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Abstract. A necessary and sufficient condition for the Reeb vector field of a three di-
mensional non-Kenmotsu almost Kenmotsu manifold to be minimal is obtained. Using this
result, we obtain some classifications of some types of (k, i, v)-almost Kenmotsu manifolds.
Also, we give some characterizations of the minimality of the Reeb vector fields of (k, u, v)-
almost Kenmotsu manifolds. In addition, we prove that the Reeb vector field of an almost
Kenmotsu manifold with conformal Reeb foliation is minimal.
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1. INTRODUCTION

Let (M,g) be a Riemannian manifold of dimension m and (7'M, gs) its unit
tangent sphere bundle furnished with the standard Sasakian metric gs (not to be
confused with the well-known Sasakian structure in contact geometry). Then every
unit tangent vector field V on M defines an immersion from (M, g) into (T*M, gs).
When M is compact and orientable, the energy and the volume of V' are just the
energy of the corresponding immersion and the volume of the submanifold (M, V*gg)
of the unit tangent sphere bundle, respectively. From this, one may obtain two
functions on the space X'(M) of all unit vector fields on M. Generally, V is said
to be harmonic and minimal if it is a critical point of the energy function and the
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volume function defined on X! (M), respectively. We remark that two similar notions
were introduced and studied by Gil-Medrano [7] even if M is non-compact and non-
orientable. We also observe that V' is minimal if and only if the corresponding
submanifold (M, V*gs) of (T'M, gs) is minimal. However, harmonic vector field does
not necessarily imply harmonic maps. Many authors have studied the minimality
and harmonicity of the unit vector fields on several kinds of Riemannian manifolds,
see for example [2], [8] and [9].

In the framework of almost contact geometry, the minimality and harmonicity of
the Reeb vector field were also studied by many authors from different points of
view. In [10], Gonzalez-Dévila and Vanhecke proved that the Reeb vector field of
a Kenmotsu manifold is minimal. Also, the same authors in [11] characterized the
minimality of the Reeb vector field of a three dimensional contact metric manifold.
A complete classification of contact metric manifolds of dimension three such that
the Reeb vector field is minimal and harmonic was obtained by Perrone in [20]. Also,
Koufogiorgos et al. in [15] proved that the harmonicity of the Reeb vector field ¢ of
a contact metric three-manifold implies that £ belongs to the (k, i, v)-nullity distribu-
tion on an open and dense subset. With regard to the three dimensional cosymplectic
manifolds, Perrone in [22], [21] proved that the Reeb vector field is minimal if and
only if it is harmonic, and this is also equivalent to that it is an eigenvector field of
the Ricci operator. The studies of the harmonicity of the Reeb vector field of almost
Kenmotsu manifolds are rare. Perrone in [21] obtained a necessary and sufficient
condition for the Reeb vector field of an a-Kenmotsu manifold to be harmonic, that
is, it is an eigenvector field of the Ricci operator. In addition, the author proved that
the Reeb vector field of an a-Kenmotsu manifold (o # 0) never defines a harmonic
map. As a special case of trans-Sasakian manifolds, the harmonicity of the Reeb
vector field of S-Kenmotsu manifolds was also presented by Vergara-Diaz and Wood
in [24].

In the present paper, we start to study the minimality of the Reeb vector field of
an almost Kenmotsu manifold. After some necessary preliminaries regarding almost
contact metric manifolds and minimal and harmonic unit vector fields are given in
Section 2, in Section 3 we present a necessary condition for the Reeb vector field of
a three dimensional almost Kenmotsu manifold to be minimal. As an application
of the above result, some classification results for almost Kenmotsu manifolds of
dimension three under additional conditions are also obtained. Finally, following
Gonzalez-Dévila and Vanhecke [10], we characterize the minimality of the Reeb vector
field of almost Kenmotsu manifolds of dimension greater than three with conformal
Reeb foliations.

74



2. PRELIMINARIES

2.1. Minimal and harmonic vector fields. Let (M, g) be a Riemannian mani-
fold of dimension m and (7'M, gs) its unit tangent sphere bundle furnished with
the standard Sasakian metric gg. Then the induced metric from gg on M via a unit
vector field V' can be written as

(2.1) (V7gs)(X,Y) = g(X,Y) + g(VxV,VyV)

for any vector fields X and Y on M, where V denotes the Levi-Civita connection of
the metric g. Let X' (M) denote the set of all unit vector fields on M and V € X!(M),
then we may define a (1, 1)-type tensor field Ly on M by

(2.2) Ly =id+(VV) o VV,
where id is the identity map, and hence we may write V*gs = g(Ly-,:). When

M is compact and orientable, the volume of V' is the volume of the corresponding
submanifold (M, V*gg) of (T'M, gs) and can be written as

Vol(V) = f (V) dug,
where f(V) = \/det(Ly). We define another (1, 1)-type tensor field Ky by
(2.3) Ky = f(V)(Lv) o (VV)"

According to Gil-Medrano and Llinares-Fuster [8], V is a critical point for the volume
function if and only if the 1-form

(2.4) wy (X) =trace{Y — (Vy Kyv)X}

vanishes on the distribution DV determined by all vector fields orthogonal to V.
Following Gil-Medrano [7], such a critical point is said to be a minimal vector field
even if M is non-compact and non-orientable. It is well-known that the minimality
of V is equivalent to that of the corresponding submanifold.

Moreover, the energy of V is the energy of the map from (M, g) into (T M, gs)
and can be written as

E(V)= —Vol M,g) / VV 2 dv,.
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Following Gil-Medrano [7], a unit vector field V is a critical point for the energy
function if and only if the 1-form

(2.5) ov(X) = trace{Y — (Vy (VV)") X}

vanishes on the distribution DV. A unit vector field V satisfying this condition is
said to be harmonic.

Furthermore, the map V: (M,g) — (T'M,gs) defines a harmonic map if and
only if V' is a harmonic vector field and, in addition, the 1-form

(2.6) ov(X) = trace{Y — R(VyV,V)X}

vanishes for any vector field X on M, where R denotes the Riemannian curvature
tensor defined by R(X,Y)Z =VxVyZ - VyVxZ - Vxy|Z.

2.2. Almost Kenmotsu manifolds. According to Blair [1], an almost contact
metric structure on a smooth differentiable manifold M?"*+! of dimension 2n + 1 is
a (p,&,n, g)-structure satisfying

(2.7) e’ =—id+n®¢, nE) =1,
9(pX,9Y) = g(X,Y) —n(X)n(Y)

for any vector fields X and Y, where ¢ is a (1, 1)-type tensor field, and ¢ is a tan-
gent vector field called the characteristic or the Reeb vector field and 7 is a 1-form
called the contact form. A Riemannian manifold M?2"*+! furnished with an almost
contact metric structure is called an almost contact metric manifold and is denoted
by (M?"H0,€,1,9).

According to Janssens and Vanhecke [13], an almost Kenmotsu manifold is an
almost contact metric manifold (M?"+1 ¢ £ n,g) such that 7 is closed and d® =
2n A @, where the fundamental 2-form ® of the almost contact metric manifold
M?"+1 s defined by ®(X,Y) = g(X, ¢Y) for any vector fields X and Y on M?"+1,
An almost contact metric manifold such that dnp = ® or dnp = 0, d® = 0 is said to
be a contact metric manifold or an almost cosymplectic manifold, respectively (see
Blair [1]). Given an almost contact metric manifold (M?"*1 p, £ 7, g), we define on
the product M2"! x R an almost complex structure J by

T(x.75) = (o~ Fen0S),

where X denotes a vector field tangent to M2 !, t is the coordinate of R and f is

a C*°-function on M?"*1 x R. We denote by [p, ] the Nijenhuis tensor of ¢ (see
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Blair [1]). If [p,¢] = —2dn ® £ (or equivalently, the almost complex structure J is
integrable), then the almost contact metric structure is said to be normal.

A normal almost Kenmotsu manifold is called a Kenmotsu manifold (see [13], [14]).
It is well-known that on an almost Kenmotsu manifold the normality condition holds
if and only if the relation

(2.8) (Vx@)Y = g(pX,Y)§ —n(Y)pX

holds for any vector fields X, Y. Moreover, a normal contact metric or almost cosym-
plectic manifold is said to be a Sasakian or cosymplectic manifold, respectively.

The following three symmetric operators | = R(-,£){, h = Lep/2 and b/ = ho o
play key roles in the studies of the geometry of the almost Kenmotsu manifolds,
where L is the Lie differentiation. From Dileo and Pastore [4], [5], we now collect
some properties of almost Kenmotsu manifolds as follows:

(2.9) he¢=1£=0, trh=tr(h')=0, hp+oh=0,
(2.10) VE=h+id-n®¢,

(2.11) plp —1=2(h* — ¢?),

(2.12) Veh = —p — 2h — ph? — ¢,

(2.13) (1) = S(£,€) = g(Q€,€) = —2n — tr h?,

where S denotes the Ricci curvature tensor and ) the associated Ricci operator.
Throughout this paper, we denote by D the distribution D = kern, which is of
dimension 2n. Then it is easy to check that each integral manifold of D, with the
restriction of ¢, admits an almost Kéhler structure. If the associated almost Kéhler
structure is integrable, or equivalently (see [5]),

(2.14) (Vx@)Y = g(eX +hX,Y)E —n(Y) (X + hX)

for any vector fields X,Y, then we say that M?2"*! is CR-integrable. Obviously,
equations (2.8) and (2.14) yield the following.

Proposition 2.1. An almost Kenmotsu manifold is Kenmotsu if and only if it
is C' R-integrable and h is vanishing. In particular, a three dimensional almost Ken-
motsu manifold is Kenmotsu if and only if h is vanishing.
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3. MINIMAL REEB VECTOR FIELDS ON ALMOST KENMOTSU MANIFOLDS

In this section, let (M3, ¢, £, 1, g) be a three dimensional almost Kenmotsu mani-
fold. Let U; be the open subset of M3 such that h # 0 and Us the open subset
of M? which is defined as Uy = {p € M?: h = 0 in a neighborhood of p}. There-
fore, U; UUs is an open and dense subset of M3 and there exists a local orthonormal
basis {, e, pe} of three smooth unit eigenvectors of h for any point p € Uy U Us.
On Uy, we may set he = Ae and hence hpe = —\pe, where A is a positive func-
tion on ;. Note that the eigenvalue function \ is continuous on M? and smooth
on Uy UlUs.

Lemma 3.1 ([3], Lemma 6). On U; we have

(3.1) Vel =0, Vee=ape, Vepe=—ae,
V€ =e—Ape, V.e=—-E—bpe, V.pe= A+ be,
Vel = —Ae+ e, Vygee = A +cpe, Viepe = —& — ce,

where a, b, ¢ are smooth functions.

Applying Lemma 3.1 in the Jacobi identity

[[Ev 6], 506] + [[67 906])5] + [[50655]) 6] =0

yields that

(3.2) e(A) =€) —ea) + c(A —a) —b=0,
we(A) —&(c) + pe(a) + b(A+a) —c=0.

Moreover, applying Lemma 3.1, we have (see also [3]) the following.

Lemma 3.2. On U;, the Ricci operator can be written as

QE = =20\ +1)€ — (we(N) + 2X\b)e — (e(N) + 2)A¢) e,
Qe = —(we(X) 4+ 2Xb)E — (e(c) + we(b) + b2 + 2 + 2 a + 2)e + (E(N) + 2)) e,
Que = —(e(N) +2Xe)€ + (E(N) +2N)e — (e(c) + pe(b) + b% 4 ¢? — 2Xa + 2) e,

with respect to the local basis {¢, e, pe}.
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We remark that Gonzalez-Dévila and Vanhecke [10], Proposition 3.12, proved
that the Reeb vector field of a Kenmotsu manifold is minimal. In what follows,
applying Proposition 2.1 and Lemmas 3.1 and 3.2, we present a characterization of
the minimality of the Reeb vector field of a three dimensional non-Kenmotsu almost
Kenmotsu manifold.

Theorem 3.1. The Reeb vector field of a three dimensional non-Kenmotsu almost
Kenmotsu manifold is minimal if and only if on U; the relation

e(0) = TA0 +29(Qe) — 3 3*n(Que),
peN) = TA02 +2)1(Qpe) — 30(Qe)

holds, where the eigenvalue function \ of h is positive and smooth on nonempty U; .

(3.3)

Proof. Let (M3 ¢,£,1m,9) be a three dimensional strictly almost Kenmotsu
manifold. From (2.10) we see easily that V¢ is a symmetric operator with respect to
the metric g. Then it follows from equations (2.1) and (2.2) that

(3.4) (VO = (VE) =W +id—n®¢ and L¢=h?+2h +2id—n®¢.
Also, L¢ can be presented using the local basis {¢, e, e} as follows:
(3.5) Le(€) =€, Le(e) = (A2 +2)e —2Mpe,  Le(pe) = (A2 +2)pe — 2)e.

Therefore, a simple computation using (3.5) gives that

(3.6) F(€) = /det(Le) = VA4 + 4.

Making use of relation (3.5), we obtain (L¢) ™! which is expressed in terms of the
local basis {&, e, pe} as follows:

A2 +2 2\
SNt g%
N 2 A2 42
(Le) ™ (e) = /\4+4e+ N ave

(3.7) (Le)H(€) =& (Le)'(e)

Putting relations (3.4)—(3.7) into equation (2.3) yields that

2—\? A3
3.8 Ke(6) =0, Kele)= — ,
(3:8) (©) (o) = Jm—e — —Sye
2—\? A
K¢ (pe)

RS M e i
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In order to simplify the notation, in what follows we set

(3.9) 2 — \? 4 3 A3
. o = an = .
M4 VAL +4

Thus, applying Lemma 3.1 and relations (3.8) and (3.9), we obtain the formulas

(3.10) (VeEKe)(e) = (€() + 2aB)e — £(B) e,
(VeKe)(e) = —(a+ AB)E + (e(a) — 2bB)e — e(B)ype,
(Ve Ke)(e) = (Aa + )¢ + (ve() + 2¢B)e — pe(B)pe,

and

(3.11) (VeKe)(we) = =E(B)e + (£() — 2a)gpe,
(VeKe)(pe) = (Aa + B)€ — e(B)e + (e(a) + 2b5) e,
(VpeKe)(pe) = —(a+ AB)E — we(Be + (pe(a) — 2¢h)pe.

Using relation (2.4) and taking into account (3.10), we have
(3.12) we(e) = e(a) — 203 — pe(p).
Similarly, it follows from relations (2.4) and (3.11) that
(3.13) we(pe) = —e(B) + pe(a) — 2¢4.

Note that h # 0 and hence U, is a nonempty subset of M?; from Lemma 3.2 we
have that

(3.14) n(Qe) = —(pe(A) +2Xb) and n(Qpe) = —(e(A) + 2Xc).

Putting a = (2 — A\?)/v/A* + 4 and 8 = A\3/v/ A% + 4 into equations (3.12) and (3.13),
and making use of (3.14), we obtain (3.3). This completes the proof. O

As an application of Theorem 3.1, we obtain the following result.

Theorem 3.2. The Reeb vector field of a three dimensional non-Kenmotsu
(k, p, v)-almost Kenmotsu manifold is minimal if and only if dk An = 0.

80



Proof. By a three dimensional (k,u,v)-almost Kenmotsu manifold M? we
mean an almost Kenmotsu manifold such that the Reeb vector field £ belongs to the
(k, w, v)-nullity distribution, that is

(3.15) R(X,Y)E = k(n(Y)X = n(X)Y) + p(n(Y)hX —n(X)hY)
+v(n(Y)WX —n(X)R'Y)

for any vector fields X, Y, where k, u, v are smooth functions on M3. Using
(2.9), from (3.15) we have that £ is an eigenvector field of the Ricci operator with
eigenvalue 2k. Moreover, putting Y = £ into (3.15) gives that

(3.16) | = —k¢® 4+ ph+ v/,
and using this in equation (2.11) yields that
(3.17) h? = (k +1)¢%

Applying Proposition 2.1, from (3.17) we have that M3 is non-Kenmotsu if and
only if h # 0, or equivalently, & < —1. Also, from (3.17) we see that the positive
eigenvalue function A of h is given by A\ = /—k — 1. Using this and Q¢ = 2k¢ in
relation (3.3), we conclude that ¢ is minimal if and only if k is invariant along the
distribution D, or equivalently, dk A n = 0. ([

Remark 3.1. On an almost Kenmotsu manifold, any (k, u, v)-condition reduces
to a generalized (k,pu)-condition when v = 0 and a generalized (k,v)’-condition
when p = 0 (see [19] and [23]). If both k and p are constant, then a generalized
(k, u)’-condition or generalized (k, p1)-condition is just the (k, u)’-condition or (k, u)-
condition, respectively. For more details see [5].

Remark 3.2. Pastore and Saltarelli in [19] constructed some generalized (k, )
and (k, u)’-almost Kenmotsu manifolds in any odd dimensions. Moreover, some lo-
cal classification results of three dimensional generalized (k,u) and (k, u)-almost
Kenmotsu manifolds such that dk Anp = 0 and & < —1 were also obtained by
Saltarelli [23]. Thus, applying Theorem 3.2, we find many examples of three di-
mensional non-Kenmotsu almost Kenmotsu manifolds for which £ is minimal. See,
for example, [19], Section 6, and also [23], Remarks 4.1, 5.1.

Applying again Theorem 3.2, we give now some classification results for three
dimensional (k, u, v)-almost Kenmotsu manifolds.

Proposition 3.1. Let M? be a three dimensional non-Kenmotsu (k, 0, v)-almost
Kenmotsu manifold. If the Reeb vector field £ is minimal and k is invariant along &,
then M?3 is locally isometric to a non-unimodular Lie group equipped with a left
invariant almost Kenmotsu structure.

81



Proof. 1If on a three dimensional non-Kenmotsu (k,0,v)-almost Kenmotsu
manifold the Reeb vector field £ is minimal and & is invariant along &, then it follows
from Theorem 3.2 that k is a constant less than —1. Since on any (k, u, v)-almost
Kenmotsu manifold we have equations (3.16) and (3.17), using this in equation (2.12)
we have that

(3.18) Veh = —(V + Z)h.

We consider a unit eigenvector field e of h with a positive constant eigenvalue A. Then
the action of (3.18) on e gives that AV¢e = AVee + A(v + 2)e, and the inner product
of this with e gives that v = —2. Therefore, M? is a (k,0, —2)-almost Kenmotsu
manifold with k& a constant. Finally, from [5], Theorem 5.1, we observe that a non-
Kenmotsu (k, —2)'-almost Kenmotsu manifold of dimension three is locally isometric
to a non-unimodular Lie group. This completes the proof. (I

Corollary 3.1. A three dimensional non-Kenmotsu (—2,0, v)-almost Kenmotsu

manifold with minimal Reeb vector field is locally isometric to the Riemannian pro-
duct H?(—4) x R.

Proof. From [5], Theorem 5.1, we know that a (k, 1)’-almost Kenmotsu mani-
fold is locally isometric to either the Riemannian warped product H" ™! (k—2\) x ; R"™
or the warped product B"*'(k + 2\) x » R", where n > 1, and f = ce! "M and
' = et for certain constants ¢ and ¢/. Then the proof follows directly from
proofs of Proposition 3.1 and Theorem 3.2. O

Proposition 3.2. Let M? be a three dimensional (k,u,0)-almost Kenmotsu
manifold. Then the Reeb vector field £ is minimal and k is invariant along £ if and
only if M3 is a Kenmotsu manifold.

Proof. Suppose that M? is a three dimensional non-Kenmotsu (k, 1, 0)-almost
Kenmotsu manifold. By Proposition 2.1 we have h # 0 and hence by (3.17) we
have k < —1. Therefore, applying Theorem 3.2, if £ is minimal and (k) = 0, we
obtain that & is a constant. In this context, from [19], Proposition 3.2, we have that
&(k) = —4(k +1). Since k is a constant, it follows that k = —1, a contradiction.
The converse follows directly from Theorem 3.1. Moreover, from (2.10) we have that
RX, V), = n(X)(Y +hY) —nY)(X + X)) + (Vxh)Y — (Vyh')X and using
h = 0 in this equation gives that R(X,Y )¢ = —n(Y)X 4+ n(X)Y. This completes the
proof. O

Applying Theorem 3.1, we now characterize the minimality of the Reeb vector
field £ of a class of almost Kenmotsu manifolds.
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Proposition 3.3. The Reeb vector field of a three dimensional non-Kenmotsu
almost Kenmotsu manifold with n-parallel h' is minimal if and only if it is an eigen-
vector field of the Ricci operator.

Proof. The tensor field b’ is said to be n-parallel if g((Vxh')Y, Z) = 0 for any
vector fields X,Y, Z € D. From [6], Proposition 3, we know that the parallelism of h’
on an almost Kenmotsu manifold implies that the eigenvalues of h’ are constant
along the distribution D. In view of A2 = h'?2 and the fact that the eigenvalue
function A\ of h on U; is positive, it follows from Theorem 3.1 that £ is minimal if
and only if (A2 + 2)n(Qe) = 2An(Qye) and (A2 + 2)n(Qye) = 2Mn(Qe). It follows
that n(Qe) = n(Qpe) = 0 and this is equivalent to £ being an eigenvector field of
the Ricci operator. Il

Since a local conformal almost cosymplectic structure (¢, &, n,w, g) reduces to an
almost Kenmotsu structure if w = n (see Olszak [17], Theorem 3.1), then the charac-
terization of the harmonicity of the Reeb vector field of almost Kenmotsu manifolds
is given as follows.

Lemma 3.3 ([21], Theorem 4.1). The Reeb vector field of an almost Kenmotsu
manifold is harmonic if and only if it is an eigenvector field of the Ricci operator.

Remark 3.3. Following Proposition 2.1 and the proof of Proposition 3.2, on
a three dimensional Kenmotsu manifold M? we have R(X,Y )¢ = —n(Y)X +n(X)Y
for any vector fields X,Y. Thus, by Lemma 3.3, we state that the Reeb vector field
of M?3 is harmonic.

Following Gonzélez-Davila and Vanhecke [10], [11], we have the next result.

Lemma 3.4 ([10], [12]). Any three dimensional non-unimodular Lie group admits
a left invariant minimal and harmonic unit vector field.

Applying the above Lemmas 3.3 and 3.4, we present a classification of three di-
mensional almost Kenmotsu manifolds.

Theorem 3.3. Let M? be a three dimensional non-Kenmotsu almost Kenmotsu
manifold. Then the Reeb vector field ¢ of M? is minimal and harmonic, and both the
scalar curvature r and ||Q|| are invariant along ¢ if and only if M? is locally isometric
to a non-unimodular Lie group equipped with a left invariant almost Kenmotsu
structure.

Proof. Applying Lemma 3.3 and Theorem 3.1, if the Reeb vector field of
a three dimensional non-Kenmotsu almost Kenmotsu manifold M? is minimal and
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harmonic, we obtain that

(3.19) n(Qe) =n(Qpe) =0 and  e(A) = pe(A) =0,

where the eigenvalue function A of h on the nonempty subset U is positive. Then,
using relation (3.19) in Lemma 3.2 gives that

(3.20) b=c=0.
Using this in relation (3.2) yields that

(3.21) e(a) = pe(a) = 0.
In this case, we obtain from Lemma 3.2 that

(3.22) Q¢ = —2(\2 +1)¢,
Qe = —2(Ma+ e+ (E(N) + 2)\)pe,
Qe = (E(N) +2M\)e + 2(Aa — 1)pe.

Applying Lemma 3.1, from relations (3.19)—(3.22) we have

(3.23) (VeQ)E = —4AE(A)E,
(Ve@Q)e = AE(N) + 2a)¢ + e(§(N)) e,
(VeeQ)pe = AE(A) — 2a)§ + pe(§(A))e-

Substituting relation (3.23) into the well-known formula

1
divQ@ = 5 grad(r),

where grad denotes the usual gradient operator with respect to g, and using relation
(3.19), we obtain that the scalar curvature r is a constant if and only if it is invariant
along ¢, or equivalently, tr(h?) is invariant along &.

Therefore, under the hypotheses of the theorem, using (3.22) we obtain that the
scalar curvature 7 = —2(\? + 3) is a global constant, where we have used that A
is continuous. In this context, it follows from relation (3.22) that ||Q||*> = 4(\* +
2)2(a% +2) +3). When ||Q|| is invariant along ¢, taking into account relation (3.21)
we obtain that a is also a global constant. Consequently, applying Lemma 3.1, we
have that

€ e] = (A +a)pe—e, e, pe] =0, [pe, ] = (a— e+ pe.
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Following Milnor [16], we state that M? is locally isometric to a non-unimodular
Lie group equipped with a left invariant almost Kenmotsu structure. Finally, the
converse follows directly from Lemma 3.4. We also refer the reader to Dileo and
Pastore [5], Theorem 5.2 for the construction of the almost Kenmotsu structure on
3-dimensional non-unimodular Lie groups. O

We close this paper by discussing the minimality of the Reeb vector field on almost
Kenmotsu manifolds of dimension greater than three. First, we need the following
lemma.

Lemma 3.5 ([18]). The Reeb foliation of an almost Kenmotsu manifold is con-
formal if and only if h = 0.

By Proposition 2.1 and using Lemma 3.5, we obtain the following result, which is
a generalization of [10], Proposition 3.12.

Proposition 3.4. The Reeb vector field of an almost Kenmotsu manifold with
conformal Reeb foliation is minimal.

Proof. Let M?**! be an almost Kenmotsu manifold of dimension greater
than 3 whose Reeb foliation ker ¢ is conformal. From Lemma 3.5 we have h = 0.
Using this, we obtain from Dileo and Pastore [4], Theorem 2 that M?"*+! is locally
isometric to the warped product C X, N, where N is an almost Kihler manifold
and the Reeb vector field ¢ is tangent to the open interval C' with coordinate ¢. On
the other hand, following [10], Proposition 3.8, we observe that the unit vector field
0/0t tangent to R is a minimal vector field on a warped product R x ¢ M’. This
completes the proof. O
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