w%)(f — Lup),vp — Props)p

1/2
< 771(%)( S b llone — Paone 3,K) < O (un)|
KeTy,
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Next, using the inverse inequality and Lemma 4.1, we obtain

1/2
i <n2<uh>( S o — Pron- %2<aK>) < Cm(un) Jone I,

KeTy,

15 < 773(%)( > llvns — Puvpe

KeTy,

h* -

1/2
iQ<aKnp_>) < Cos(un) Jon-

Substituting the estimates T3, T, and T5 into (4.10) and using the inf-sup condition
(2.8) on Sp~, we arrive at the conclusion of Theorem 4.1. O

Now, we consider the special meshes. We assume that the triangulation T}, satisfies
flow condition (1.4) with respect to —/3, that is:

4.11 Each simplex K has a unique inflow face e with respect to
K

and there are no hanging nodes on each interior inflow face ej.

Corresponding to flow condition (4.11), we introduce the projection P~ which sat-
isfies conditions (3.2) and (3.3) with ey replacing e.. Introduce estimate quantities,

1/2
i (un) = ( S hicll(f — Lun) — 7D (f - cuh>|3,K) |

KeTy
1/2
ﬁz<uh)—<z / h%avmzo,m[uhn%s) ,
Ker, Jor\on
1/2
ﬁ3<uh>=(2 / <h%(|w|io,;<<g—uh>2+|ﬂ6-n|2|<g—ﬂg’“>g>|2>ds) ,
Ker, JOKNT -

where 75"V = 0 if k = 0.

Theorem 4.2. Assume that T} is a shape-regular triangulation satisfying flow
condition (4.11), and let u and wy, be the solutions of problems (2.1) and (2.4),
respectively, u € H*(Q) and |B| > Bmin > 0. Then we have

(4.12) lw = unlln < C(m(un) + n2(un) + 703(un)), k= 0.

Proof. We only need to estimate ||up« —up|p~. Using the projection P~ instead
of P, in (4.10), we obtain for v« € Sp+ that

(4.13)  aps(up> — up, Vpx)

= (f = Lup, v — P~ vps)p + Z /a B - nfup](vp — P~ vpe ) ds

KeT, YV OK-\I'-

— B-n(g — up)(vp> — P up+)ds = S1 + Sa + 5s.
r_
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Now we estimate terms S, So, and S3. First, by using Lemma 4.1 and (3.2), we
have

S = (f — Lup — W%il)(‘f - Euh),vh* - P_Uh*)h

h* -

1/2
< fu(uh)( S hilone th*|3,K) < G (un)llon-

KeTy,

Next, using flow condition (4.11) and the orthogonal property of P~, we may write
/ B - nlup](vpx — P~ vp+)ds
OK_\I'_

= / B nlup](vps — P ope ) ds + / B - nlup](vp — P vpx ) ds
e \I'—

OK_ ﬂe%

N

/_ (B —B° - nlup|(vps — P vp-)ds + / |8 - njup](vps — P~ vps)|ds.
e \I'—

0
€K

Then, it follows from Lemma 3.1, the inverse inequality, and Lemma 4.1 that

h* -

1/2
5o < Cﬁzwh)( S fone th*|iz<m) < Cia(un) Jone

KeTy,

Similarly, we have

S3 = — B -n(g — up)(vps — P vp~)ds
r_
= [ (8- nlg—un)one —P ) ds

+ [ 8 nlg— un)one — P un) ds
r_

< Onz(un) [lon-

" +/ B n(g — 7t g) (- — P vn-) ds < Cjs(un) vnlln--
I_

Theorem 4.2 follows from substituting estimates S1, Sz, and Sz into (4.13) and using
the inf-sup condition (2.8) on Spx«. O

If 3 is a constant vector, under the conditions of Theorem 4.2, we can obtain
a sharper error upper bound as follows:

(4.14) I = wnlln < C( > hicll(f = aun) =iV (F = awn)f &

KeTy,
1/2
+ [ 1Pl - w§k>g>|2ds> |
I_

We now give the lower bound estimates of the error u — wuy,.
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Theorem 4.3. Let u and uy, be the solutions of problems (2.1) and (2.4), respec-
tively, u € H'(Q). Then, the following local lower bounds hold:

(4.15) hic||(f — Lup) — 74 (f — Lun) |2
< 8hicllalu — un)lP e + 8hxcllB - Vi(u — wn)|2x
2 2 9. 1200, 2
(4.16) /8 18w ds /d 18— ] s

Furthermore, we have the global lower bound estimate:

(4.17) ni(un) +m2(un) +n3(un) < Callu — unln,

where C, = max{8|a|.h/00,8}.
Proof. Taking 77%“) = Py, we have
hicl|(f = Lun) =) (f = Lun) [
<Ahg || f = Lunllg k= 4hkl1L(u = un)|1§

< Ahg(lalu —un)llox + 18- V(u = un)llo.x)?,

which implies (4.15). Equality (4.16) is obvious. From (4.15) and (4.16) we arrive
at (4.17). O

Applying the results of Theorem 4.1 and Theorem 4.3, we have the upper bound
and the lower bound estimates, that is, for n(up) = n1(un) + n2(up) + n3(up), there
holds

Co ' n(un) < flu —uplln < Cy(un),

where the lower bound may be local. This shows that our a posteriori error estimates
are reliable and efficient, and the error bounds are almost sharp.

5. NUMERICAL EXPERIMENTS

In this section we present numerical examples to illustrate our theoretical analysis.
In our experiments, we take Q = (1,2) x (1,2), 8 = (z,y), a = 2, the exact solution
u(x,y) = sinzsiny, and use the linear discontinuous finite element. In order to
make the triangulation satisfy flow condition (1.4) with respect to 3, we first draw
the streamlines of 3 (see Figure 5.1 left), and then construct the meshes so that each
element has one edge lying on one of the streamlines (see Figure 5.1 right). Thus,
flow condition (1.4) holds with respect to 3.
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Figure 5.1. Meshes satisfying the flow condition with respect to 3 = (x,y): The streamlines
of 3 (left) and the actual mesh (right).

Denote by ej, the error between the exact solution and the DG solution with

mesh size h in the Lo-norm, and the numerical convergence order is computed by

3
r =1In(en/ens2)/In2. Let n(un) = 3 ni(un) be the a posteriori error estimator (see

Theorem 4.1). Introduce the efﬁcier;cy index o = n(up)/||lu — up|n. In Table 5.1, for

successively halving h, we display the errors and the orders of convergence, as well as

the index o for the approximate solutions. As expected, we see that the convergence

order is optimal and the error estimator is robust and effective.

[l = ]

h error order |lu — up|n o
1/4  5.2327e-3 - 2.5632e-2  1.3305
1/8 1.3172e-3 1.9901 8.4502e-3 1.3149
1/16  3.3002e-4 1.9968 2.7439e-3 1.2490
1/32  8.2567e-5 1.9989 8.9478e-4 1.2560
1/64 2.0648e-5 1.9996 2.9517e-4 1.2191

1/128 b5.1624e-6 1.9999 9.8670e-5 1.2251

Table 5.1. Histories of convergence and efficiency indexes

References

[1] B. Achchab, S. Achchab, A. Agouzal: Some remarks about the hierarchical a posteriori

error estimate. Numer. Methods Partial Differ. Equations 20 (2004), 919-932.

[2] R. Becker, P. Hansbo, R. Stenberg: A finite element method for domain decomposition

with non-matching grids. M2AN, Math. Model. Numer. Anal. 87 (2003), 209-225.

[3] D. Braess, R. Verfiirth: A posteriori error estimators for the Raviart-Thomas element.
SIAM J. Numer. Anal. 33 (1996), 2431-2444.
[4] E. Burman: A posteriori error estimation for interior penalty finite element approxima-
tions of the advection-reaction equation. STAM J. Numer. Anal. 47 (2009), 3584-3607.
[5] E. Burman, P.Hansbo: Edge stabilization for Galerkin approximations of convec-
tion-diffusion-reaction problems. Comput. Methods Appl. Mech. Eng. 193 (2004),

1437-1453.

19



[6]

[7]

8]
[9]
[10]
[11]

[12]

[13]
[14]

[15]

[16]
[17]
18]
[19]

[20]

P. G. Cairlet: The Finite Element Methods for Elliptic Problems. Repr., unabridged
republ. of the orig. 1978. Classics in Applied Mathematics 40, STAM, Philadelphia,
2002.

B. Cockburn, B. Dong, J. Guzman: Optimal convergence of the original DG method for
the transport-reaction equation on special meshes. STAM J. Numer. Anal. 46 (2008),
1250-1265.

W. Dérfler, R. H. Nochetto: Small data oscillation implies the saturation assumption.
Numer. Math. 91 (2002), 1-12.

K. Eriksson, C.Johnson: Adaptive streamline diffusion finite element methods for sta-
tionary convection-diffusion problems. Math. Comput. 60 (1993), 167-188.

A. Ern, J.-L. Guermond: Discontinuous Galerkin methods for Friedrichs’ systems. I.
General Theory. SIAM J. Numer. Anal. 44 (2006), 753-778.

K. O. Friedrichs: Symmetric positive linear differential equations. Commun. Pure Appl.
Math. 11 (1958), 333—-418.

P. Houston, R. Rannacher, E. Sili: A posteriori error analysis for stabilised finite element
approximations of transport problems. Comput. Methods Appl. Mech. Eng. 190 (2000),
1483-1508.

P. Houston, E. Siili: hp-adaptive discontinuous Galerkin finite element methods for
first-order hyperbolic problems. STAM J. Sci. Comput. 238 (2001), 1226-1252.

C. Johnson, J. Pitkiranta: An analysis of the discontinuous Galerkin method for a scalar
hyperbolic equation. Math. Comput. 46 (1986), 1-26.

P. Lasaint, P. A. Raviart: On a finite element method for solving the neutron transport
equation. Proc. Symp. Math. Aspects Finite Elem. Partial Differ. Equat., Madison 1974.
Academic Press, New York, 1974, pp. 89-123.

T. E. Peterson: A note on the convergence of the discontinuous Galerkin method for a
scalar hyperbolic equation. STAM J. Numer. Anal. 28 (1991), 133-140.

W. H. Reed, T.R. Hill: Triangular mesh methods for the neutron transport equation.
Tech. Report LA-Ur-73-479, Los Alamos Scientific Laboratory, 1973.

G. R. Richter: An optimal-order error estimate for the discontinuous Galerkin method.
Math. Comput. 50 (1988), 75-88.

G. R. Richter: On the order of convergence of the discontinuous Galerkin method for
hyperbolic equations. Math. Comput. 77 (2008), 1871-1885.

R. Verfirth: A posteriori error estimators for convection-diffusion equations. Numer.
Math. 80 (1998), 641-663.

Authors’ addresses: Tie Zhang, Department of Mathematics and the State Key Labo-

ratory of Synthetical Automation for Process Industries, Research Center of National Met-
allurgical Automation, Northeastern University, Shenyang, 110 004, China, e-mail: ztmath@
163.com; Shuhua Zhang (corresponding author), Research Center for Mathematics and Eco-
nomics, Tianjin University of Finance and Economics, Tianjin, 300 222, China; Institute of
Policy and Management, Chinese Academy of Sciences, Beijing, 10090, China, e-mail: szhang
@tjufe.edu.cn.

20



		webmaster@dml.cz
	2020-07-02T14:06:48+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




