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Abstract. In this paper, we study the structure of polycyclic groups admitting an au-
tomorphism of order four on the basis of Neumann’s result, and prove that if « is an
automorphism of order four of a polycyclic group G and the map ¢: G — G defined by
g¥ = g, ] is surjective, then G contains a characteristic subgroup H of finite index such
that the second derived subgroup H” is included in the centre of H and Cp (o) is abelian,
both C(a?) and G/[G, a?] are abelian-by-finite. These results extend recent and classical
results in the literature.
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1. INTRODUCTION AND MAIN RESULTS

An automorphism « of a group G is called regular if it has no nontrivial fixed
points.

The classical result concerning a regular automorphism of order 2 in a finite group
is due to Burnside [1]: a finite group G admits a regular automorphism of order 2 if
and only if G is abelian of odd order.

For a regular automorphism of order 3 of an arbitrary group, Neumann [8] proved
the following result.

Proposition 1.1. Let G be a group and « a regular automorphism of order 3
of G. If the map ¢: G — G (g — [g,q]) is surjective, then G is nilpotent of class at
most 2.
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For a regular automorphism of prime order of a finite group, Thompson [13]
proved that if a finite group G has a regular automorphism of prime order, then
G is nilpotent. Deeper results concerning regular automorphisms can be found in [5]
and [12].

Abandoning the condition of regularity, we consider an arbitrary automorphism
of order 2 of an arbitrary group, and easily obtain the following result.

Proposition 1.2. Let G be a group and « an automorphism of order 2 of G. If
the map ¢: G — G (g — |g,«]) is surjective, then G is abelian.

Proof. Since ¢ is surjective, for all z € G there exists some g € G such that
x = [g,a] = g~ g Moreover,

2

% = (g—l oz)a _ (g—l)agoz _ (ga)—lg _ (E_l.

Thus for any g1, g2 € G, we have (g, 'g; 1) = (gflggl)—l = gag1 and (g7 g5 1) =
(g7 )% (g5 1) = g1g2. Obviously, g1g2 = g2g1. Hence G is abelian. O

In [11], we treat the general case, and obtain the result that if « is an automorphism
of prime order of a polycyclic group G and the map ¢: G — G defined by g% = [g, ]
is surjective, then G is nilpotent-by-finite. In this paper, we are interested in an
arbitrary automorphism of order 4 of a polycyclic group, and obtain the following
result which extends Kovécs’ result [6].

Theorem 1.1. Let G be a polycyclic group and o an automorphism of order 4
of G. If themap ¢: G — G (g — g, a]) is surjective, then G contains a characteristic
subgroup H of finite index such that

(i) the second derived subgroup H" is included in the centre of H,
(ii) Cg(a?) is abelian.

Let a be an automorphism of a group G. Obviously, the centralizer Cz () and the
commutator subgroup [G,a] = (g7 'g%; g € G) are normal a-invariant subgroups
of G. Tt is well known that the centralizer Cg () in some sense has consequences
on G, and in particular on G/[G,qa]. For example, Endimioni and Moravec [3]
proved that if « is an automorphism of a polycyclic group G and Cg(«) is finite,
then G/[G, a] is finite.

In this paper, we are interested in the case where the automorphism « is of order 4,
and decide the structure of Cg(a?) and G/[G,a?]. In Section 3, we shall see that
Lemma 3.7 in some sense generalizes Endimioni and Moravec’s result mentioned

above.
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Theorem 1.2. Let G be a polycyclic group and « an automorphism of order 4
of G. If the map ¢: G — G (g9 — [g,a]) is surjective, then the following hold:

(i) Cg(a?) is abelian-by-finite,
(ii) G/[G,a?] is abelian-by-finite.

2. PROOF OF THEOREM 1.1

Lemma 2.1. Let G be a group and « an automorphism of finite order n of G.
If the map ¢: G — G (g — lg,q]) is surjective, then for all x € G, we have
2 —1

2 n
rxrtx® ... x” =1.

Proof. Since the map ¢ is surjective, for all x € G there exists some g € G such
that = [g, «]. Thus

o a2 an—1 2 n—1 1 an 1

%z ...w =g, a]lg, a]*|g, ] ...[g,q] =g g% =g g=1

The proof is completed. O

Lemma 2.2. Let G be a polycyclic group and o an automorphism of finite order n
of G. If themap v: G — G (g — [g, a]) is surjective, then G contains a characteristic
subgroup H of finite index such that for each prime q¢{n

H) NH =1,
>0

(ii) for any positive integer t, the automorphism @; induced by « on H/Hqt is
regular.

Proof. (i) By a result of Shmel’kin [10], G contains a normal subgroup N of
finite index which is a residually finite g-group for every prime gq. Denote by e the
exponent of G/N. Then G¢ < N. Put H = G°. Then G contains a characteristic
subgroup H of finite index such that H is a residually finite g-group for every prime gq.

Thus for ¢ 1 n and positive integer ¢, H/Hqt is a finite g-group and H? =1.
t>0

(i) Consider an element h € H/H9 such that h* = h. By Lemma 2.1, for all
h € H < G we have hh®h®” .. h®" " =1. In H/Hqt, the following relations hold:

77777 2 —n—1

hh®th® .. h%  =h" =1.

Since ¢ { n, it follows that h = 1, as required. O
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Proof of Theorem 1.1. (i) Choose ¢ # 2. According to (ii) of Lemma 2.2,
G contains a characteristic subgroup H of finite index such that H/H ¢ hasa regular
automorphism of order dividing 4. By Kovécs’ result [6], the second derived subgroup
(H/H4")" is included in the centre of H/H?". It follows that [(H/HY )", H/HY] = 1.
In other words, [H”Hqt,H] < HY. This implies that

(H" H) < [H"HY  H) < HY

Consequently,
[H", H < (HT =1.
>0

That is, H" < Z(H).
(ii) Set ¢ = a?. It suffices to prove that Cg(p) is abelian. Choose ¢ # 2 and
consider Cy, gt ().
If Cy pet (P) = 1, then $ is a regular automorphism of order 2 of H/HY. By
Burnside’s result [1], H/HY is abelian. Hence for any hy,hy € H = H/H? we

have [k, hy] = 1. Namely, [hy,ho] € H?. But () HY = 1, thus [hy, hs] = 1 for
>0
any hi,he € H. This shows that H is abelian. It follows that Cy(y) is abelian. If

Chymat (®) # 1, then C St (p) is @-invariant, and thus @ is an automorphism of
order 1 or 2 of Cy e (®). Observe that

CCH/H‘lt (E)(a) < CH/HG" (a) = ]-a

and we have that @ is a regular automorphism of Cy 1.t (#). Since Cy/ ot (%) # 1,
@ is a regular automorphism of order 2 of Cy, .t (¥). By Burnside’s result [1],
Cpypat (P) is abelian. Noticing that

Cr(9)/Cr () NHT ~ Cy(p)HY [HT < Cyf ot (B),

we obtain that Cy(¢)/Cr(p) N HY is abelian. So, for any elements hy,hy €
Cr(9)/Cu(p) N HY we have [h,ho] = 1. It follows that [h1,ha] € Cr(p) N

HY < H?. But N H? = 1, thus [h1,he] = 1 for any hi,he € Ch(p). That is
>0
to say, C(p) is abelian. The proof is completed. O
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3. PrROOF OF THEOREM 1.2

Lemma 3.1. Let G be a polycyclic group and o an automorphism of finite order
n of G. If the map p: G — G (g — |g,«]) is surjective, then Cq(«) Is finite.

Proof. By Lemma 2.1, for all z € Cg (o) < G we have

This implies that the exponent of C¢ () is finite. Hence Cg(a) is finite. O

Lemma 3.2. Let a be an automorphism of a polycyclic group G and H a normal
a-invariant finite subgroup of G. If Cg (@) is abelian-by-finite, then Cg(a) is
abelian-by-finite.

Proof. Notice that Cq(a)/Cq(a) N H ~ Cg(a)H/H < Cg/p (@), and we have
C¢(a) is finite-by-abelian-by-finite. We may assume that B is a normal finite-by-
abelian subgroup of Cg(«) and Cg(a)/B is finite. By Theorem 1.3.4 of [7], Cq ()
has a normal torsion-free subgroup A of finite index. Hence

Ca(a)/AN B < Cg(a)/A x Cgla)/B

is finite. Since A is torsion-free, A N B is abelian. Thus C¢(«) is abelian-by-finite.
O

Proof of (i) of Theorem 1.2. Set ¢ = a?. It suffices to prove that Cg(yp) is
abelian-by-finite. Denote by 7' the torsion subgroup of G. If Cq (%) = 1, then
P is a regular automorphism of order 2 of G/T. By Theorem 1.1 of [2], G/T is
abelian-by-finite. Hence Cg,r(®) is abelian-by-finite. Since T' is finite, it follows
from Lemma 3.2 that Cg(y) is abelian-by-finite. If Cq/p(%) # 1, then Cg/r(P)
is @-invariant, and thus @ is an automorphism of order 1 or 2 of Cg/7(?). By
Lemma 3.1 and (ii) of Lemma 2.4 of [2], C¢ /(@) is finite. Since

CCG/T(E) (@) < Cgyr(@),

Cog, () (@) is finite. If @ is an automorphism of order 1 of Cg /7 (%), then Cg,7(9)
is finite. By Theorem 1.1 of [2], G/T is abelian-by-finite. Hence C/1 (%) is abelian-
by-finite. By Lemma 3.2, Cg(y) is abelian-by-finite. If @ is an automorphism of
order 2 of Cg /7 (®), it follows from Theorem 1.1 of [2] that C/r () is abelian-by-
finite. By Lemma 3.2, C(¢) is abelian-by-finite. O
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Lemma 3.3. Let « be an automorphism of a polycyclic group G and H a normal
a-invariant finite subgroup of G. If Cg(«) is abelian-by-finite, then Cg g (@) is
abelian-by-finite.

Proof. Set C/H = Cg/p(@) and consider the map ¢: C — H defined by
g? = g 1g%*. On the one hand, for any x € Cg(a), we have

1 1 «

(x9)? = (z9) ' (xg)* = g~ 'a™la"g™ = g 1"
This shows that ¢ maps all elements of the coset Cg(a)g to g~tg®. On the other

hand, if gl_lgf‘ = gglgg, then

(9195 1) = 9195 ",

and thus g1g; ' € Cg(a). This implies that Ca(a)gr = Cg(a)ge. It follows that
|C: Cq(a)| < |H| < 0.

We may assume that A is a characteristic abelian subgroup of C¢(a) of finite
index without loss of generality. Since C/A/Cq(a)/A ~ C/Cgq() and C(a)/A is
finite, one has that C'/A is finite. Noticing that

Ce/n(@)/AH/H = C/H/AH/H ~ C/AH < C/A,

we have that Cg, (@) / AH/H is finite. Since AH/H ~ A/ANH is abelian, Cg/ (@)
is abelian-by-finite. O

Lemma 3.4. Let o be an automorphism of order 2 of an abelian group A. Then
for any x € A, the element x> can be written in the form z? = ay 'y®, where
a € Cxy(a) andy € A.

Proof. Consider an element € A and put a = zz®. Then a € C4(a). Obvi-
ously, z72a = 27 12% € [A, a]. Set u = 27 %a. Then 2% = au~!, with a € C4(a) and
u~! € [A,al. Since A is abelian, u~! is of the form y~!y®. The proof is completed.

(]

Lemma 3.5. Let o be an automorphism of order 2 of a polycyclic group G and
A a torsion-free normal a-invariant abelian subgroup of G. If Cg(«) is abelian-by-
finite, then Cg /(@) is abelian-by-finite.

Proof. Put Ag = A? and denote by @ the automorphism induced by o on G /Aj.
Consider an element z € G such that 24y € Cg/a,(@). Then 2% = zh for some
h € Ag. By Lemma 3.4, h = ay 'y“, where a € Cs(a) and y € A. Thus 2% =
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zay~'y®. Note that 2 = xazy’ly‘f, and we have a? = 1. Since A is torsion-free,
a = 1. Clearly, 2* = xy~ly*. It follows that (zy~1)® = 2y~!, hence v = zy~ ' €
Cg(a) and so z = vy € Cg(a)A. This implies that

CG/AO (@0) < Cc;(()é)A/Ao = Cg(a)Ao/Ao . A/Ao

Set B = Cg(a) N Ag. Then Cg(a)/B ~ Cg(a)Ao/Ag. We can assume A; is
a characteristic abelian subgroup of C¢ (o) of finite index. Observe that

(Ce(a)/B)/(A1/A1 N B) ~ (Ca(a)/B)/(Ai1B/B) ~ Ca(a) /A1 B < Ca() /A1,

and we have that Cg(a)/B is abelian-by-finite. It is easy to see that Cg 4, (@0) is
abelian-by-finite. But @y induces the automorphism @ on G/A and A/Ag is finite.
Consequently, it follows from Lemma 3.3 that C;,4(@) is abelian-by-finite. O

Lemma 3.6. Let « be an automorphism of a group G. If [G,«] is finite, then
the index of C(«) in G is finite.

Proof. Denote by n the order of [G, a and consider n+1 elements g1, g2, - . ., gn+1
in G. Therefore, among the elements

-1 a -1 « -1 «
gl glag2 g2a"'agn+1gn+1

at least two coincide. If g;'g® = gj_lg]q (4,7 € {1,2,...,n+ 1}, i # j), then
(gigj_l)a = gigj_l, and so gigj_1 € Cg(a). Hence |G : Cg(a)| < n. O

Lemma 3.7. Let a be an automorphism of order 2 of a polycyclic group G. If
Cq(a) is abelian-by-finite, then G/|G, o] is abelian-by-finite.

Proof. We proceed by induction on the Hirsch length h(G) of G. The re-
sult is obvious when h(G) = 0, so suppose that h(G) > 0. By Lemma 3.6, if
[G, ] is finite, then G/Cg(«) is finite. It follows that G/Cq(a)[G,a] is finite.
Since Cg(a) is abelian-by-finite, G/[G, o] is abelian-by-finite. Therefore, we can
assume that [G,a] is infinite. By Theorem 5.4.15 of [9], [G,«a] contains a non-
trivial torsion-free characteristic abelian subgroup A. It follows from Lemma 3.5
that Cg (@) is abelian-by-finite. Since h(G/A) < h(G), we deduce from the induc-
tive hypothesis that G/A/[G/A, @] is abelian-by-finite. But [G/A, @] = [G, a]/A and
(G/A)/ (G, a]/A) ~ G/[G, o], hence G/[G, ] is abelian-by-finite. O

Proof of (ii) of Theorem 1.2. Set ¢ = a?. By Part (i) of Theorem 1.2, C () is
abelian-by-finite. Thus the second part of Theorem 1.2 follows from Lemma 3.7. O

581



[1]
2]
3]
[4]
[5]
[6]
[7]
8]
[9]
[10]
[11]
[12]

[13]

Acknowledgment. We thank the referees for their time and comments.

References

W. Burnside: Theory of Groups of Finite Order. Dover Publications, New York, 1955.
G. Endimioni: On almost regular automorphisms. Arch. Math. 94 (2010), 19-27.

G. Endimioni, P. Moravec: On the centralizer and the commutator subgroup of an au-
tomorphism. Monatsh. Math. 167 (2012), 165-174.

D. Gorenstein: Finite Groups. Harper’s Series in Modern Mathematics, Harper and Row,
Publishers, New York, 1968.

G. Higman: Groups and rings having automorphisms without non-trivial fixed elements.
J. Lond. Math. Soc. 82 (1957), 321-334.

L. G. Kovdcs: Group with regular automorphisms of order four. Math. Z. 75 (1961),
277-294.

J. C. Lennoz, D. J. S. Robinson: The Theory of Infinite Soluble Groups. Oxford Science
Publications, Oxford, 2004.

B. H. Neumann: Groups with automorphisms that leave only the neutral element fixed.
Arch. Math. 7 (1956), 1-5.

D. J. S. Robinson: A Course in the Theory of Groups. Springer, New York, 1996.

A. L. Shmel’kin: Polycyclic groups. Sib. Math. J. 9 (1968), 234-235. (In Russian.)

X. Tao, L. Heguo: Polycyclic groups admitting an automorphism of prime order. Sub-
mitted to Ukrainnian Math. J.

X. Tao, L. Heguo: On regular automorphisms of soluble groups of finite rank. Chin. Ann.
Math. A35 (2014), 543-550, doi 10.3103/S0898511114040036. (In Chinese.)

J. G. Thompson: Finite group with fixed-point-free automorphisms of prime order. Proc.
Natl. Acad. Sci. 45 (1959), 578-581.

Authors’ addresses: Tao Xu, Department of Science, Hebei University of Engineering,

No. 199 Guangming Road, Handan, Hebei, 056038, P. R. China, e-mail: gtxutao@163. com;
Fang Zhou, Department of Mathematics, Taiyuan Normal University, No. 319 Daxue
Road, Taiyuan, Shanxi, 030619, P.R. China, e-mail: fangzhou20@aliyun.com; Heguo
Liu, Department of Mathematics, Hubei University, No. 368 Youyi Road, Wuhan, Hubei,
430062, P.R. China, e-mail: ghliu@hubu.edu.cn.

582



		webmaster@dml.cz
	2020-07-03T22:16:22+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




