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Abstract

The object of investigations are almost contact B-metric manifolds
which are derived as a product of a real line and a 2-dimensional mani-
fold equipped with a complex structure and a Norden metric. There are
used two different methods for generation of the B-metric on the product
manifold. The constructed manifolds are characterised with respect to
the Ganchev-Mihova—Gribachev classification and their basic curvature
properties.
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1 Introduction

The differential geometry of almost contact metric manifolds is well studied (e.g.
[1]). Ganchev, Mihova, Gribachev begin investigations on the almost contact
manifolds with B-metric in [3]. These manifolds are the odd-dimensional coun-
terpart of almost complex manifolds with Norden metric (briefly, almost Norden
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manifolds) [2, 4], where the almost complex structure acts as an anti-isometry re-
garding the metric. Further, almost contact B-metric manifolds of arbitrary odd
dimension are investigated in many works, for example [11, 12, 13, 14, 15, 17].

An object of our special interest is the case of the lowest dimension 3 of the
considered manifolds ([6, 7, 8, 9, 10]). In the present paper, there are used two
different methods for construction of an almost contact B-metric manifold as a
product of a real line and a 2-dimensional Norden manifold. The goal of this
work is a characterisation of the obtained manifolds.

The paper is organized as follows. In Sect. 2 we recall some preliminary
facts about almost contact B-metric manifolds and almost Norden manifolds. In
Sect. 3 and Sect. 4 we study the considered manifolds derived from a space-form
of real dimension 2 equipped with a complex structure and a Norden metric,
which are constructed as its cone and its S'-solvable extension, respectively.

2 Preliminaries

2.1 Almost contact B-metric manifolds

Let (M, p, &, m, g) be an almost contact B-metric manifold, where M is a (2n+1)-
dimensional differentiable manifold with an almost contact structure (¢, &,n)
consisting of an endomorphism ¢ of the tangent bundle, a Reeb vector field &,
its dual contact 1-form 7 as well as M is equipped with a pseudo-Riemannian
metric g of signature (n + 1,n), called B-metric, such that:

=0, P?’=-Id+n®E nop=0, n() =1,
9(pz, oy) = —g(x,y) +n(z)n(y),

where Id is the identity map ([3]). In the latter equality and further, z, y, z,
w will stand for arbitrary elements of X(M), the Lie algebra of tangent vector
fields, or vectors in the tangent space T,M of M at an arbitrary point p in
M. Let us recall that these manifolds are the odd dimensional extension of the
almost Norden manifolds and the case with indefinite metrics corresponding to
almost contact metric manifolds.

The associated metric g of g on M is defined by g(z,y) = g(z, py) +n(x)n(y)
and it is also a B-metric. The manifold (M, ¢,£,n,q) is also an almost contact
B-metric manifold.

The Ganchev—Mihova—Gribachev classification of almost contact B-metric
manifolds, consisting of eleven basic classes F1, Fa, ..., Fi1, is given in [3]. It
is made with respect to the (0,3)-tensor F' defined by

F(xvy’ Z) = g((vx@) Y, Z)7

where V is the Levi-Civita connection of g and the following general properties
are valid:

F(z,y,2) = F(z,2,y) = F(x,py, p2) + n(y) F(x, &, 2) + n(2) F (2, y,),
F(z,0y,&) = (Van)(y) = 9(V&,y).
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The intersection of the basic classes is the special class Fq, determined by
the condition F'(z,y,z) = 0 and it is known as the class of the cosymplectic
B-metric manifolds.

Let {e;;¢} (i = 1,2,...,2n) be a basis of T,M and let (g;;) be the corre-
sponding matrix of g and (¢*/) be its inverse matrix. The 1-forms 6, 6*, w
associated with F', called Lee forms, are determined by:

G(Z) = gijF(eiv €j,5 Z)v 9*(2) = gijF(eiv PEj, Z)v w(z) = F(€7§7 Z)

In the present work, we consider the case of the lowest dimension of the
considered manifolds, i.e. dim M = 3.
The basis {e1,eq,e3} in any tangent space at an arbitrary point of M is
called a p-basis if the following equalities are valid
per =€z, ey =—e1, e3=¢,
9(61,61) = _g(627€2) = 9(63763) = 17 g(eiaej) = 07 { 7é .]

(1)

According to [6], the components of F', 6, 8%, w, denoted by Fj;i, = F(e;, e;, €x),
O, = 0(er), 05 = 0*(er), wr = w(ex), with respect to the given ¢-basis are:
01 = Fao1 — F331, 02 = Faoo — F32, 03 = Faoz — Fioo,
07 = Faz1 + F3a1, 05 = Faoz + F3o2, 03 = Fogo + Fiaa, (2)
wp =0, wa = Fr12, w3 = Fi13.
Let us denote by F** (s = 1,2,...,11) the components of F' in the corre-

sponding basic classes Fs. In [6], F® are obtained for dimM = 3 and it is
established that the class of 3-dimensional almost contact B-metric manifolds is

F1DFs D F5® Fg D Fg D Fio D F11.

According to [14], the class of the normal almost contact B-metric manifolds
is F1 @ Fo & F4 ® F5 @ Fg, since the Nijenhuis tensor of almost contact struc-
ture vanishes there. Therefore, we conclude that the class of the 3-dimensional
normal almost contact B-metric manifolds is F; @ Fy ® F5. The corresponding
components of F for x = z'e;, y = yle;, z = zFe;, are the following ones in
compliance with [6]:
Fl(‘r?yv Z) = ($292 - £C393) (y2Z2 + yBZS) )
O = Faoo = Fo33, 03 = —F320 = —Fi333;
F(w,y,2) = %&{xz (y'2? +y22t) —a® (y'2° +9%21) },
301 = Fo1p = Faoy = —Fa13 = —Fan;
F5(z,y,2) = %9{{952 (ylz3 + y3z1) 423 (ylz2 + y221)}’

1
507 = Fo13 = Fa31 = F312 = F321.

3)

In [12], there are given fundamental facts of the conformal geometry of almost
contact B-metric manifolds. We recall some of them which are in relation with
the obtained results in this work.



62 Hristo M. Manev

The contactly conformal transformations are determined by
G=e*"cos2v g+ e*sin2v g+ (1 — e*“ cos2v — e*“sin20)n @ n

and they form a group C. The minimal contactly conformal equivalent class
with respect to C is contained in the most cramped class with non-zero Lee
forms 6 and 6*, the class F; ® F4; ® F5, whose is also the minimal contactly
conformally invariant class with respect to C.

The classes F1 @ Fy4 and F; @ F;5 are locally contactly conformally invari-
ant with respect to the transformations of the groups Ci 4 and C} 5, respec-
tively, which are contactly conformal transformations satisfying the conditions
du(§) = 0 and dv(€) = 0, respectively. Similarly, the classes Fi, F4 and F5 are
locally contactly conformally invariant with respect to the transformations of
the groups C4, C4 and C5, respectively. The latter groups are determined by
the conditions:

Cr: du(§) = dv(§) =0,
Cy: duop=dvop? du(§) =0,
0.

Cs: duop=dvop? dv()

The subsets F? (i = 1,4,5) are subclasses of F; with closed Lee forms 6 and
0*. An Fy-manifold is contactly conformally equivalent to a manifold from the
classes FY o F), FYoFY, FP, FY, F with respect to transformations belonging
to the groups C7,, C75, C7, Cf, CF, respectively. The latter subgroups are
determined as follows:

CiaDCYy: d(duog) =0, Ci5 D CY5: d(dvog) =0,
C1 D CY: d(duop)=d(dvoy)=0,
04302: d(dUOSO):O, C5chl d(dUO(p):O

In [11], it is defined the square norm of V¢ as follows

IVl = g7 g*g((Ve, ) ex, (Ve, ) €5). (4)

If an almost contact B-metric manifold has a zero square norm of Vo it is
called an isotropic-cosymplectic B-metric manifold ([11]). Obviously, the equal-
ity |[Vel||? = 0 is valid if (M, ¢, £, 7, g) is an Fo-manifold, but the inverse impli-
cation is not always true.

Let R = [V,V] — V| be the curvature (1,3)-tensor of V and the corre-
sponding curvature (0,4)-tensor be denoted by the same letter: R(z,y,z,w)
= g(R(z,y)z,w). The following properties are valid in general:

R<x7y7’z7w) = _R(%xasz) = —R(CU’?J»U%Z)»
R(z,y,z,w) + R(y, z, z,w) + R(z,z,y,w) = 0.

(5)

Let the essential curvature-like tensors 7; and 7o (i.e. tensors generated by
g and ¢ such that they possess the properties (5)) of types (1,3) and (0,4) are



Almost contact B-metric manifolds as extensions. . . 63

defined by

m(z,y)z = g(y, 2)x — g(x, 2)y,

ma(,y)z = g(y, p2)pr — g(x, p2)py,

m(z,y, z,w) = g(y, 2)9(z, w) — g(z, 2)g(y, w),

T2 (z,y, 2, w) = g(y, pz)g(x, pw) — g(x, p2)g(y, pw).

(6)

Let the Ricci tensor p and the scalar curvature 7 for R and g as well as their
associated quantities be defined as follows

p(y7 Z) = gin(ei»% Z, ej)’ p*(y7 Z) = gin(ei»% Z, Soej)a

T=g"plei ej), T =g7p (e;,e;), T =gYp*(e;, pe;).

(7)

The sectional curvature of each non-degenerate 2-plane o in 7, M with re-
spect to g and R has the following form

k(a; p) = R(z,y,y,7) (8)

where {z,y} is an orthogonal basis of a.
A 2-plane « is called a p-holomorphic section (respectively, a £-section) if
a = pa (respectively, € € a).

2.2 Almost complex manifold with Norden metric

Let us remark that the 2n-dimensional contact distribution H = ker(n) of
(M,¢,£,1m,9) can be considered as an almost complex manifold N endowed
with an almost complex structure J = |y and a metric h = g|g, where |y
and g|g are the restrictions of ¢ and g on H, respectively.

Let 2/, ¢/, 2/, w’ denote arbitrary vector fields or vectors in the contact
distribution H of M. Since g is a B-metric of M, then h is a Norden metric on
H, i.e. it is compatible with J as follows

h(JSC/7 Jy/) = 7h(x/7 y/)

The associated Norden metric h of h is determined by

h(z',y") = h(z', Jy').

Both metrics h and h have signature (n, n).

We recall that an 2n-dimensional manifold NV with almost complex structure
J and Norden metric h is an almost Norden manifold (N, J, k). The manifold
(N, J,h) is also an almost Norden manifold.

In the present work we pay attention to the case of the lowest dimension.
Let (N,J,h) be a 2-dimensional almost Norden manifold. It is known that
such a manifold is a space-form, i.e. the manifold has constant sectional cur-
vature k' and its curvature tensor has the form R’ = k'7{, where 7} is the
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essential curvature-like tensor as 7 in (6) but with respect to h. Moreover,
according to [2], any 2-dimensional almost Norden manifold is integrable and it
belongs to the basic class W;. In other words, this is the class of the considered
manifolds which are conformally equivalent to Kéhler-Norden manifolds, where
conformal transformations of the metric are given by h = e2*(cos 2v h+sin 2v h)
for differentiable functions w, v on N. The Kéahler-Norden manifolds are the
most specialized case of the almost Norden manifolds, determined by V'J = 0,
where V' is the Levi-Civita connection of h. Their class is denoted by Wy
and it is a subclass of Wj. The fundamental tensor F’ of (N, J, h) is defined
by F'(z',y,2") = h((V.,J)y',2') and for any W;-manifold it is determined as
follows

(@) = L b )0 () + bl Ty )6 ()
(0 )+ b, T ()} )

A more wide subclass of W; comparing with W, contains the so-called
isotropic-Kdhler—Norden manifolds ([16]). They have a vanishing square norm
of V'J, ie. |V'J||? = 0, where this square norm is defined by

IV'J|? = BT R ((Ve, ek, (Vi ] )es) (10)

with respect to an arbitrary basis.

3 The cone over a 2-dimensional complex space-form with
Norden metric

In this section, we consider the cone over N, C(N) = R* x N, where R™ is the
set of positive reals. We equip it with a metric g defined by

g((@,ad), (v, b2)) =t h(2',y) + ab, (11)

where ¢ is the coordinate on R™ and a, b are differentiable functions on C(N).
We introduce an almost contact structure on the cone by

plu=J, €=g5, n=d, ¢£=0, nop=0. (12)
Obviously, the manifold (C(N), p,&,n,g) is an almost contact B-metric mani-
fold.
Using the general Koszul formula
29(Vay, z) = zg(y, 2) + yg(z,2) — zg(z,y)
+g([l’7y}72)_g([yvz]vx)+g([27$]7y)v (13)

(11) and (12), we obtain the following equalities for the Levi-Civita connection
V of the B-metric g on C(N):
9 (Vo 2) = 2R (Vyy',2), g(Vey',2') = th(y, 7)),

(14)
g (Vm’y/ag) =—th (x/7yl) ’ g (Vm'£7 Zl) =th (J)/, Z/) :
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Further, using (14), we find the following formulae for the covariant derivatives
with respect to V

1 1 1
Vaoy =Viy — 79 («',y") ¢ Vey' = ;y’, V€ = ;x'- (15)

Bearing in mind (5) and (15), we obtain
R(a',y)e' = (K = )m(a',y)2,
R(a',y")§ = R(z',§)z" = R(&,y)2" = R(z',£)€ = R(&,y')§ = 0.
Therefore, by direct computations, we get the following

Proposition 3.1 The following equalities for the curvature tensor R of (C(N), ¢,
&,n,9) are valid:
R,y 2, w') = t%(k;’ —Dm (2!, y, 2", w'),
R(fv ylv Zlv U)/) = R(xlv 51 Z/a w/) = R((E/, ylv 57 U)/) (16)
R(z',y',2",§) = R(§,y/,2,§) = 0.

According to (1) and (11), we obtain the components h;; = h(e;, e;) and
gij = g(e;, e;) and the non-zero of them are

1
hi11 = —hoy = t—z, g11 = —go2 = g3z = 1. (17)
Using (13), (15) and (17), we get
Vee1 =V, €1 — Les, Veea =V, e, Ve,€3 = te1,
Ve,01 = V/6261, Ve,e2 = Vézez + %63, Ve, €3 = %627 (18)
Vesel = %61, Veseg = %627 Veseg = O

By virtue of (4), (12), (17) and (18), we obtain the value of the square norm
of Vi as follows

4
IVel® = 2{(61)* = (62)*} = 7, [IV'TI” = 2£2{(61)” — (62)°}-
The latter equalities imply
1
IVel® = Z{IV'JII* - 4}

and the truthfulness of the following

Theorem 3.2 1. The manifold (C(N),v,&,1,9) is an isotropic-cosymplectic
B-metric manifold if and only if the square norm of V'J on (N, J,h) is

197712 = 4.
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2. The manifold (N, J, h) is an isotropic-Kdhler-Norden manifold if and only
if the square norm of Vo on (C(N),,&,n,g) is

Taking into account (12), (17) and (18), we compute the components F;jj
of F and get

Fi11 = Fige =07, Fo = Fhp = —05, (19)
Fiaz = Figo = Fo13 = Fog = 1,

where 0, = 0'(e;) for i = 1,2, as well as the other components of F' are zero.
Using (2), we obtain the components of the Lee forms of (C(N),p,&,1,9)
and the non-zero of them are:

0 =0, 0—0, 0 ——0, 05—0, 9;:%

Bearing in mind (3) and (19), we establish the equality
F(z,y,2) = (F' + F*)(2,y,2),

where F'' and F® are the components of F in the basic classes F; and Fs,
respectively. The non-zero components of F'! and F> by means of (3) and (9)
are the following

F1111 = F1122 = bh, F2111 = F2122 = —bh,

F1523 :F532:F§13:F2531 = %9§
Therefore, we establish the truthfulness of the following
Theorem 3.3 The manifold (C(N),p,&,n,9)
1. belongs to F1 & Fs,

2. belongs to Fs if and only if (N, J, h) is a Wy-manifold,
3. could not belongs to F.

The class F; @ F5 is a subclass of the class F1 @ F4 @ F5 of the 3-dimensional
normal almost contact B-metric manifolds.

Using (16), (17) and (18), we compute the components R;,xc = R(e;, €5, ek, €r)
of the curvature tensor R. The non-zero ones of them are determined by (5)
and the following

1
Riz12 = t—Q(k/ —1). (20)

Theorem 3.4 The manifold (C(N),¢,&,n,9) is flat if and only if k' = 1.
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Bearing in mind (8), (17) and (20), we compute the basic sectional curvatures
kij = k(e;, e;) as follows

1
klg = ?(k/ — ].), klg = k23 =0. (21)

Taking into account (7), (17) and (20), we obtain the basic components
pjk = plej.ex) and pj, = p*(ej,ex) of the Ricci tensor p and its associated
tensor p*, respectively, as well as the values of the scalar curvature 7 and its
associated quantities 7*, 7**. The non-zero ones of them are:

pr1 = —pa = piy = phy = 57 = 37 = (K —1). (22)

o+

By virtue of (21) and (22), we conclude the following
Proposition 3.5 For the manifold (C(N),p,&,1n,9)

1. the sectional curvatures of the &-sections vanish,
2. 77 =0,

A i

Proposition 3.6 The following assertions for (C(N),¢,&,n,g) are valid:

1. ¥ <1 if and only if T < 0;
2. k' =1 if and only if T = 0;
3. k' > 1 if and only if 7 > 0.

4 The S'-solvable extension of a 2-dimensional complex
space-form with Norden metric

In the present section, let us introduce a warped product 3-dimensional manifold
S1(N) = R* x42 N as follows. Let dt be the coordinate 1-form on R and let
us define an almost contact B-metric structure on S'(N) as follows

plu=J, E=% n=da, nop=0, g=dt*+cos2th—sin2th. (23)

In [5], it is proved that the warped product manifold S'(N) equipped with
the almost contact B-metric structure defined in (23) is an almost contact B-
metric manifold. The constructed manifold (S*(N), ¢, &, 7, g) in this manner is
called an S!-solvable extension of (N, J,h) in [5].

Using (13) and (23), we compute the components of the covariant derivative
V as follows:

Vaoy =Viy — ssin2t{g (2',y') 0" + g (/. Jy') JO*} + g («/, Jy) €,

Vey =—Jy', Veé=—-Jx', V£=0 24)
Yy = Y, 7:/5* €, 56* .

In the latter equalities and further, we denote by 6’% the dual vector of ' with
respect to h. Analogously, 0% stands for the dual vector of § with respect to g.
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Using (24), we obtain

R(x',y" )7z = K'{cos2t mi(2',y')2" —sin2t Jma(2',y')2'} — ma(a’,y) 7
+ 2sin 2t (7 + m2) (2, ', 2, 0'F) J 6
— % sin2t {g (v, 2") V0" — g (a',2) Vyfé"ﬁ
+g(y,JZ )V J0® — g (2!, J2')V, O}
- %{COS 2t (11 + o) (2, y, 2, 0'%)
+ sin 2t (w1 + mo) (2, v, 2, JOH)E,
R’ y/)§ = —5(m + mh) (a4 )0", (25)
R(&,y)" = —5(m + m) (0%, y')2
—cos2t{h(y',2") (Ble1 — Ohea) + h (', J2) (Bher + Olea)}
+9,2)¢E
R(&.€)' = 3, + m3) @', 0%)
+cos2t {h(a',2") (01e1 — Ohea) + h (2!, J2") (Bher + 01ea)}
+g (@', 2") &
The equalities (23) and (25) imply the following

Proposition 4.1 The following equalities for the curvature tensor R of (S*(N),
v, &,1m,g) are valid:

R(x',y', 2" w') = k' {cos 2t mi (', 2/, w') — sin 2t ma (', ¢, 2/, pw') }

—mo(a’,y, 2" w')

+ 4 sin 2t {cos 2t (7, + ) (2, 4/, 2, OF)

—sin 2t (11 + m) (2, v, 2, 00") }0(pw’)

—sin2t{g (v, z’) [cos 2t (Vs 0)w' + sin 2t (V. 0*)w']

—g(2',2") [cos 2t (V0)w' + sin2t (V0% )w']

+g(y,J2) [sin2t (Vy0)w — cos2t (V0% )w'] (26)

—g(a',J2") [sin2t (V,0)w' — cos 2t (V, 6%)w']},
(a2, 6) = —(m +m) (2, y, 2/, 607),
(=", 9/, E, ) = —(m +m)(al,y 0F W),
(¢, 2, w') = —(m1 + m)(a', 0%, 2", w'),
(§,y’,z yw') = —(m +m2) (0%, y, 2 w'),
(€

R

=

=

R

R(&y',2,8) =g, 7).

Using (1) and (23), we obtain the components g;; and h;; as follows
911 = —g22 = g33 =1, g12 = g1 = 0,

. (27)
hi1 = —hog = cos2t, his = ho1 = —sin 2¢.
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Taking into account (13), (24) and (27), we get

Ve,e1 =V, e1 — %Sin%&’ﬁ, Veea =V, ea + %Sith Jot — ¢,
Ve,e1 =V e1 + 3sin2t J0 — &, Ve,eo = V., ex + 3sin2t 0%, (28)
Ve €3 = V€1 = —eg, Ve,e3 = Veye2 = e, Vese3 =0.

Bearing in mind (4), (10), (23), (27) and (28), we obtain the values of the
square norms of V¢ and V'.J as follows

IVell? = 2{(61)* — (63)*} + 4,
VI = (1 + cos4t){(0))? — (05)?} — 2sin 4t 6/ 65.

The latter equalities imply the truthfulness of the following

Theorem 4.2 The manifold (S*(N), p,&,n,g) is an isotropic-cosymplectic B-
metric manifold if and only if it is valid

V' J||? = —2(1 + cos 4t + sin 4t 6}605).

By virtue of (23), (27) and (28), we compute the components Fj;;, of F. The
non-zero ones of them are

F111 = F122 = c052t9’1 — sin2t9§,
F511 = Fy99 = —sin 2t 0/1 — cos 2t 0/27 (29)
Fi31 = F113 = —Fb30 = —Foo3 = —1.

Using (2), we obtain the components of the Lee forms of (S1(N), v, &, n,9)
and the non-zero of them are:

01 = 05 = cos2t0) —sin2t 05, Oy = —0] =sin2t 0] + cos2ty, O3 = —2.
Bearing in mind (3) and (29), we establish the equality
F(x/,y/,z/) — (Fl —|—F4)(x/7y/,z/),

where F! and F* are the components of F in the basic classes F; and Fy,
respectively. The non-zero components of F! and F** are

F1111 = F1122 =01, F2111 = F2122 = —0s, F1431 = F1413 = *F2432 = *F2423 = %93-
Therefore, we establish the validity of the following
Theorem 4.3 The manifold (S*(N),¢,&,1,9)

1. belongs to F1 & Fu,
2. belongs to Fy if and only if (N, J,h) is a Kahler—Norden manifold,
3. could not belongs to F;.
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The class F1 @ F, is a subclass of the class F; @ F, @ Fs of the 3-dimensional
normal almost contact B-metric manifolds.

Bearing in mind (26), (27) and (28), we calculate the components R;jx, of
R. The non-zero of them are determined by (5) and the following

Ri212 = K cos2t — 1 4 sin 2t cos 2t {(Ve,0)ea — (Ve, 0% )ea + 80102}

+sin® 2t {(Ve,0")es + (Ve,0)ez + 8(61)%}, (30)
Rig13 =203,  Rizas =201, Rz = —Rszes = 1.
Bearing in mind (8), (27) and (30), we compute the basic sectional curvatures

k;; as follows
k12 = Ri212, ki3 =koz =1 (31)

Using (7), (27) and (30), we get the basic components pj; and pj, as well
as the values 7, 7* and 7**:

p11 = —p22 = Riz12 +1, p33 =2, P11 = p3g = p33 =0,

p12 = p21 =0, p13 = p31 = —201, paz = p32 = —202 (32)
Piz = Pa1 = Rizia, Piz = P31 =202,  p3g = p3p = =201,

T =2R12120 + 4, T =0, T = 2R1212.

By virtue of the latter equalities for p, p* and (27) for g;;, we get

Theorem 4.4 For the manifold (S*(N), p,&,n, g) the following assertions are
equivalent:

1. (N, J,h) is a Kdhler-Norden manifold;

2. p=Fkcos2tg+ (2— K cos2t)n®n;

3. p*=(1—-FKcos2t)(g—nen).
Let us remark that the assertion (1) in the latter theorem is equivalent to the
assertion that (S'(N),¢,&,n,9) is an Fy-manifold, according to (2) in Theo-
rem 4.3.

The assertion (2) in the latter theorem shows that (S*(N), ¢, &, 7, g) in this

case is an n-Einstein manifold, according to [10]; whereas the assertion (3)
in the latter theorem presents p* as proportional to g*, which is defined by

9" (x,y) = 9(x, ¢y).
By virtue of (31) and (32), we conclude the following

Proposition 4.5 For the manifold (S*(N), ,&, 1, 9)

1. the sectional curvatures of the &-sections are constant,
2. ™ =0,
3 =74

Taking into account the first equality of (30) and the equalities in the last
line of (32), we get the following corollaries.
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Corollary 4.6 If (N, J, h) is a Kdhler—Norden manifold, then
7 =2(k cos 2t + 1), 7 = 2(k cos 2t — 1).
Corollary 4.7 If (N, J,h) is a Kihler—Norden manifold, then

1. K <O0ifand only if 2(K' +1) <7< 2, 2(K — 1) < 7" < =2;
2. kK =0ifand only if T =2, 7 = —-2;
3. K >0ifand only if 2 <7 <2(k +1), 2 <7 <2(k' —1).

References
(1] Blair, D. E.: Riemannian Geometry of Contact and Symplectic Manifolds. Progress in
Mathematics 203, Birkhduser, Boston, 2002.

[2] Ganchev, G., Borisov, A.: Note on the almost complex manifolds with a Norden metric.
C. R. Acad. Bulg. Sci. 39 (1986), 31-34.

[3] Ganchev, G., Mihova, V., Gribachev, K.: Almost contact manifolds with B-metric. Math.
Balkanica (N.S.) 7 (1993), 261-276.

[4] Gribachev, K., Mekerov, D., Djelepov, G.: Generalized B-manifolds. C. R. Acad. Bulg.
Sci. 38 (1985), 299-302.

[5] Ivanov, S., Manev, H., Manev, M.: Sasaki-like almost contact complex Riemannian
manifolds. arXiv.org arXiv:1402.5426 (2014), 1-19.

[6] Manev, H.: On the structure tensors of almost contact B-metric manifolds. Filomat 29
(2015), 427-436.

[7] Manev, H.: Almost contact B-metric structures and the Bianchi classification of the
three-dimensional Lie algebras. arXiv.org arXiv:1412.8142 (2014), 1-12.

[8] Manev, H.: Matriz Lie groups as 3-dimensional almost contact B-metric manifolds.
Facta Universitatis (Nig), Ser. Math. Inform 30, 3 (2015), 341-351, arXiv:1503.00312.

[9] Manev, H.: Space-like and time-like hyperspheres in real pseudo-Riemannian 4-spaces
with almost contact B-metric structures. arXiv.org arXiv:1504.00267 (2015), 1-8.

[10] Manev, H., Mekerov, D.: Lie groups as 3-dimensional almost contact B-metric mani-
folds. J. Geom. 106 (2015), 229-242.

[11] Manev, M.: Natural connection with totally skew-symmetric torsion on almost contact
manifolds with B-metric. Int. J. Geom. Methods Mod. Phys. 9, 1250044 (2012), 1-20.

[12] Manev, M., Gribachev, K.: Contactly conformal transformations on almost contact
manifolds with B-metric. Serdica Math. J. 19 (1993), 287-299.

[13] Manev, M., Gribachev, K.: Conformally invariant tensors on almost contact manifolds
with B-metric. Serdica Math. J. 20 (1994), 133-147.

[14] Manev, M., Ivanova, M.: Canonical type connections on almost contact manifold with
B-matric. Ann. Global Anal. Geom. 43, 4 (2013), 397-408.

[15] Manev, M., Ivanova, M.: A classification of the torsion tensors on almost contact man-
ifolds with B-metric. Cent. Eur. J. Math. 12 (2014), 1416-1432.

[16] Mekerov, D., Manev, M.: On the geometry of quasi-Kahler manifolds with Norden met-
ric. Nihonkai Math. J. 16 (2005), 89-93.

[17] Nakova, G., Gribachev, K.: Submanifolds of some almost contact manifolds with B-
metric with codimension two, I. Math. Balkanica (N.S.) 11 (1997), 255—-267.



		webmaster@dml.cz
	2018-01-10T08:50:55+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




