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1)I F F E K E X C E E Q H A T I O X 0 F T H E P O L I C Y R E S E RV B. 

By Prof. Dr JAROSI.AV JANKO 

Starting from a quite general form of assurance being sometimes called 
integral assurance, the annual premium will be payable in such a way tha t 
a person aged x years when effecting the assurance will pay an annual 
premium P(X) for the first year, when aged (x + 1) years an annual premium 
P(x). I f ° r ti»e second year, and accordingly the premiums P(X)+^j P(X)+§, . . . 
for the following years. If life-long premiums are being paid the insurer is 
expecting an income from the assumed population lx being assured, the 
value of which in the beginning of the assurance will equal 

P(x)lx + P(x)+\lx + \V + P(x) + 2^x + ̂ V2 + . . . + P^+^J^-* (1) 

The general form of payments will be as follows. If a person aged x years 
effecting the assurance is supposed to die within the first year, that is 
from the age of x to the age of (.r + 1) years, an annui ty //0 will be paid 
at the end of the first year. A person aged from x + 1 to x + 2 years dying, 
an annuity //.-. will be paid a t the end of the second year; accordingly a person 
aged from x+ r to x+ r+ I years dying in the (r + l)th year of the 
assurance, an annuity // r will be paid at the end of that year. As long as 
being alive a lifelong annuity will be paid, that is an annui ty //0 will be 
paid at the beginning of the assurance. When being alive a t the beginning 
of the second year an annuity r\x will be paid. Accordingly when being 
alive a t the beginning of the (r + l)th year of the assurance an annui ty r\r 

will be paid. The value of all paymen ts made to an assumed population lx 

at the beginning of the assurance will be 

fhd*v + fhdx+^ + . . . + / i w - ^ „ v » + 1 - * + (2) 

+ r]0lx + y]xlx+iv + . . . + t}oy~~xloiv
(li~x 

According to the principle of equivalence a very general expression for 
ascertaining net premiums is obtained by making expression (1) equal to 
expression (2). Multiplying both them by vx we obtain 

,«<A + fh^x-, - l + .. • + Hm-aPm + t}oDx + rj1Dx+1 + . . . + rj(>r^xDm = 

= P(x)Dx + P(x)+iDx+l +... + P{X)+~-*Dm. (3) 

The recurrent equation of premium reserve of this assurance will be 

rVxPx+r-iV == r-lVx + P(x) + r-l — >ir~-l — / i f - l ^ + r - I ^ (4) 

allowing to ascertain rVx if r . iVr is known a. s. o. 

r+ lVzPx+rV = rVx + P(x) + r — r]T — ff7qx+rv (5) 

ensuing from it. 
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From a mathematical point of view recurrent equations of the premium 
reserve are difference equations of the first ordre. By summing them up 
expressions for the retrospective and prospective premium reserve are 
obtained. 

When multiplying equation (5) by the expression vr
rj)x, where rpx ~= 

= Vx • Vx+i ...Vx+r-i, we get 

r+lVstt r + 1r+lP.s = rVxV
rrVx + P(x)+rVrrVx — V^rVx ~ Pr&^rPrilx+r-

By summing up these equations from 0 to r — 1, putting QVX = 0, 
we arrive at 

r - l r - l r - l 

rVx VrrVx = 2 P<*) f *V'*P* ~~ 2 Vs^sVx ~ 2 / '«v*+ ^MaH s (6) 

8-^0 *=0 *=0 

being an expression for the retrospective premium reserve. 
When summing upa however, from r to n we obtain the sum 

n—1 n— 1 n — i 
nVxV

nnVx = rVxV
rrVx + 2 P{x) + sV%px — 2 n*v9*P* — ^t**v' + l*PrfLx+* 

H — r 8=~r s~r 
or 

n—1 ft—1 n— 1 
rVxV

r
rPx = 2 W ' f P * + 2 /'«v*+1«P*-fc+« + nVxVnnPx — 2 - ^ W ^ ' d f e (7) 

being the prospective expression of the premium reserve. 

As rPx = - y - m a y be expres 

and (7) are obtained in the form 

As rVx = -y— m a y be expressed by vr
rpx -= - ^ and the equations (6) 

J T r ~ l r - l r - l "1 

,V* =75— 7 IWA+* — yVs^x+s-~ypsCx+s\ (6 bis) 
X , *+ 'b -0 »tb sto J 

rV* = " ^ - [ *2l fix+s +2^°*+* + nVxVx+n — ^P^+s^x+X (7 bis) 
* + r [_K=r «=r «=r J 

for 
___ h+8 &X+8 

sPxQx+8 — ~7"~ • ~y • 
lx *>x+s 

Returning now to the recurrent equation (5) we get an expression for 
the premium reserve by solving it as a complete linear difference equation 
of the first order with variable coefficients. 

II . The general method of solving equation (5) is illustrated by starting 
from a homogenious linear difference equation of the first order with 
variable coefficients. I t may be put in the following form 

f(z+l) — m(z)f(z) = 0 (8) 
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assuming x being only integers greater or at least equal to a. A function y(x) 
is introduced so that y(a) ^ 1 and for x > a 

y(x) — m(a) m(a + 1) m(a + 2) ... rn(x — 1). 

On dividing both terms of the equation by y(x + I) and putting 

y(x) 

we get t(x + I) — t(x) -=- 0 the first difference being equal to zero (i. e. 
At(x) -- 0) ensuing from it f(x) = c . y(x). 

Furtlier on with regard to f(a) == c, for x > a follows 
.r—1 

f(x) ~-~ f(a) m(a) m(ax + 1) . . . m(x~ I) -= /(a) [~J m(t). 

When passing from a homogenous to a complete linear difference 
equation of the first order with variable coefficients x will also be assumed 
to be integer and such that x 2> a holds. This equation is then expressed by 

f(x+\) — m(x)f(x)^U(x). (9) 

The function y(x) is introduced again so as to be y(a) — V 

y(x) .=: in(a) m(a + 1) ... m(x — 1) for x > a; 

Dividing the whole eqimtion by y{x-\- 1) we get 

J / W =^+T) ' 
from which follows 

a ' -i T7(i) 

so that for f(x) following solution is obtained from equation (10): 

II f. Ap[)lying this result to the solution of the difference equation 
(5), which will be expressed with altered symbols, the indices will be put 
as functional arguments to be in agreement with the foregoing deductions. 
We shall therefore write 

V(r + ]) p(x +r)v~ V(r) + P(x + r) — V(r) — ,,(r) q(x + r) v 
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x being considered to be constant. The solution is very much facilitated 
by writing this equation in form (0) so that it follows 

V(r +}) — —-— V(r) = [P(x + r) — >j(r) — ,i(r) vq(x + r) | - A -
vp(x+ r) rp(x (- r) 

(12) 
According to equation (10) we have 

, . I 1 1 
y(r) = vp(x) vp(x+ 1) rp(x -y r — I) 

or 

^ l l l ] 7 >< . m 
y(r) = -7 * - j — • •. — 7 — = -7— = 7T-- • (1 -J) 

' y .+ l <>.r4-2 ^.r + r . i j h r J/.r\-r 
V— Vj- Vj~— f — 

From equation (11) we then get the solution 

F(r> _ , W \ m + ' f - ' . ? U + 0 - ^ - r t O - f c + i L | 
L i r a ^ t + 1) v.p(x+o J 

and with regard to the initial conditions a = 0, V(a) = 0 we obtain 

V(r) = «(r) Pv1 P ( a ; + ^ ' - ^ ) - V ^ » ^ + ' » -1 
1 4 »(* + -) v^x + ») jtJ, »(*' + 1) />(* + 1) J' 

As however, 

y(r) _ 1 1 1_ 
v(i -f- 1) vp(x + i) vp(x + i)' vp(x + i + ])'" vp(x + r— I) 

1 Dx+i 
. lx±r Д 

(14) 
X+Г 

h+i 

the foregoing result may be expressed in the form of 

V(r) = 'y [P(x + i) - r,(t)] - J* p(i) vq(x + i) . -L , 
i-o „r-i j?i±r ~> «r-i :*±r 

I 7 

''.r + i fr.c-1 t 

and this expression is identical with the retrospective form of the premium 
reserve which was obtained before. We can prove it by multiplying both 

sides of the equation by vr -—> for we get then 
'.r 

V(r) vr**±L = y l

P ( X + i) vi h+± _ y1

 v{i) vt
lJ±l - y ,,(,') vi+*q(x + i) h*i 

l* ito l* i-0 x f-~0 lx 
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or 
r - l r - l r - l 

V(r) v'riu =--= 2 p(x + *) viiVx — 2 ntt) v<iP* — 2 /'W^+1iP»g(« + *') 
*-*o i *Q i - 0 

where we retained the indices in symbols for ipx resp. rpx. The solution of 
the difference equation may be also given in the form of 

V(r) Jy[P(x + i) - V(i) —/,({) vq(x + i)] ̂  (15) 

which can be specified for singular particular kinds of assurance. 

IV. In the case of pure endowment assurance we have 

ft0^ / h ^ ftzz^ . . . = 0, i]n= 1, ^0 = ^ = . . : = = 1Jn-l = fyi+i = ••• 

. . . = ^a>_J.= 0 

and thus there will be for r < n 

V(r) = 2 ^ + t ) ™ « 

so that with the constant annual premium P(x + i) = P*^ paid for the 
whole time of the assurance we get 

r - l 

2D*+i 
V( \ ~ P ~ i="° P — ^ — ^ + y __ A?+n ^*— ^as+r 
f i n — I arwj ~ n — •* .rn| T\ ' — n * Ar \T 

&X+r Dr+r Dc+r A * — N; 

In the case of life assurance we put 
*7o = V\ ~ • * • -"= y«> -z = 0; /̂ o = /*i = — = /*«-* = i 

obtaining thus 

F(r) = ' f P(* + 0 £ - - - 2 «*(* + i) ̂ ±i 
i»0 -k'.r + r i=0 Mr+r 

and the annual premium being constant we have 

Nx — Nx+f
 r v l d,+i ï,+ł»-+ł „ Л*,— Л 

f (r) = px — - r 2 г ' i — • - ñ — — R. y ? «_ 
De+r І--Ü fø+ť Ds+r D.r+r 

jrAL.eIЛr Dж 

Æ+Г 

Д c + r De+r 
(-Pдr a.rЛ — ir^-.r). 

Starting from integral assurance we arrive at endowment assurance by 
putting 

*?0 -=%-==.. .== 1J,,-.! = Tjn+x = ... = *?*>—* = 0 , ??n = 1, 

/'0 = / * l = . - - = = / ' n - l = 1. 
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The annual premium being constant we get 

V(r) = Prn\ 2 7J 2 77~-~ P ^ i n f) = 

t^oL'.r+r i-~0JJ

x+r

 lJ.r+r ^x+r 

1 + <hix7\ + 
&r + r l\aXn\ / * r l J Dr+r L ^ l 

4- Dx+r I __ Dx . a-r~— a*»T ! l __ l 3.r + r,n-r| 
Dcr J &xir axt7\ &xi7[ 

In case of deponed annuities it is 

*?o = Vi = • • * = ^ w - i = 0; r/m = ^ m + 1 = = . , . = : riu-jc == 1; 

/<o = /<i = /*2 = . .- = 0. 

The annual premium PU|ax) = -^— being constant we get from the general 
Яx 

r—1 D _!_.• D 
equation (15) and for r < m TVX = P(m\ax) 2 7 7 — ^(w|ax) ax7\ jr^~ and 
for r *> m considering that premiums will be paid m-times to the utmost 
the first sum will be made for i = 0, 1,2, ..., n — 1, for the other premiums 
are equal to zero and therefore ><f*uiTr\ 

/& (% 
m-l n r-1 n /VJ V 

in \ V r>/ \ DH i V Dr + i / * ? —* £ 
V(r) = 2 -°U|a.r) 75 2 75—H22 KKHGYIA 

i=0 Dc + > ?=m DX+r U * M i l " " " " 
_ m\ax o __ Dx Dx V ^ ^ 
— :r~~ • a.rw2| 77 m\m-Tax - 7j — \ ~ ^ * * w y 
Dr , > D* 

(m|ax—m\m-rax) = 7~ r\ax— ax+r-T\ \7W|-*x m\m—r**X/ — r\ 

Ux+r L'.r+r 
Furthermore it will be shown by two examples how a result can be 

obtained in a special case by a direct solution of the difference equation 
being in question. 

The recurrent equation of the premium reserve for pure endowment 
assurance is 

r+lVxPx+rV = rVx + P^-j 

which we reduce to the form of the difference equation 

i t F 1 y — —-5-
r + l ' x • r* x — ^ 

Vpx+r Vpx+r 

and its solution according to (11) will be 
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PL 
rVx = y(r) \0VX + V --—-f 1 

У{r) 
or 

' x \ xnU~»y(i+\)vPx+i 

resulting with regard to (14) in 
r—1 

p- p L V A E + I p 1 ffig — ffip+r -fig+n Nx — Ng+r 
li-.0-L 'it-j-r ' ^x+r J-Sx+r --v.r— -- v . r+n 

The recurrent equation for the premium reserve of assurance with 
a fixed term of payment may be expressed by 

r + lVx - (rV, + *P£j) (1 + i) - qx+r (v*-^1 — r+iVx) 

and by arranging it we get 

r+lVrr ~~ (1 — qx+r) V — rV, = P~| — qx+rV
n~-r 

or 

r+lVx — rVx --= (.-P-j — qx+rVn-~r) 
Vpx+r Vpx+r 

and its solution is quite similar as in the foregoing example 

-F- = y(r) 2 tft! - **+.*>-) y ( i + 1 ) ^ + , } or 
r - 1 n 

r ^ s c — <L\xrn\ — q x — i V )~f\ — 
i^O J^x+r 

p y ^x+i У ľ_ 
<r_.ťи{ Z , n Z, л 

Í^O-^Ж+Г í = 0 -^.r 
' . t + r 

-= ^ a x 7 \ - ^ --—- (»---0- + *»-2o-+1 + ... + r>*-'-2c~+ř-.-) = 
«.cn| ---/.r+r ^ . r + r 

^ ^ y" ~ v**' • 7 T ^ ~ 7 T - ^ " ^ t f e ~ **""> + fe+* ~ **+-> + 
jyX — ^x+n J^x+r IJr+r 

+ . . . + ( t + f + l —Ix^r)]}-= 
- „n J > £ _ N* — N*+r

 1 ,,n+.rř7 _ I x ) _ 
— Í ; - — — . •— -~ -— . 1 - ^ — ^ + r ; — 

D*+r Nx — Nn+n Dr+r 
-=-. v* Dx N* — Xx + r y l t -Pg 1 r t t _ r _ 

Ar+r ' Nr — --Va+n Ar+r 
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„n 
Dx Nx+r — Nx+n 

= V"> _ _ . _ _ _ - L. Vn—r _ -

Dx+r NX~NX 

vnDx Nx+r — Nx+n 

*.c+n Dx+f 

_ ,.П—Г - " - 1 1 _ _ _ _ _ _ — „ n - r . p - г я 

We have illustrated the solution of the difference equation of the 
premium reserve on the hand by the specialisation of the general solution 
and on the other hand by the direct solution in the special cases. The 
number of examples could be increased at discretion. Let us consider 
however only one case of the premium reserve ascertained by the method 
of sufficient premium. The recurrent formula for this premium reserve is 
quite similar, for 

r+IVs = [rVd

x + (1 — y) Bx+r — j8 — Y]r\ (1 + l) — _*+r (/*r — r+lVx) 

or 

r + i V ^ l — qx+r) v — rV
d

x = (1 — y) Bx+r — fi~~r\r — qx+rVfJr 

from which it is quite clear to derive that there is again a complete linear 
difference equation of the ffrst order with variable coefficients in which 
contrary to (12) there is only a change of the expression U(i) 

r+lVd

x rV
d

x = [(1 — y) Bx+r — (I — i]r — _s + r ^ r ] . 
VPx+r Vpx+r 

The initial condition will be in this case 0V% = — #. According to (11) we 
get thus the solution 

rVl = tfr) [-« + f __Ij^±l______ 2 lgg-\ 
L t=0 M* + 1) V.P*+i < = 0 ^(t + l)Px+i\ 

which may be written with regard to (13) and (14) 

n r~~1 n r~~1 n . 
. * = — * 75 h 2 K 1 — y) Bx+i — P — Vi] j : 2/W-+* 77—• 

J^x+r i=0 J^x+r i-0 U%—t 

The annual premium Bx being constant and sufficient, being r < n 
the retrospective reserve for endowment assurance will be 

n r - 1 n r - 1 ^ 

F d ±yx i r/i \ r> on X s LJx+x MT ^x+% 

. x = — «n h [ ( l — y)-5„— /J]2 n 2 T J — 

or 

rF* = J _ - {_ * + [(1 _ y) Bx - /?] ax7\ - -1^-}. 
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