Applications of Mathematics

Véaclav Kucera
Several notes on the circumradius condition
Applications of Mathematics, Vol. 61 (2016), No. 3, 287-298

Persistent URL: http://dml.cz/dmlcz/145702

Terms of use:

© Institute of Mathematics AS CR, 2016

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/145702
http://dml.cz

61 (2016) APPLICATIONS OF MATHEMATICS No. 3, 287298

SEVERAL NOTES ON THE CIRCUMRADIUS CONDITION
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Abstract. Recently, the so-called circumradius condition (or estimate) was derived, which
is a new estimate of the W1 P-error of linear Lagrange interpolation on triangles in terms
of their circumradius. The published proofs of the estimate are rather technical and do not
allow clear, simple insight into the results. In this paper, we give a simple direct proof of
the p = oo case. This allows us to make several observations such as on the optimality
of the circumradius estimate. Furthermore, we show how the case of general p is in fact
nothing more than a simple scaling of the standard O(h) estimate under the maximum
angle condition, even for higher order interpolation. This allows a direct interpretation of
the circumradius estimate and condition in the context of the well established theory of the
maximum angle condition.

Keywords: finite element method; a priori error estimate; circumradius condition; La-
grange interpolation

MSC 2010: 65N30, 65D05

1. INTRODUCTION

In the long history of the finite element method (FEM), much work has been
devoted to answer the basic question: when do the approximate solutions converge
to the exact solution. In the simplest case, Poisson’s problem is treated on a domain
Q) and convergence is studied in the energy (semi)norm, i.e., in H'(Q).

We consider a system of conforming triangulations {7 }ne(0,n,) of 2 C R?2, which
defines the piecewise linear finite element space Vi, = {v, € C(Q); vp|x € P(K) for
all K € Tp}, where P*(K) is the space of linear functions on the triangular element

This work is a part of the research project P201/13/00522S of the Czech Science Founda-
tion. V. Kucera is currently a Fulbright visiting scholar at Brown University, Providence,
RI, USA, supported by the J. William Fulbright Commission in the Czech Republic.
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K € Tp,. The convergence is then usually measured with respect to the parameters

hg = diam K and h = hi.
K iam K an Ilglea% K

For Poisson’s problem, estimates on the finite element error are obtained via Céa’s
lemma and estimates for Lagrange interpolation on triangles. For u € C(K), let
Ixu € PY(K) be the Lagrange interpolation defined by the vertices of K. From
this, we can construct the global interpolant II,u € Vj, such that (IIpu)|x = Hxu
for all K € Tj. The error of the finite element method is then estimated by the error
of the interpolant.

The first condition for O(h) convergence of II,u to u in the H'({)-seminorm is
the so-called minimum angle condition derived independently in [13], [14].

Lemma 1.1. Let 79 > 0 and let the minimal angle of K € Tj, satisfy vk > vo.
Then there exists a constant C' = C(~g) independent of u and hx such that

(1.1) lu —IIguli2x < Chilul22 k.

Assuming v > v > 0 for all K € T;, and all h € (0, hg), we obtain
(12) |u - Hhu|1,2’g < Ch|u|2’27g,
which gives an O(h) error estimate for the FEM in H'(Q).

Later, a generalization of Lemma 1.1 was proved independently in [1], [2], and [6],
leading to the maximum angle condition:

Lemma 1.2. Let ap < © and let the maximal angle of K € T, satisfy ax < «p.
Then for all p € [1, 0o] there exists a constant Cp(a) independent of u and hg such
that

(13) |u — HKU|1,p,K < Cp(ao)hK|u|27p7K.

Again, assuming that ax < g < w for all K € T, and all h € (0, hg), we obtain
a WLP(Q) version of (1.2).

Recently, a generalization of Lemmas 1.1 and 1.2 was given in [8] and [12].
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Lemma 1.3 (Circumradius estimate). Let Rx < 1 be the circumradius of K.
Then for all p € [1,00] there exists a constant Cp, independent of v and K such that

(1.4) lu = Tgul1prx < CpRi|ulzp K-

Assuming the circumradius condition

(1.5) }lllg%) max Rk — 0,
we obtain convergence (not O(h) convergence) of the finite element method similarly
as in (1.2). We shall refer to Lemma 1.3 as the circumradius estimate, although in [8]
both (1.4) and (1.5) are ambiguously called the circumradius condition.

In this paper we show close links between the circumradius estimate and the
maximum angle condition. The first such observation is the following. Since ak is
the largest angle in K, its opposing side has length hx. By the law of sines,

hr
sinag

(1.6) 2Rk =

If we substitute this expression into (1.4), we get an O(h) estimate if and only if
the denominator sin g is uniformly bounded away from zero for all K € 7}, which
is exactly the maximum angle condition. Therefore, as far as O(h) convergence is
concerned, Lemmas 1.2 and 1.3 are equivalent.

The history of the circumradius estimate is interesting in itself. For p = 2 it was
first proved by Rand in his Ph.D. thesis [12], however this result was not published
in a journal. The case p = 2 was independently shown by Kobayashi in [7] where it is
claimed that the constant in (1.4) can be taken as Cy = 1. However, the proof relies
heavily on numerical computations and is therefore hard to verify. Finally, the case
of general p was proven by Kobayashi and Tsuchiya in [8] using the technique of [1].
However, we must point out that the circumradius estimate was essentially proved
already in [10] by Kfizek, although the result is not stated—this will be explained
in detail at the end of Section 3. Finally, in [9], circumradius-type estimates were
derived for higher order Lagrange interpolation.

The proofs of the circumradius estimate presented in [8], [9], and [12] are rather
lengthy and technical. It is therefore hard to obtain good insight on why Lemma 1.3
should hold, whether or not the estimate is optimal, etc. The purpose of this paper
is twofold: first, to clarify these issues by presenting an as simple as possible straight-
forward proof of the special case p = oo; and second, to show that the circumradius
estimate is essentially an optimal scaling of the O(h) estimate under the maximum
angle condition, thus connecting the estimate to well established results.
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The structure of the paper is as follows. In Section 2, the case p = oo is proved.
This is especially simple and self-contained, using only simple geometric and analyt-
ical tools, hence a good understanding of the circumradius estimate can be gained.
In Section 3, the case of p € [1,00) is treated. We show how the result can be ob-
tained by a simple scaling argument from the maximum angle condition. Section 4
is devoted to higher order Lagrange interpolation and again we show that the results
proved in [9] can be obtained by scaling from O(h) estimates valid under the max-
imum angle condition. Finally, in Section 5, we show that the factor Rx in (1.4)
cannot be improved for general u and is optimal for ax — .

1.1. Basic notation. We will use the standard Sobolev spaces W*P?(G), k €
No, p € [1,00] on a domain G C R? equipped with the standard norm ||

k,p,G
and seminorm |-|; ».¢. We will use abbreviated notation for partial derivatives, i.e.,
Ugiyi 1= 0'u/02'0y’. By & € K we will denote an auxiliary point defining the
Lagrange form of the Taylor remainder or some other similar expression based on
the context.

We will use the following notation for the triangle K with vertices ABC), cf. Fig-
ure 1. Let the maximal angle aj be at A, the minimal angle vx at C and Sx at B.
By a, b, ¢ we denote the sides opposite to ax, Bk, and g, respectively. Let ha be
the altitude from A to BC and let H be the foot of this altitude. Finally, let x; and
z. be the lengths of the two segments of BC' given by H.

Without loss of generality, assume that B has coordinates (0,0), C lies at (hg,0)
and A at (zp, ha), i.e., the side BC lies on the z-axis. This is possible, since a general
triangle K can be transformed into this configuration by F': R? — R2, a combination
of translation and rotation. Such a mapping changes Sobolev seminorms only by
a constant factor, specifically, for u € W*P(K)

(1.7) lwo F~ Y p ) < Clk,p)|ulip i,

where C'(k, p) is independent of u and K, cf. [3]. A straightforward calculation yields
e.g. C(1,00) = v/2 and C(2,00) = 2, which is relevant to the following section.

hoa

B Tp H Zc C
Figure 1. An element K € Tp.
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2. THE CIRCUMRADIUS ESTIMATE FOR p = 00

Lemma 2.1. Let K be a triangle with the notation introduced above. Then
TpTe

(2.1) -

= 2R cos Bx cOsS Yk -

Proof. By the law of sines,

SR — c cb B TpLe
K= sinyxg  ha  hacosBgcosvk’

since x, = ccos Bk and x. = bcosyk. Multiplying by cos i cosvk gives (2.1). O

Theorem 2.1 (Circumradius estimate for p = 00). Let K be a triangle as in
Section 1.1. Let u € C%(K). Then

(2.2) [u — Mrul,00,0 < (2V2 + 2) Ric|u]2,00, K-

Proof. Since Hgw = w for all w € P(K), by subtracting a suitable w, we can
assume without loss of generality that w(B) = u(C) = u,(H) = 0.

Denote v := [Ixu € PY(K). Trivially v, = (u(C) — u(B))/hx = 0 and v, =
(u(A) —v(H))/ha =u(A)/ha. Since u,(H) = 0, by Taylor’s theorem

u(A) = u(H) + %uyy(fl)hl%l-

On the side BC, the function v is simply the 1D linear Lagrange interpolation of w,
for which we have the error formula

u(H)=u(H)—v(H) = —%um(fg)a:bxc,
cf. [4]. Therefore,

u(A)| _ 5(h% +
oy = 1408 ¢ ZELEDID ), e < oRlals

due to Lemma 2.1 and the estimate hy < hxg < 2Rk.
Finally, we estimate the left-hand side of (2.2). Since u(B) = u(C) = 0, there
exists & on the side BC such that uy(Z) =0. For x € K

o (@) = va| = [us(@)] = |us (@) — 1 ()] = [Vuo (&) (@ — &)| < V2hiclulz,c0 k-

Similarly, since u,(H) = 0,

|uy (@) = vy| < Juy (@) — uy(H)| + [vy]| < |[Vuy(&a)(@ — H)| + 2Rk |ul2,00, i
< (V2hi + 2Rk |ul2.00 k-
Combining the last two estimates gives us (2.2), since hx < 2Rk. O
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Remark 2.1. The factor Rx comes only from the estimation of vy, all other
terms can be estimated using hx. Hence, (2.2) can be written more finely as

[u — w100,k < (\/_-f- 5)h i |U]2,00, 5 + R ||tza]l0,00, K-

Therefore, if uz, ~ 0, we obtain an O(hx) error estimate instead of O(Rx).

Using Theorem 2.1, we can obtain a ‘cheap’, slightly weakened variant of
Lemma 1.3 for general p.

Theorem 2.2 (Cheap circumradius estimate). Let K C R? be an arbitrary
triangle. Let u € C*(K). Then there exists C, depending only on p € [1,00] such
that

(2.3) lu — Mgulipx < CpRK|K|1/p|u|27oo7K.
Proof. Let p € [1,00). Then from Theorem 2.1

lu— vl e = e = vallg s + Nluy — vy lI6, &
2K |u = vlf oo i < 21K[(2V2 + 2P RicJulh o -

Taking the p-th root gives (2.3). If K is a general element not aligned with the z-axis,
we get an additional factor of 2v/2 in the final estimate obtained by transforming K
and the seminorms |u — v|1,00,K, |U|2,00,x via (1.7). O

Remark 2.2. The factor |K|"P|u|z o x in (2.3) mimics the behavior of the
W?2P(K)-seminorm in that it is also additive in the p-th power:

o —Tuff o= Y lu=Tgulf , < Y CPRE|K|ul}  x < CERPIQuff o o
KeTy KeTn

which is an O(R)-estimate in W1P(Q) for the global interpolation error. Further-

more, trivially |ulap x < 41/p|K|1/p|u|2 00, K 1.€., (2.3) is a weaker version of (1.4).

In the proof of Theorem 2.1, we did not need the assumption Rx < 1 from
Lemma, 1.3. This is true for all the proofs in this paper. We note that the role of this
condition is not completely clear in the papers of Kobayashi et al. and the estimate
is formulated alternately with and without this assumption even within the same
paper. The case of Rx > 1 may seem irrelevant, since in the end we assume (1.5),
however, using the ideas of [5], it can be easily shown that (1.5) is not necessary
for convergence or even O(h) convergence of the FEM. Therefore any attempt at
formulating a necessary and sufficient condition for FEM convergence will need to
take the case of R > 1 into account somehow, cf. also [11].
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3. THE GENERAL CIRCUMRADIUS ESTIMATE

Here we establish a direct connection between Lemmas 1.2 and 1.3. The main idea
is to dilate the triangle K in the y-direction by a suitable factor so that the resulting
triangle K has a prescribed maximum angle. One can then use the maximum angle
condition on K and transform the resulting estimate back to K. The result of this
procedure is the factor Rx instead of hx in the final estimate. First, we need the
following simple scaling result.

Lemma 3.1. Let a > 0 and K be obtained from K by the transformation F':
K — I?, F(z,y) = (z,ay) = (&,y). For f: K — R let f: K — R be defined by

~

f(@,9) = f(F~Y(Z,7)). Then fori,j € Ng

(3.1) [ fziyi

0,p,K = ajil/p”fa?"ﬂf Ho,p,f('

Proof. By the chain rule and substitution,

/‘fmiyj(xvy”pdmdy:/ |Faigi (F(z,y))a’ |” dz dy
K K
ajp

det Jp

[ Fo @) a2 45,
R
where det Jp = a is the Jacobian of F. Taking the p-th root gives (3.1). O

Theorem 3.1 (Circumradius estimate). Let u € W2P(K). There exists C,
depending only on p € [1,00] such that

(3.2) lu — Hgul,px < CpRiclul2p k-

Proof. Let ap = %n. If ag < ap, K satisfies the maximum angle condition,

therefore
lu — Hgulr,p,rx < Cplao)hi|ulzprx < 20, (a0) Ric|ul2,p K,

since hx < 2Rgk. Here Cp(ap) is the constant from Lemma 1.2.

If ax > ag, we find the unique triangle K with vertices E, B, C such that ag =
/BAC = o and /T, A have the same foot H of their altitudes to BC. This is possible,
since the set of all vertices A such that /BAC = ay is a circular arc, cf. Figure 2.

Triangles K, K are related as in Lemma 3.1 with a = hz/ha, where hz is the
altitude from A to BC. We estimate the factor a. Because Brx > 7K, then also
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A

<,
LN ,
B Ty H Ze C

Figure 2. Proof of Theorem 3.1.

B> 7, where 3 := /ABC, 7 := /ACB. Since ap = %n, then f € [%n,in) and
tange [V2—1,1). As hz = tang, we obtain

(\/5— Dap < hg < Typ.
Because a = h 3/ha,
(3.3) (V2 = Daphyt < a < xphyt.

On the other hand, hg = xp tan g < xp, since S < T— ag < %TE. Thus 1 < xbhzl
and from (3.3) we get the sought estimate for a:

(3.4) (V2—1)<a<zphyt
Finally, we estimate (3.2). Defining e := u — IIxu, by Lemma 3.1

(35) el i = leallh i + eyl pre = a7 @507 o+ G507

< (a P+ aPYeP <(a ™t +aPhH0, (ao)php [al?

1pK 2pK’

since K satisfies the maximum angle condition and € is simply the Lagrange inter-
polation error for @ on K. Transforming back to K gives us

A 2= lasel? o +liasgll 2+ gl -

= a”umngp Kt a17p||uxy||gp Kt a'” 2p||uyy||o 0K

<(ata P+ al T )ulf,
Together with (3.5), this gives
(3.6) |e|1pK (2+2a7P +a % 4+ aP)Cp(ag)P Rl |u|2p,K,

since h = hx. Due to (3.4), we have a7 < (V2 - 1)7P,a=?P < (\/5— 1)~27, which
are constants depending only on p. As for the last remaining factor a? in (3.6), we
have due to (3.4) and Lemma 2.1

(3.7) aPhb. < (xph 1 22.)P < (ARK)P,
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since hr /2 < z.. Collecting the estimates for a=? and a2 along with the trivial
inequality hf, < 2PRY, and combining with (3.7), we finally obtain from (3.6)

leff e < (27 + (V2= 1)7P2 4 (V2 - 1) 728 +4) Oy (o) Rig [ulh ,
Taking the p-th root gives us (3.2). O

Having established a connection with the maximum angle condition, it is perhaps
not surprising that all the ingredients needed to prove Theorem 3.1 are already
contained in one of the papers dealing with the maximum angle condition.

As stated on the introduction, everything needed to prove Theorem 3.1 is already
present in [10], although the final result is never formulated, since the paper only
deals with O(h) convergence and the maximum angle condition. However, estimates
using Ry are used throughout the paper and Theorem 3.1 could have been obtained
in the following way. An intermediate step of (2.22) in [10] states

ngKhK
2Rk

where det By is the Jacobian of the mapping from a reference triangle to K and

(3.8) \det By| =

fr,9K,hi are the lengths of sides of K. An intermediate step of the chain of
inequalities following (2.22) in [10] is

(39) |’U — HKU|1’p’K < 326| det BK|71ngKhK|U|2,p,K

Substituting (3.8) into (3.9) immediately gives (3.2). The reason this is not done in
the paper is that (3.8) is further estimated using the maximum angle condition, thus
eliminating Rx from the final estimate in order to obtain O(h) convergence.

4. THE CIRCUMRADIUS ESTIMATE FOR HIGHER ORDER INTERPOLATION

Now we turn our attention to higher order Lagrange interpolation. This is treated
in detail in [9], where estimates of the error in W™P(K) for general m are derived.
Here we only show how the WP(K) results can again be simply obtained by scaling
from existing results assuming the maximum angle condition.

On a triangle K, we define the Lagrange interpolation points of degree k € N by

(4.1) k(K = {(C;; C;: f’)eK a; € {0,..., k), a1+a2+a3:k},

where a triplet (A;, A2, A\3) denotes the barycentric coordinates on K. Let IT% :
C(K) — P*(K) be the Lagrange interpolation of degree k on the set ¥*(K). Under
the maximum angle condition on 7, we have the following theorem proved in [6]
and indicated in [1] for p = 2.
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Theorem 4.1 (Jamet). Let k > 2 be an integer and p € [1,00]. Let u €
WHHLP(K). Then there exists a constant C, ;(ax) depending only on p, k, and the
maximum angle ax of K such that

(4.2) lu — Wieul p,x < Cpi(ar )Ml [ulhsp i

Here we show that the ideas of Section 3 can be used to obtain circumradius-type
estimates for higher order Lagrange interpolation from Theorem 4.1.

Theorem 4.2 (Higher order circumradius estimate). Let u € W**1P(K). There
exists Cp, i, depending only on p € [1,00] and k € N such that

(4.3) lu— Ieuly p i < CprRechl ulks1p.x

Proof. We take a as in Theorem 3.1 and apply Lemma 3.1. As in (3.5) we get

_ ERTNPN _ k
44)  feli,x <@+ a Yl < (a7t ) Cprlao) BT 2

where C) () is the constant from Theorem 4.1. Due to Lemma 3.1,

k+1 k+1

k+1pK ZH“ kHl-igi OpK =D fugriiiy
i=0

k+1
1—ip p
< (E a >|u|k+1,p,K
i=0

Together with (4.4), we obtain

K

k+1 k+1
(45) |e|p7p’K S (Z a—’Lp + Z a(l 1)[?) Oéo)th |u|k+1,p,

Due to (3.4), we have a=" < (v/2 —1)"" for i = 0,...,k + 1, which are constants.
Only a?, the first term of the second sum, is estimated using (3.7), resulting in the
factor R’;(h(;_l)p. Taking the p-th root gives (4.3). O

We note that in [6], Theorem 4.1 is stated under the assumption k& > 2/p if
p > 1 and holds for k > 2 if p = 1, although this case is not stated explicitly. In
Theorem 4.1, we have simplified these assumptions to k > 2, since the remaining
cases correspond to linear interpolation and are treated in Section 3.
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5. OPTIMALITY OF THE CIRCUMRADIUS ESTIMATE

In this section, we show that the circumradius estimate gives the correct scaling as
ax — 1, i.e., that the factor Rk in (1.4) cannot be improved. This observation relies
on the fact that for a quadratic function, the estimates in the proof of Theorem 2.1
are sharp. We consider p € [1, 00), the case p = oo follows similarly.

We take u(x,y) = 22 and again assume without loss of generality that the longest
side BC of K is aligned with the z-axis. Then

1/p
(5.1) |u|27,,7K=(/ |um|pdxdy) — K|V,
K

Since u(z,y) = x?, we have u(A) = u(H) and u,, = 0. As in the proof of Theorem 2.1,
v := Il gwu is the 1D linear Lagrange interpolation of v on the side BC, hence

s o — [y — 1A 0 UD] ) — ()] _ oeeluss] _ e
Y Y Y ha ha ha ha

Therefore,

1/p LpTe )
(5.2)  |u—vlipk = lluy —vyllopr = </ uy — vy dxdy) = a |K['/P
K

= 2R cos Bx COS’yK|K|1/p = Ry cos Bk cos Vi [ul2,p, K

due to Lemma 2.1 and (5.1). Taking e.g. ag > %n, we have Bk, 7k < %n and (5.2)
gives us

(5.3) lu— Mg ulpr > Ri|ul2p k-

Therefore, the factor Rk in (1.4) cannot be improved for general v and ak large.
We note that as ax — T, the factor cos Sk cosyx — 1. This gives support to the
claim of [7], where (1.4) is shown with C; = 1 based on numerical computations.
Of course for special functions, e.g. u(x,y) = y?, the factor Rx can be replaced
by hx via Remark 2.1.

297



6. CONCLUSIONS

We have presented several observations on the circumradius estimate (condition)
and its relation to the maximum angle condition. Since the original proofs of [8]
and [12] are lengthy and technical, we gave a simple straightforward proof of the
p = oo case. For p € [1,00), we showed that the result can be obtained by simple
scaling of the classical O(h) estimate under the maximum angle condition. This
holds also in the case of higher order Lagrange interpolation. Finally, we showed
that the factor Rx in the circumradius estimate cannot be improved in general.

Future work includes a purely analytic proof (i.e., without the assistance of nu-
merical computations) of the result from [7] that C; = 1 can be taken in (1.4).
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